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This paper presents the study on influence external pressures on
vibration of functionally graded materials thin-walled cylindrical
shell supported. The functionally graded materials (FGMs)
properties are graded in the thickness direction of the shell. FGMs
are advanced composite materials, consisting of different types of
materials, in which the properties shift continuously from one
material on the one side to another material on the other side with a
specific gradient. The FGM cylindrical shell supported equations
with external pressure are established based on classical shell theory
with beam functions as axial modal function. The governing
equations of motion were employed, using energy functional and by
applying the Ritz method. The boundary conditions represented by
end conditions of the FGM structure which are sliding-sliding,
clamped-free and clamped-simply supported being considered. This
problem was solved with computer programming using MAPLE
package. Comparison results are carried out to verify the validity
with published papers. The influence of the external pressures, loop
support and effect of the different boundary conditions on natural
frequencies of FGM thin-walled cylindrical shell are studied.

1-Introduction

who studied third order shear theory. Liu et al.

Shells are used as constructional components
in engineering application. Shells usually
expose more different dynamic behaviors
because they can carry applied loads in
structures [1]. The dynamic behavior of shell
structures has been worked by many
researchers. It was first introduce by Love [2].
Liu and Chu [3] used vibration of a thin shell
with clamped-free boundary condition.

The cylindrical shell is a type of shell.
Cylindrical shells have been used aerospace,
civil and mechanical structures [4]. They are
used as structures in aircrafts, rockets, missile
bodies, etc. Some researchers have worked on
vibration of cylindrical shells includes Shen [5]
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[6] and Chen et al. [7] studied on circular
cylindrical shell.  Amongst investigation
cylindrical shells, the analysis dynamic is the
subject of some of the researches [8, 9].

The study on functionally graded materials
(FGMs) has become more popular. FGMs are
materials, consisting kinds of different
materials, in which the properties shift
continuously from one material on one side to
another material on other side with a specific
gradient. These advance materials have great
importance in  engineering and  other
applications due to their mechanical and thermal
properties as a thermal barrier in high
temperature environments [10, 11].
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The functionally graded materials are the lack of
discontinuous across adjoining layers but other
materials will fail under high temperature. In
functionally graded materials, material repartition
is considered by the volume fraction and this
repartition leads to continuous change in the
combination of the structure as a result in gradient
in the mechanical and thermal properties.
Japanese scientists in 1987discovered a thermal
barrier material and called Functionally Graded
Material [12].

FGM shells structures are used as structural
components in missiles engine, resistant coatings
in space plans, atomic reactors, spacecraft,
submarines, turbines and others [13]. Study on the
vibration of cylindrical shells made-up of FGM is
Vibration
characteristics of functionally graded cylindrical

important in engineering.
shell was reported by Pradhan et al. [14] and
natural frequency by constituent volume fractions
with simply supported boundary condition was
studied. Application of finite element method for
vibration of FGM cylindrical shell was worked by
Patel et al. [15]. Other researchers studied of
vibration of FGM cylindrical shell with effects of
radius to span ratio and analysis of wave
propagation [16, 17]. Study on natural frequencies
of supported FGM cylindrical shells with external
pressure is important and research on influence
external pressures for vibration functionally
graded materials cylindrical shell supported could
not be found in the literature. The aims of this
study is to developed an analytic method based on
the classical shell theory for influence external
pressures on Vvibration of functionally graded
materials cylindrical shell supported. The
governing equations of motion are derived using

energy functional and Ritz technique. The
boundary conditions of the functionally graded
materials shell considered are the combination of
the sliding-sliding (SL-SL), clamped-free (C-F)
and clamped-simply supported (C-SS) as defined
in the study. The influence of the external
pressures, loop support and effect of the different
boundary conditions on natural frequencies
characteristics of FGM thin-walled cylindrical
shell are discussed. The influence of the internal
pressure, ring support position and the effect of
the considered boundary conditions on the natural
frequencies characteristics are discussed.

2- Functionally Graded Materials
Functionally graded materials are made up of
different of composition materials and the
repartition of each phase of material varies with a
specific gradient in the thickness direction, thus
the properties of functionally graded material
change along this direction.The type of FGM in
this study is stainless steel-nickel and stainless
steel-nickel consists of stainless steel layer in one
side and nickel layer in other side with the
different phases. Fig. 1 show the shape of FGM
material with the constituent phases graded [18].

Phase B particles
with
phase A matrix

]
m‘]’ Transition zone
2 L

T e
Gk .
1.;.:% k Phase A particles

with
phase B matrix

Fig. 1. A functionally grade material with the

constituent phases graded
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Generally the effective material properties, Qrgn of

a FGM depends on its properties and the volume
fractions of the constituent materials and it is
defined as

k —
Qi (T:2) = > Q;(T)V;4(2)
(1)

QM

where is the material property and Vi (@) is

the volume fraction for constituent material j. For
FGM shell made of two different materials, the

volume fractions, Vfl(Z)and Via(2) are expressed

as [19]

N
Vii(2) zl_(z+:/2j V() :(z+:/2j
2

Vi(2) + Vs, (2) =1 @A)

where the power-law exponent N is a real value,
0<N=<ow and z denotes the radial distance
measured from mid-surface of the FGM shell,
(~h/2<z<hi2),

In this functionally graded materials shell the
material properties are composed of stainless steel

and nickel, which the Young’s modulus E,

Poisson’s ratio v and the mass density # are
defined as [20]

N
Ein (T:2) = (Ex(T) - E1(T))[Z + g/ hj +Ey(T)

(4)
h N
Ven (T,2) = (v,(T) —vlm)(z + —/hj +vy(T)
2
5)
h N
Pin (T:2) = (p(T) —pl(T»[z + —/hj +py(T)
2 (6)

3- Classical Shell Theory

Consider a cylindrical shell supported made of
FGM subjected to external pressures with the
thickness h, radius of the shell R, length L,
position of loop supported b, external pressure P,
mass density #, modulus of elasticity E, and
Poisson’s ratio v, as displayed in Fig. 2. The
deformation is defined with reference to the
coordinate system (X, 0, z) in which x and 0 are
axial and circumferential directions of the FGM
shell and z is in the radial direction to mid-surface.
The corresponding displacements on the mid-
surface of FGM shell are defined by u, v and w.
The constitutive relation stress-strain is given by

two-dimensional Hooke’s law as
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FGM Cylindrical Shell

Loop Supported

Component 1 Rich
Steel/Nickel

Component 2 Rich
Nickel /Steel

Extemal Pressures

Fig. 2. Shape of FGM cylindrical shell supported with external pressures

e)=lok) )

C

where{ } : {;}are the corresponding stress and

strain vectors respectively and [QJ is the reduced

stiffness matrix expressed as
{E}T Z{EX ge gxe }, {E}T Z{;Ix ;19 ;:XG } (8)

611 612 0
[6]= 612 622 0

0 0 Qg )

where, ©x is the stress in x-direction, ©0the stress
in
the O-direction, Ox0is the shear stress on the x0-

plane, €x is the strain in x-direction, €¢ the strain in

the 0 -direction and &xo , is the shear strain on the

x0- plane. Then equation (7) can be expressed as

Ox Qu 612 0 &x

Co = 612 Qp O €
c 0 0 0 g
X0 Q 66 X0 (10)

The stiffness Qi are defined as
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= E = vVE = E
= E
Q66 B 2(1-‘1- V) (11)

where modulus of elasticity is E, and Poisson’s
ratio is v.

Based on classical shell theory, the strain
components are defined as [21]

Ex =€1 +ZE,§9 =g2 +2K2 ,éxe :3_/+22% (12)

where €1:€2and Yare the surface strains and

Ki,K2and T are the surface curvatures and

expressed as

- o - 1( v J— ( J
g=—,82=—|—+W|2=—|—+W
0 R o0 R o0 (13)
o*wW — 1(0°w ov
ki=-———Fke=——|—-—1|
OX R2| 002 00
;__1(62_W_QJ
R\ ox00 ox (14)

The force and moment resultants are defined by

{Nx,Ne’ Nxe}‘=fh/,zzgx’c_’e"_’xe} (15)

{anMe’ Mxe}:fh//zz{c_xx,c_se,C_Sxe}ZdZ (16)

Ny, N

where 6 and Nxo are force components in

axial, circumferential and shear directions,

respectively and My My and Mo are moment

components in axial, circumferential and shear
directions, respectively. Equations (12), (15) and
(16) are combined as

{Nf=[L] {g} (17)

where {N}and {8} expressed as

NV = {N,, Ny, Ny, M, , My, M, } (18)

B = e bako.2e] (19)

For a FGM cylindrical shell [His defined as

(20)

in which Xy Yir 2y are extensional, coupling

and bending stiffness expressed as

Xy X, 0 Yy Y, 0
X=Xy Xy 0 1Y=[Yy Yy 0],
0 0 Xg 0 0 Y
Zy 4, O
Z=Z, Zp 0
0 0 Zg

(21)

The matrix [L] in terms of[x], [Y]and [4] can
be written as
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Xll X12 0 Yll Y12 0

X12 X 22 0 Y12 Y22 0
Lel0 0 Xe 0 0 Y

Yll Y12 0 le ZlZ 0

Y12 Y22 0 Zl2 ZZZ 0

0 0 Yy 0 0 Z

(22)

For FGM cylindrical shell supportedX“, Yi and

Zi are extensional, coupling and bending

stiffness and defined as

iz dY_h/z dz_h/z 24
_th/ZQij Zy ‘j_.[h/zQijZ ’ ij_.[h/zQ“Z z (23)

By substituting equations (18)-(22) into (17) for a
FGM cylindrical shell supported, thus

N, Xg Xp 00 Yy Yy 0 o
No Xp X 0 Yy Yy 0 &
No| |0 0 Xg 0 0 Yy |ly

Myl Yo Y 0 2y 2, O ki
My | | Yo Yo O 2, Zp 0 ka
M) 100 0 Y 0 0z |,

(24)

4- FGM Shell of Energy Equations

The strain energy, the potential energy of
external pressure and the kinetic energy for FGM
cylindrical shell supported expressed as
Strain energy:
Based on classical theory the strain energy of the
FGM cylindrical shell supported U is expressed as

U= % jOL j:“ {E}T [L]{} Rdod

(25)

_T (—
Substitution of{g} , (L ang {S}into the strain

energy, thus

= %J‘OL _[Ozn{gf Xu +E182 X1z +R1E1Y11 + EzY12 &
+E162Xpp+ £§x22 +Kig2Yyp + K2€2 Y, +
Vxee + 2;§Yee + R1£1Y11 + Engle +
Elzzll +kikoZy, + KogrYy, + KoY, +
kikaZ,, +E§222 +217 Yge +
47°Z4;} RAOdx 8)

Kinetic energy
Based on classical theory the kinetic energy for
FGM cylindrical shell supported is given by [22]

T {(—) (5 + (2 [Raod
27)

External pressure
The potential energy of the external pressure

Pexemal for FGM cylindrical shell supported with

classical theory, is

Peerar (L (25 OW, (%,0))’
EExternaI :EXITIJ-OJO [%X) R?2 d0dx
(28)

Therefore, the energy functional for vibration of
FGM cylindrical shell supported with external
pressure can be written as



M. R. Isvandzibaei, Journal of Advanced Materials and Processing, Vol. 6, No. 1, 2018, 58-70

5-FGM Shell Displacement
The displacement field for vibration of FGM
cylindrical shell supported with external pressure
can be expressed as [23]
0Q(X)
oX
V= ]_EzQ(x) sin(nB)cos(wt)

u=E cos(n6)cos(wt)

_ H

w = EsQ(x)] J(x—b;)" cos(n6) cos(wt)
i=1 (30)

where El,EZ and 1_53are constants denoting the

Q(x)

vibrational amplitude. , is the axial function

that satisfies boundary conditions, b

iis loop
position, H is the number of supported, “iis a

parameter having a value of 1 when there is one
supported, n is the circumferential waves number

and@is the natural frequency. The axial modal

Q(x)

function is selected as the beam function is

given by [24]

64

o _X O X
)+ ¥, cos( Ir_“

Q(x) = ¥, cosh( i

)_
D, X
L

)
(31)

um(‘Pssinh(q)If_“X)+\P4sin(
The boundary conditions for sliding-sliding (SL-
SL), clamped-free (C-F) and clamped-simply

supported (C-SS) that satisfy, x=0 and x=L and

f¥ (=14 ®

the values o mand #m are given in

Table 1.

6- Solution Method
Ritz
approximation method for a solution of problems

method is commonly wused as an
in mechanics. This method is based on variational
principles. The energy method developed by Ritz.
To determine the natural frequency of vibration
for FGM cylindrical shell supported with external
pressures, the Ritz technique is used. The energy

functional F defined by the Lagrangian function

as
F=U rex ~Trax + Eeqema (32)

Table 1 Values of i @, and Mmfor boundary conditions

Boundary Conditions ¥ (i=1,...,4) D [

Sliding-Sliding ¥, =0, ¥,=0

(SL-SL) Y,=0 , ¥, =-1 mn 1

Clamped-Free ¥ =1,¥,=-1 2m-1)n/2 sinh® —sin®

(C-F) Wy=1,%,=-1 cosh®,, +cosd,,

Clamped-Simply supported | ¥, =1 , ¥, =-1 (4m+1) /4 cosh®,, —cosd,,

(C-SS) W, =1, ¥, =-1 sinhd, —sind,,
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Substituting Eq. (30) into Egs. (26), (27) and (28)
and applying Ritz technique with minimizing the
energy functional F as

O(U rax — Trax + E exernar ) 0
OE1
O(U rax — Trmax + Eexernar ) _0
OE2
O(U max — Trex + Eternal ) _0
OE3s (33)

There are three equations of motion in Eq.(33)
characterizing the vibration characteristic of FGM
external

cylindrical shell supported with

pressures.  Therefore, the governing eigenvalue

equation can be written in a matrix form as
Cu Cp Cp }_31
Co Cp CyufjEep=
Cs Cyp CgullEs

o O O

The solution for equation (35) is obtained a
characteristic of the FGM cylindrical shell
supported with external pressures is expressed in
the power of @ as

B.0° + B’ +B0” +B; =0 (36)

The solution of equation (36) consists of six roots
and the three positive roots are the natural
frequencies. The smallest positive root is applied
in the present work. The functional graded
material composed of stainless steel and nickel
and the constituent materials considered with
properties reported in Table 2.

7- Comparison of Research
In order to validate the accuracy of the present
analysis, the results for FGM cylindrical shell

(34) without supported and external pressures are
The solution is obtained by setting the determinant compared with the results available in open
of matrix C equals to zero: literature.
Table 2 Mechanical properties of constituent materials for FGM cylindrical shell [14]
Coefficients | Stainless Steel Nickel
of
temperature | £(\m ) v plkgm™) E(Nm ) v plkgm™)
Qo 201.04%10° | 0.3262 8166 223.95%10° | 0.3100 8900
Q- 0 0 0 0 0 0
Q: 3.079x10* |-2.002x10* |0 -2.794x10* | 0 0
Q2 -6.534x107 | 3.797x107 |0 -3.998x10° |0 0
Q: 0 0 0 0 0 0
Q 2.07788x 0.317756 8166 2.05098 % 0.3100 8900
1011 1011
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_ [ 2
Table 3 Comparisons of the frequency parameter, [=oRJ({@A=VIP/E g4 cylindrical shell without external

pressures and supported

Boundary n m L/R h/R Chung [25] | Present
conditions

C-F 2 1 1.14 0.05 0.3076 0.3132
C-F 2 2 2.88 0.05 0.3081 0.3178
C-F 2 3 5.07 0.05 0.3079 0.3143
SL-SL 4 1 10 0.002 0.0150 0.0269

Table 4 Comparison of the natural frequency for FGM cylindrical shell without external pressure and supported

(LIR=20,R=1N=1)

Natural frequency (Hz)
h/R m n
Loy et al. [26] Present
1 1 4.156 4.063
1 2 4.480 4.021
1 3 7.038 7.105
1 4 11.24 11.56
0.002 1 5 13.21 13.69
1 6 16.45 16.22
1 7 22.63 22.30
1 8 29.77 30.11
1 9 37.86 37.56
1 10 46.90 46.39

Table 3 shows the comparison of frequency
parameter T=oRJ(A-VIP/E 4 cylindrical

shells without supported and external pressures
with different h/R and L/R ratios. The comparisons
presented in Tables 3, show good agreeable results
with published works. Table 4 shows the variation
of the natural frequency with the circumferential
waves numbers for FGM cylindrical shell without
external pressure and supported with the h/R
ratios. The comparisons presented in Table 4,

shows good agreeable results with published
works.

8- Results and discussion

Tables 5-7 show natural frequency of response
FGM cylindrical shell with external pressures and
without supported for different circumferential
wave numbers (n) for the different boundary
conditions is analysed. The analyses are conducted
by assuming external pressures equal to 400 and
600 kPa. For all the boundary conditions when the
external pressure is zero, the natural frequency
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initially decreases and then increases. When
FGM cylindrical shell is subjected to external
pressures without supported, for all boundary
conditions the natural frequencies of response
increase as the circumferential wave number n is
increased. The results show that external pressures
have effect on the natural frequency of a FGM
cylindrical shell and cause the natural frequency to
increase. When the value of the external pressures
is large, the natural frequency is higher. The
results obtained also show the natural frequency of
a FGM cylindrical shell with and without external
pressures are different for different boundary
conditions. Figure 3-5 show the variation of
natural frequency of FGM cylindrical shell
supported under external pressures with the
circumferential wave numbers n at loop position
of b = 0.3 L for the different boundary conditions.

In these figures the boundary conditions
represented by end conditions of the FGM
shell

pressures which are sliding-sliding, clamped-free

cylindrical supported under external
and clamped-simply supported being considered.
Simulation results were found to yield similar
trends for all positions. For illustration b = 0.3L is
presented here. In FGM cylindrical shell with
supported under external pressures, the natural
the all

conditions increase as the circumferential wave

frequencies for different boundary
number n is increased. The results show that
supported has effect on the natural frequency of a
FGM cylindrical shell with external pressures and
causes the natural frequency to increase. The
results obtained also show that the natural
frequency characteristics of a FGM cylindrical
shell with supported under external pressures are
different for different boundary conditions.

Table 5 Natural frequency of FGM cylindrical shell without supported with and without external pressures
for SL-SL boundary conditions. (h/R = 0.002, L/R =20, R=1)

Circumferential | Without External Pressure | With External Pressure | With External Pressure
Wave Number | (P=0) (P=400 KPa) (P=600 KPa)
(n)

1 13.209 21.075 21.075

2 4.476 38.311 46.658

3 4.156 65.528 80.179

4 7.044 91.816 112.335

5 11.254 117.583 143.786

6 16.475 143.135 174.914

7 22.664 168.641 205.917

8 29.811 194.203 236.911

9 37.912 219.892 267.972

10 46.967 245.761 299.155
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Table 6 Natural frequency of FGM cylindrical shell without supported with and without external pressures for
C-F boundary conditions. (h/R =0.002, L/IR =20, R=1)

Circumferential | Without External Pressure | With External Pressure | With External Pressure
Wave Number | (P=0) (P=400 KPa) (P=600 KPa)
(n)

1 20.198 6.118 6.118

2 6.849 37.807 46.273

3 4.836 65.48 80.151

4 7.187 91.81 112.334

5 11.292 117.582 143.788

6 16.489 143.134 174,915

7 22.67 168.639 205.917

8 29.814 194.201 236.91

9 37.914 219.889 267.97

10 46.969 245.758 299.153

Table 7 Natural frequency of FGM cylindrical shell without supported with and without external pressures for
C-SS boundary conditions. (h/R =0.002, L/R =20, R = 1)

Circumferential

Wave Number | Without External Pressure | With External Pressure | With External Pressure
(n) (P=0) (P=400 KPa) (P=600 KPa)
1 6.118 20.198 20.198

2 2.345 38.321 46.682

3 3.737 65.539 80.195

4 6.96 91.821 112.342

5 11.226 117.586 143.79

6 16.461 143.136 174.916

7 22.654 168.64 205.918

8 29.801 194.202 236.911

9 37.903 219.89 267.971

10 46.959 245.759 299.154

L)) T =1 o
[=] (=] [=] [=]
[=] (=] [=] [=]

f(Hz)

(=]
[=]

I
[=]
[=]

[=]

|
=1
=1
ot

| External Pressures= 1400 KFPa

b=0.3L

—C— Sliding-Sliding (SL-SL)

A

n

Fig. 3. Natural frequency of FGM cylindrical shell with supported and external pressures for SL-SL boundary
conditions (P = 1400 KPa, h/R =0.002, L/R =20, b=0.3L, R = 1)
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(3]

[=]

o

b=0.3L

ftt)

External Pressures= 1400 KPa

—O—Clamped-Free (C-F)

LEL

Fig. 4. Natural frequency of FGM cylindrical shell with supported and external pressures for C-F boundary
conditions
(P = 1400 KPa, h/R =0.002, L/R =20, b= 0.3L, R=1)

=1
(=]
(=]

External Pressures= 1400 KFPa [
&00 - \'—.—..'.(_"__.--"'\
b=0.3L ‘.—--'"""""'
500 Cp—
.-\.._..--"'":— B
_ 400 4 '_)_____....-n._
= /
= 3oo0 J
—C— Clamped-Simply Supported (C-55)
100
1 2 3 4 5 £ 7 2 3 10

Fig. 5. Natural frequency of FGM cylindrical shell with supported and external pressures for C-SS boundary
conditions (P = 1400 KPa, h/R = 0.002, L/R =20, b=0.3L, R =1)

9- Conclusions

In this study, the natural frequency response and
influence external pressures on vibration of
functionally graded materials thin-walled
cylindrical shell supported for different
boundary conditions was investigated. The
functionally graded materials (FGMs) properties
are graded in the thickness direction of the shell.
The classical shell theory is employed and the
governing equations of motion were derived,
using energy functional applied to the Ritz
method. The boundary conditions represented
by the end conditions are sliding-sliding (SL-
SL), clamped-free (C-F) and clamped-simply
support (C-SS). The influence of the external
pressures, loop support and effect of the
different boundary conditions on natural

frequencies of FGM thin-walled cylindrical
shell are discussed. This study shows that
supported and external pressures have effect on
the natural frequency of FGM cylindrical shell
and cause the natural frequency to increase.
When the value of the external pressures is large,
the natural frequency is higher. Another point
deduced here is that the natural frequency
characteristics of FGM cylindrical shell with
and without external pressures and supported are
different for the three different boundary
conditions.

Acknowledgment
The author would like to sincerely thanks.. . for
the support provided to this project.



M. R. Isvandzibaei, Journal of Advanced Materials and Processing, Vol. 6, No. 1, 2018, 58-70 70

References

[1] De Souza, V. C. M. and Croll, C. G. A.
(1981): “Free Vibrations of Orthotropic
Spherical Shells Engineering Structures,” Vol.
3, No. 2, pp. 71-84.

[2] A. E. A. Love, Treatise on the mathematical
theory of elasticity, Dover Publication, New
York (1944).

[3] Y. Liu and F. Chu, Nonlinear vibrations of
rotating thin circular cylindrical shell, Nonlinear
Dynamics., 67 (2012) 1467-1479.

[4]. Jack .R. Vinson, The mechanical behavior
of shells composed of isotropic and composite
materials, Kluwer academic  publishers,
Dordrecht /Boston /London1993.

[5] H. Shen, Boundary layer theory for the
nonlinear vibration of anisotropic laminated
cylindrical shells, Compos. Struct., 97 (2013)
338-352.

[6] B. Liua, Y. F. Xinga, M. S. Qatub and A. J.
M. Ferreira, Exact characteristic equations for
free vibrations of thin orthotropic circular
cylindrical shells, Compos. Struct., 94 (2012)
484-493.

[7] Y. Chen, G. Jin and Z. Liu, Free vibration
analysis of circular cylindrical shell with non-
uniform elastic boundary constraints, Int. J.
Mech. Sci., 74 (2013) 120-132.

[8] F. Pellicano, Dynamic stability and
sensitivity to geometric imperfections of
strongly compressed circular cylindrical shells
under dynamic axial loads, Commun. Nonlinear.
Sci., 14 (2009) 3449-3462.

[9] T. I. Thinh and M. C. Nguyen, Dynamic
stiffness matrix of continuous element for
vibration of thick cross-ply laminated composite
cylindrical shells, Compos. Struct., 98 (2013)
93-102.

[10] S. Suresh and A. Mortensen, Fundamentals
of Functionally Gradient Materials, The
Institute of Materials, IOM Communications
Ltd, London, (1998).

[11] V. Birman and L. W. Byrd, Modeling and
analysis of functionally graded materials and
structures, Appl. Mech. Rev., 60 (2007) 195-216.
[12] M. Niino, T. Hirai and R. Watanabe, The
functionally gradient materials aimed at heat
resisting materials for space plant, J. Jap. Soc.
Compos. Mat., 13 (1987) 257-264.

[13] Y. Miyamoto, W. A. Kaysser, B. H. Rabin,
A. Kawasaki and R. G. Ford, Functionally
Graded Materials: Design, Processing and

Applications, Kluwer Academic Publishers,
London, (1999).

[14] S. H. Pradhan, C. T. Loy, K. Y. Lam and J.
N. Reddy, Vibration characteristics of
functionally graded cylindrical shells under
various  boundary  conditions,  Applied
Acoustics., 61 (2000) 111-129.

[15] B. P. Patel, S. S. Gupta, M. S. Loknath and
C. P. Kadu, Free vibration analysis of
functionally graded elliptical cylindrical shells
using higher order theory, Compos. Struct., 69
(2005) 259-270.

[16] Z. Igbal, M. N. Naeem and N. Sultana,
Vibration characteristics of FGM circular
cylindrical shells using wave propagation
approach. Acta. Mech., 208 (2009) 237-248.
[17] H. Shen, Nonlinear vibration of shear
deformable FGM cylindrical shells surrounded
by an elastic medium. Compos. Struct., 94
(2012) 1144-1154.

[18] Yin, H. M., Sun, L. Z., and Paulino, G. H.
(2004). Micromechanics-Based Elastic Model
for Functionally Graded Materials with Particle
Interactions. Acta Materialia, 52 (12): 3535—
3543.

[19] Zhua J, Laia Z, Yina Z, Jeonb J, Leeb S.
Fabrication of ZrO,—NiCr functionally graded
material by powder metallurgy. Mater Chem
and Phys 2001; 68: 130-135.

[20] Touloukian Y. S., Thermophysical
properties of high temperature solid materials.
New York, Macmillan, 1967.

[21] Soedel W. Vibration of shells and plates.
3rd edn. Marcel Dekker Inc, New York, 2004.
[22] zhi C, Hua W. Free vibration of FGM
cylindrical shells with holes under various
boundary conditions. Journal of Sound and
Vibration, 2007; 306: 227-237.

[23] Bich DH, Nguyen NX. Nonlinear vibration
of functionally graded circular cylindrical shells
based on improved Donnell equations. Journal
of Sound and Vibration, 2012; 331: 5488-5501.
[24] F. C. Moon and S. W. Shaw, Chaotic
vibrations of a beam with non-linear boundary
conditions, Int. J. Non-Lin. Mech., 18 (1983)
465-477.

[25] H. Chung, Free vibration analysis of
circular cylindrical shells, J. Sound. Vib., 74
(1981) 331-359.

[26] C. T. Loy, K. Y. Lam and J. N. Reddy JN,
Vibration of functionally graded cylindrical
shells, Int. J. Mech. Sci., 41(1999) 309-324.


http://www.sciencedirect.com/science/journal/02638223
http://www.sciencedirect.com/science/journal/02638223
http://www.sciencedirect.com/science/article/pii/S1007570409000458
http://www.sciencedirect.com/science/journal/10075704
http://www.sciencedirect.com/science/journal/10075704
http://www.sciencedirect.com/science/article/pii/S0263822312005661
http://www.sciencedirect.com/science/article/pii/S0263822312005661
http://www.sciencedirect.com/science/journal/02638223
http://www.sciencedirect.com/science/article/pii/S0263822311004259
http://www.sciencedirect.com/science/journal/02638223
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/article/pii/S0254058400003552
http://www.sciencedirect.com/science/journal/02540584
http://www.sciencedirect.com/science/journal/02540584
http://www.sciencedirect.com/science/article/pii/S0022460X12005500
http://www.sciencedirect.com/science/article/pii/S0022460X12005500

