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1 Introduction

As we all know, closure operator and interior operator are not only two important concepts in topology,
but also have important applications in many other branches of mathematics. For example, it is a basic
tool in functional analysis, algebra, lattice theory, matroid theory and convexity theory and so on. In [20],
Shi generalized them to L-fuzzy topological spaces and called them L-fuzzy interior operators and L-fuzzy
closure operators. L-fuzzy interior operators and L-fuzzy closure operators can be used to characterize L-fuzzy
topology T, but don’t rely on the level L-topology 7},

The notions of semiopenness, preopenness and regular openness are very important in general topology
[15]. They were extended to L-topological spaces by Azad, Singal and Prakash, respectively (see [1, 23]).
The notions of semicontinuity and precontinuity were also extended to L-topological spaces by Azad and
Nanda respectively (see [1, 17]). Moreover the notions of semiopenness and regular openness were extended
to fuzzifying topological spaces by A.M. Zahran, F.M. Zeyada and A.K. Mousa respectively (see [25, 20]).
Further in [12, 13, 14], S.J. Lee and E.P. Lee introduced the notions of fuzzy r-semiopen sets, fuzzy r-preopen
sets and fuzzy r-regular open sets in [0, 1]-fuzzy topological space (X, 7) by means of the level [0, 1]-topology
-

In 2011, Shi introduced the notions of LM-fuzzy semiopen operator and LM-fuzzy preopen operator in
LM-fuzzy topological spaces by means of the idea of [20]. Further they were applied to many research fields
by Ghareeb, Al-Omeri and Liang [3, 4, 5, 6, 7, 21].

In this paper, we shall present some characterizations of the LM-fuzzy interior operator, the LM-fuzzy
closure operator, LM-fuzzy semiopen operator and LM-fuzzy preopen operator. We shall show that these
kinds of openness degrees are different from those defined by level [0, 1]-topology.
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2 Preliminaries

Throughout this paper, L and M denote completely distributive lattices with order-reversing involutions, X
is a nonempty set. The set of all nonzero co-prime elements of L is denoted by J(L). The set of all nonzero
co-prime elements of LX is denoted by J(LX). It is easy to see that J(LX) is exactly the set of all fuzzy
points z) (A € J(L)).

We say that a is a wedge below b in M, denoted by a < b, if for every subset D C M, \/ D > b implies
d > a for some d € D [2]. A complete lattice M is completely distributive if and only if b = \/{a € M | a < b}
for each b € M. {a € M | a < b} is called the greatest minimal family of b, denoted by 3(b). a(a) = {b €
M |V < d'} is called the greatest maximal family of a.

In a completely distributive lattice M, « is an A-|J map, 8 is a union-preserving map, and for each
a€ M, a=VB(a) = Aala) (see [10, 27]).

For A € M¥X and a € M, we use the following symbols [18, 19].
Ay ={z € X | A(z) % a}, A =z e X | A(z) £ a},
A ={zeX|acB(A)}, A¥={reX|a¢a(A))}

Definition 2.1. [3, 9, 11,22, 24] A map T : LX — M s called an LM -fuzzy pretopology on X provided that
it satisfies the following conditions:

(LFT1) T(X)=T(0) =Tu;
An LM -fuzzy pretopology T is called an LM -fuzzy topology if it satisfies the following condition again.

(LFT3) T(UAV)>TU)AT(V), YU,V eLX.

T(U) can be interpreted as the degree to which U is an L-open set. T*(U) = T(U') is called the degree
of closedness of U. The pair (X,T) is called an LM -fuzzy topological space. When L = M, an LM -fuzzy
topology is also called an L-fuzzy topology. When L = M = [0,1], an LM -fuzzy topology is called a [0, 1]-fuzzy
topology. In particular, when M = {0,1}, an LM -fuzzy topology is called an L-topology and when L = {0, 1},
an LM -fuzzy topology is called an M -fuzzifying topology.

A map f:(X,T1) = (Y,T2) is said to be continuous with respect to LM -fuzzy topologies T1 and Tz if
Ti(f5(U)) > T2(U) holds for all U € LY, where fi is defined by fi (U)(z) = U(f(x)).

Analogous to Theorem 3.2 in [27], we have the following.
Theorem 2.2. [27] Let 7 : L — M be a map. Then the following conditions are equivalent:
(T1) T is an LM-fuzzy topology on X.
(T2) Va € M, T, is an L-topology on X.
(T3) Va € M, T4 is an L-topology on X.

Definition 2.3. [20, 22] An LM-fuzzy interior operator on X is a map Int : LX — ML)

following conditions:

satisfying the

(FI1) Int(A)(z)) = A Int(A)(x,), Varind(LX),VA € LY,

p=<A

(FI2) Int(X)(wy) = Ty for any zy € J(LX);



8 Fu-Gui Sh-TFSS Vol.1, No.2, (2022)

(FI3) Int(A)(xy) = Ly for any z) £ A;
(FI4) Int(A A B) = Int(A) A Int(B);
(FI5) Va € M\{Ty}, (Int(A4))@ C (Int (\/(Int(A4))@))'.

Corollary 2.4. [20, 22] Let T be an LM-fuzzy topology on X and let Int” be the LM-fuzzy interior operator
induced by 7. Then Vz, € J(LX), VA € LX,

It (A)(z) = \/ T(V) and T(4) = A Int7(A)(z)).

) <V<A <A

Definition 2.5. [20, 22] An LM-fuzzy closure operator on X is a map Cl : LX — ML) satisfying the
following conditions:

(FC1) Cl(A)(zz) = A CUA)(wp), Yax € J(LY);

<A
(FC2) Cl(})(xy) = Ly for any zy € J(L¥);
(FC3) Cl(A)(zy) = Ty for any =) < A;
(FC4) CI(AV B) = CI(A) v CI(B);
(FC5) Va € M\{La}, (CL(V(CU(A))])) y € (CUA))a-

Corollary 2.6. [20, 22] Let T be an LM-fuzzy topology on X and let C17 : LX — M7EY) be the LM-fuzzy
closure operator induced by 7. Then Vzy € J(LYX), VA € LX,

A(A) ()= A (T(D")) and T(A) = A CUA)(z))"

aj)\gDZA .Z’)\ﬁA/

3 The characterizations of LM-fuzzy interiors and closures

In this section, our aim is to present some characterizations of LM-fuzzy interiors and LM-fuzzy closures.

Theorem 3.1. If a map Int : LX — M7™) satisfies the following (FI1)—(FI4):

(FI1) Int(A)(z)) = A Int(A)(x,), Vo€ J(LX), VA € LX;
H=A

(FI2) Int(X)(xy) = T for any zx € J(LX);
(FI3) Int(A)(zy) = Las for any z) £ A;
(F14) Int(A A B) = Int(A) A Int(B),

then the following (F15), (F16) and (FI7) are equivalent:

(FI5) Int(A)(zx) = \é , /\VInt(V)(yu);
A<V <Ay,<

(FI6) Va € M\{Ty}, (Int(A)@ C (Int (\/(Int(A))@))“;
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(FI7) Va € M\{Ly}, (Int(A)) o) € (Int (V(Int(A))q))) -

Proof. By means of Theorem 3.3 in [22] we know that (FI5) is equivalent to (FI6). Now we prove that (FI5)
is equivalent to (FIT7).

In order to prove (F15) = (FI7), suppose x € (Int(A)) ). Then a < Int(A)(zy). By (FI5) we know that
there exists V € LX such that ) <V < A and

a < /\ Int(V)(y,) < Int(V)(y,) < Int(A)(y,) for all y, <V .
yu=<V

This implies y, € (Int(V'))(q) € (Int(A))(q). Further we obtain V' < \/(Int(V))(4) < V(Int(A)) ). Therefore

it holds
a< N\ It(V)(y,) < \/ A Int(V)(y,) = Int (\/(Int(A))(a)> (z2).
yu=V A<V <V (Int(A4)) () ¥p=<V
This shows z € (Int (\/(Int(A))(a)))(a). (FI7) is proved.

(FI7) = (FI5). It is easy to check that Int (A) (zy) > A Int (V) (y,) holds. We only need to
) \<V<A yH<V

show that Int (A) (z)) < A Int (V) (yu) is true.
A<V <Ay, <V

Suppose that a < Int(A)(zy). Then by (FI7) we know zxin(Int(A))) C (Int (\/(Int(A))(a)))(a). Let

V =V (Int(A))@q). Then zx <V < A and a < Int(V)(zy). For all y, <V, there exists y, € (Int(A)),) such
that y, < y,. By (FI1) and (FI7) we know

Y € (Int(A))(q) < (Int (\/(Int(A))(a)>> = (Int (V) (g) »i-€., @ < Int(V) ().

(a)

This implies a < A Int(V)(y,). Hence we have
Yyu=<V

a < V A Int(V)(ye) <V A Int(V)(y).
IxSVSV(Int(A))(@ yu=V \<V<A yu=V

This shows that Int(A)(zy) < A Int(V)(y,) is true. The proof is completed. O
eA<V<Ay, <V

Theorem 3.2. If a map Cl: LX — M7™) satisfies the following (FC1)-(FC4):

(FC1) Cl(A)(zy) = /\)\ Cl(A)(z,), Vo) € J(LX);
=<

(FC2) Cl(0)(xy) = Ly for any xy\ € J(LX);
(FC3) Cl(A)(zx) = T for any x\ < A;
(FC4) Cl(AvV B) =Cl(A) v CI(B),
then the following (FC5), (FC6) and (FCT) are equivalent:

(FC5) Cl(A)(zx) = AV (CUB))(yp);
TANEB>Ay £B

(FCG) Va € M\{LM}V (Cl (V(CI(A))[(L]))[Q] - (CI(A))[a];

(FCT) Va € M\{Ty}, (C1(V(CL(A)@) ) c (c14)),
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Proof. By means of Theorem 3.1 in [22] we know that (FC5) is equivalent to (FC6). Now we prove that
(FC5) is equivalent to (FCT7).
(FC5) = (FCT). Suppose that zy & C1(A)[. Then by (FC5) we obtain the following fact.

a € a(Cl(4)(zy)) = a ( AV Cl(B)(yu)) = U o ( V CI(B)(yu)) :

exEB>Ay, LB exgB2A  \yu£B

YyutB
a € a(C(B)(y,)), i.e., y. ¢ CI(B)l. Therefore it follows \/ Cl(B)lY < B. Thus we have zy £ B >
\/ CI(B)l4 > \/ Cl(A)l%). Hence we obtain the following formula.

a € U a ( \/ Cl(B)(yu)) =a ( A V Cl(B)(yu))

AL B>\ Cl(A)ld] yu&B zx£B>\/ Cl(A)ld] y LB
= o (01 (\/ 01<A)M) (m) .

This implies 2 ¢ C1(\/ Int(A)M)M. (FCT7) is proved.
(FC7) = (FC5). It is easy to check that Cl(A)(zy) < A \V (CI(B))(y.) holds. Now we prove

zAEB>Ay. LB
Cli(A)(xx) = AV (CUB))(Yp)-
a\{B>Ay. LB
Suppose that a € a (C1(A)(z))). Then there exists b € L such that a € a(b) and b € a (Cl(A)(zy)). By
(FCT7) we know

Hence there exists B € LX with 2y £ B > A such that a € « ( V Cl(B)(yu)> , which implies Vy,, £ B,

e ¢ (1)1 2 (a1 (Vaap))"

Let D = \/CI(A)". Then A < D and b € a(Cl(D)(xy)). In this case, we must have 2y £ D. In fact,
if zy < D, then z, < x) < D for all p < A, hence there exists =, € CI(A)[b] such that =z, > z,. From
Cl(A)(zy) < Cl(A)(z,) we know b & a(Cl(A)(z,)) for all 1 < A. This implies

P=A p=A

b |Ja(ClA)(z,) =a (/\ CI(A)(%)) = a(Cl(A)(x1)),
which contradicts to b € a (C1(D) (x)). Therefore xy £ D > A. For all y, £ D, by

a2 (e (V)" = coy®

we know y,, £ (Cl (D))[b], ie., bea(Cl(D)(y,)). Further we have b > \/ CI(D) (y,). This shows
yuﬁD

a ( \/ c1(D) (yﬂ)) C U a ( \V Cl(B)(yu))

yuZD £ B>\ Cl(A)l] yu LB

ac€ a(b)

N

— a( A \/ 01(B)(yu)) Ca( AV CI(B)(yu))-

x\£B>\ Cl(A)P yu£B eAgB>Ayn LD

Therefore it follows Cl(A)(zy) > A V (CI(B))(yu)- The proof is completed. [
TAEB>Ay £B
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Theorem 3.3. Let T be an LM -fuzzy topology on X, Int be the LM -fuzzy interior operator in (X,T) and
Cl be the LM -fuzzy closure operator in (X,T). Then for any A € LX and for any a € M\ { L}, it follows

(1) A€ Ty & Vo< A Int(A)(2)) > a & A<V (Int(A)), -
(2) ATy & Yoy £ A, ClA)(zy) <a & V(CIA)™) < A,
Proof. (1) From Corollary 2.4 we easily obtain
A€ Ty & a<T(A) &V <A, Int(A)(zy) > a.

Moreover it is obvious

Vay < A, Int(A)(z) > a = A < \/Int(A4) .

Now we prove

AL \/Int [a] = V) < A, Int(A)(x)) > a.

Suppose ) < A. By A <\/Int(A),, there exists z;, € Int(A)(, such that x) < z,. Hence

Int(A /\ Int(A = Int(A)(z,) > a.

(2) From Corollary 2.6 we easily obtain
AeTy e a<T(A) & Vo, £ A, Cl(A)(zy) < a.

Moreover it is obvious
\/ Cl(A)®) < A= Vay £ A, Cl(A)(zy) < .
Now we prove

Yoy £ A, Cl(A)(zy) < d' = \/CLA)) < A.

Suppose that ) < \/ C1(4)(®). Then there exists x, € C1(A)@) (that is, Cl(A)(z,) £ a') such that z) < z,,.
Hence by

> A cu4 = Cl(A)(z,) £ d

A=p
we obtain Cl1(A)(zy) £ a’. This implies z) < A. \/ C1(4)®) < A is proved. [

Theorem 3.4. Let T be an LM -fuzzy topology on X, Int be the LM -fuzzy interior operator in (X,T) and
Cl be the LM -fuzzy closure operator in (X,T). Then for any A € LX and for any a € M \ {1y}, it follows

(1) AeTl oV, <A, 2, ent(A) o A<\ Int(A).
(2) AT o Vo, £ A, 2y & CU(A) @y &V CL(A) (4 < A
Proof. (1) From Corollary 2.4 we easily obtain
Ae T o ada(T(A) & Vo, < A, adalnt(A)(zy)) < Voy < A, z) € Int(4))

Moreover it is obvious

Vay < A, xy e Int(A) = 4 < \/Int(A)M.

Now we prove

A< \/Int(A)l] = v, < A, 25 € Int(A).
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Suppose z) < A. By A < \/Int(A), there exists z,, € Int(A)!? such that xy < z,. Hence by

Int(A)(zy) > /\ Int(A)(zx) = Int(A)(z,) and a & a(Int(A)(z,))

we know a & a(Int(A)(zy)), i.e., ) € Int(A)Ml.
(2) From Corollary 2.6 we easily obtain

Ae T a g a(T"(A))
Yoy £ A, a & oCl(A)(xy))
Viy £ A, o & B(Cl(A)(zy))

VQ?)\ g A, I\ g Cl(A)(a/)

K

It is easy to check Vo) £ A, x) € Cl(A) ) < VCl(A)y <A O

4 The Characterizations of LM-fuzzy (semiclosed, preopen) preclosed
operators

In 2011, Shi presented the notions of LM-fuzzy semiopen operator and LM-fuzzy preopen operator by
means of LM-fuzzy topology 7. They were applied to many research fields by Ghareeb, Al-Omeri and Liang

[3, 4,5, 6,7, 20]. Now we give their characterizations by means of LM-fuzzy interior operator and LM-fuzzy

closure operator.

Definition 4.1. [6, 16] Let T be an LM-fuzzy topology on X. For any A € L~, define two mappings
Te, Tp: LK — M by

A=\ T7BA N N (TD) 7},

B<A z\<Az\£D>B

A= N\ Vit AN A TW)

TA<AzT\<B Yyu=<By,£D>A
Then Ts is called the LM -fuzzy semiopen operator induced by T, and T, is called the LM -fuzzy preopen

operator induced by T. For all A € L, define T}(A) = Ty(A') and T} (A) = Tp(A'), then T and T are
respectively called the LM -fuzzy semiclosed operator and the LM -fuzzy preclosed operator induced by T .

The next theorem presents a characterization of the LM-fuzzy semiclosed operator.
Theorem 4.2. Let T be an LM -fuzzy topology on X. Then for any A € LX,

T2 =\ 7T BA N\ W7 (B) ) ¢ (1)

B>A z, LA
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Proof. On the one hand, we have

THA) =T(4) = V IT(B)A A O (B)(zy)

B>A <A’

>V {TB)A A CU(B)(xy)
B>A TA <A

= V{TB)A A A (IntT(B)(wy))/}
B>A TASA pL N

> v ATBIA A (IntT<B><xu>)’}-
B>A LA

V ITB)A A (Int7 (B)(x,) }
B>A LA

= V<TWBIYA ANV aT(B) }

B>A AL (zy) £>\’
>V {T(B)A A CIT(B)(z, } To(A") =TS (A).
BI<A T <A

The proof of (1) is completed. [
The next theorem presents a characterization of the LM-fuzzy preclosed operator.

Theorem 4.3. Let T be an LM -fuzzy topology on X. Then for any A € LX,
K !
= AV {T D)~ N\ (Int7 (A)(y,)) } : (2)
AL AzNLD y,y$D

Proof. On the one hand, we have

y;L‘<B

= AV

TANEA z LB’

T(B)A N CU(A)(yy)

yu‘<B

=NV

exEAzy LB

TBYA A A (Inmm(%)y}

Yyu=<ByLp

> NV

TAEA z LB’

T, (A)=TA) = AV {T(B)/\ A O (A)(y,)

TB)A A (IntT<A><y7>)’}

yy&B’

= AV {T*(D)/\ A (IntT(A)(yv))’}.

T LAz ED Yy £D
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On the other hand, we can prove

AV {T*(D)A A (IntT(A)(yw))'}

TALAx\LD yy£D

= A V {T(D’)/\ A (IntT(A)(yv))'}
A=A x\<D’ D' Z(y~)

> TOYA A (T (A)(y)
A=A zy<D' Fyu <Dy L (yy)’

> AV {TD)A A V CIT(A’)(yy)}
A=A’ x\<D’ Fyu=<D' yuL(yy) V&Y

> AV TN A CT(A) ()
T <A x\<D' yu'<D,

> AV {T(B)A A CIT(A’)(yu)}=7§(A'):7;*(A)-
A=A z\<B yu<B

The proof of (2) is completed. [
The following is a characterization of LM-fuzzy preopen operator, which is simpler than Definition 4.1.

Theorem 4.4. Let T be an LM -fuzzy topology on X. Then for any A € LX,

A=\ 317 A N\ (TD) ;. (3)

A<B Yu<By,LD>A

Proof. First we prove

A<\ TBA N N (T

A<B Yyu<Byu£D>A
Suppose that there exists a € M such that a < 7,(A). Then by
To(4) = NV {T(B) ANVANEA (T(D'))'}
ry\<Ax)\<B Yu<By,LD>A

we know that Vz) < A, there exists By, € L* such that x\x < By,, T(Bs,) > a and Vy, < B, a <
A (T(D")). Let B =\{B., | zx < A}. Then A < B, T(B) > a and Vy, < B, there exists B,, such

y;m%DZA

that Vy,, < B,,. This implies

V<iTea AN N\ (TD) ¢ >a

A<B Yyu<Buy,£D>A
Hence
/
A<V {TBA N\ A (TD)
A<B Yyu<ByuLD>A
The inverse of the above inequality is obvious. U

By means of LM-fuzzy interior operator and LM-fuzzy closure operator we can give the other character-
izations of L M-fuzzy preopen operator and LM-fuzzy preclosed operator.
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Corollary 4.5. In an LM-fuzzy topological space (X,T), it holds that for any A € L,

Tp(A) =AVB{T<B)A A 01<A><yy>}, (4)
< Yu=
T (4) =A\/D{T*(D) A /;D (IntT<A><yw>)’}. (5)
< Yy

Proof. (4) can be proved from Corollary 2.6 and Theorem 4.4. Based on Theorem 4.3 and analogous to the
proof of Theorem 4.4 we can obtain (5) O

5 LM-fuzzy regular open operators

In this section, we shall present the notions of LM-fuzzy regularly open operators and LM-fuzzy regularly
closed operators in LM-fuzzy topological spaces.

Definition 5.1. Let T be an LM -fuzzy topology on X. For any A € LX, define a map T, : LX — M by
To(A) = To(A) ANT(A) = TS (A) AT (A).

Then Ty, is called the LM -fuzzy regularly open operator corresponding to T, where T.(A) can be regarded as
the degree to which A is reqular open and T*(B) = T,(B') can be regarded as the degree to which B is regularly
closed.

Theorem 5.2. Let T, be the LM -fuzzy regularly open operator in LM -fuzzy topological space (X, T). Then
(1) 7:(0) = T(X)
(2) T.(A) <T(A) for any A c LX.

T

(3) T.(AAB) > T.(A) AT.(B) for any A, B € LX.
Proof. (1) and (2) are obvious. In order to prove (3), we first prove the following inequality.
TS (/\ Ai> > /\ T2 (A;) for any subfamily {4; | i € Q} of L*. (6)
i€Q ieQ

Let a € L and a < A 7. (4;). Then for any i € Q, there exists B; < (A;)’ such that
1€Q)
a<T(B;) and a < /\ /\ ('T(D'))/.

zA=<(A;) xAxE€D>B;

Hence

a< /\T(B»gT(\/ Bl-) and a< \ A\ A (T(D)).

1€Q 1€Q 1€Q z)\<(A;) A€ D>B;

{m B (/\ Ai>/} = J {zal2a < (4},

1€Q 1€Q)
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we have
72*(/\ Ai)z v ATBa A A (T
i€Q ' ' ex£D>B
B<<'/\QA1‘> 50/\'<<_/\QA1'>
> T<,v &)AA A A (T
1€Q ZEQxA-<(Ai)/$/\$DZ'¥QBi
> T(v Bi)A/\ AN (DY
1€Q 1€Q A< Ai)/ zALD>B;
> a.

This shows T (/\ Ai> > A TS(4;).
ieQ i€Q
Since T is an L-fuzzy topology, it follows that 7 (A A B) > T(A) A T(B). Hence by (6), we obtain

T(AAB) = T(AAB)ATZ(AAB)
T(A)ANT(B) NTS(A) AT (B)

Tr(A) AT (B).

v

A
A

(3) is proved. O

Definition 5.3. A map f: X — Y between LM -fuzzy topological spaces (X, S) and (Y, T) is called LM -fuzzy
almost continuous if T,(U) < S(f5(U)) holds for any U € LY.

Obviously an LM-fuzzy continuous map is LM-fuzzy almost continuous. Moreover the following result
is also obvious.

Corollary 5.4. A map f: X — Y between LM -fuzzy topological spaces (X,S) and (Y, T) is almost contin-
wous if and only if T*(U) < 8*(f£ (U)) for any U € LY.

S.J. Lee and E.P. Lee presented the definitions of the fuzzy r-semiopen set, fuzzy r-preopen and fuzzy
r-regularly open set, which rely on level [0,1]-topologies.

Definition 5.5. [12, 13, 11] Let A be a [0,1]-fuzzy set of a [0,1]-fuzzy topological space (X, T) and r € (0,1].
Then A is said to be

(1) fuzzy r-semiopen if there is a fuzzy r-open set B such that B < A < Cl(B,r).

(2) fuzzy r-preopen if A <1(Cl(A,r),r).

(3) fuzzy r-regularly open if A =1(Cl(A,r),r).

Based on Definition 5.5 we can introduce the other definition of LM-fuzzy regular openness.

Definition 5.6. Let (X, T) be a [0, 1]-fuzzy topological space. For any A € [0,1]X, define

(1) ST(A) = \{r €(0,1] | A is r-semiopen in T}

(2) PT(A) =V\{r  (0,1] | A is r-preopen in Tp}.

(38) RT(A) =V{r € (0,1] | A is r-reqularopen in T}
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In general, ST # T, PT # Tp, RT # Tr, these can be seen from the following example.
Example 5.7. Let X = [0,1] and A;, A2, A3 be fuzzy sets defined by
Ai(z) =z, As(z) =1—x, As(x) = 0.5, Vo € [0, 1].
Define 7 : [0,1]% — [0, 1] by

1, ifG=0X,
0.8, ifG=A1,A1V Ay, Al N A,
T(G) = 0.6, if G= A3, A1 NA3, Ay N Az, A1V Ag, Ay V Ags,
0.1, it G = A
0, otherwise.

It is easy to check that 7 is a [0, 1]-fuzzy topology and

ﬁl} = {®7X}7 7T0.8] = {®7X7 A17A1 \/A27A1 /\AQ}a
To.e) =10, X, A1, A1V Ag, Ay A Ag, A3, Ay N Ag, Ao N A, Ay V Ag, Ag V Asls
To.a) = {0, X, A1, Ao, Ar V Ag, Ay A Az, A, Ay N Az, Ag N A, ALV Az, Aa V As)

It is easy to check that Ay is a fuzzy 0.8-open set and 0.3-closed set. This implies R7 (A1) = 0.3. By

T(42) = \/ (T(B)/\ A A (T(D'))')

B<A» zA<As x\£D>B

- (T(AlAAQM A\ A\ <T<D’>>’)

TA<A2 z\LD>A1NAz

v(T(AzAABM A A (T(D’))’)

TA<A2 z\LD>A2NA3

Ty<A2 .’E)\gDZAQ
= (0.8A0.2)V(0.6A0.4)V(0.1A1) =04,

\/(T(Ag)/\ A A (T(D’))’)

and

Tr(A1) = Ts((A1)) AT (A1) = To(A2) AT (A1) =04

we know RT (A1) # T, (Ar).
It is easy to check that Ay is a fuzzy 0.1-open set and 0.8-closed set. This implies PT (Az) = 0.1. By

B>A> rA<Br\LD>As

Tp(A2) = \/ (T(B)A A A (T(D’))’)
= (T(AlvAz)/\ N A (T(D’))’)

r\<A1VAg :L‘)\ﬁDZAQ

\/(T(Az)/\ A A (T(D’))’)

TA<Az x\ELD>As
= (0.8A02)V(0.1A1) =02
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we know PT (Az) # Tp(A2).
It is easy to check that A;V Az is a fuzzy 0.6-open set and 0.6-closed set. This implies ST (A;V A3) = 0.6.
Hence by the following fact we know ST (A1 V A3z) # Ts(A1 V As3).

Ts(A1V As3)
=V (TBAr A N (TD)y
B<A;VAs rA<A1VA3 A\ LD>B

= (TAd)n A A (TD))

TA<A1VA3 A LD>A1NAz

VI T(A A A A N A (TD)

TA<A1VA3 2y LD>A2NA3

VT A A N N\ (T

TA<A1VA3 A LD>A1NA3

vITADA A A

(T(D'))')
TA<A1VA3 A\ LD>A1

viT@sA A A <T<D’>>’)
A <A1VA3 z\LD>A3

A

V[T vAan A N

TA<A1VA3 2y LD>A1V A3
— (0.870.4)V (0.6 A 0.4) V(0.6 A 0.4) V (0.8 A 0.9) V (0.6 A 0.4) V (0.6 A 1)
= 0.8.

(T(D")Y
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