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Abstract. Triangle algebras are an important variety of residuated lattices enriched with two approximation
operators as well as a third angular point (different from 0 and 1). They provide a well-defined mathematical
framework for formalizing the use of closed intervals derived from a bounded lattice as truth values, with a set of
structured axioms. This paper introduces the concept of relative co-annihilator of a subset within the framework
of triangle algebras. As filters of triangle algebras, these relative co-annihilators are explored and some of their
properties and characterizations are given. A meaningful contribution of this work lies in its proof that the relative
co-annihilator of a subset T with respect to another subset Y in a triangle algebra L inherits specific filter’s
characteristics of Y . More precisely, if Y is a Boolean filter of the second kind, then the co-annihilator of T with
respect to Y is also a Boolean filter of the second kind. The same statement applies when we replace the Boolean
filter of the second kind with an implicative filter, pseudo complementation filter, Boolean filter, prime filter, prime
filter of the third kind, pseudo-prime filter, or involution filter, respectively. Finally, we establish some conditions
under which the co-annihilator of T relative to Y is a prime filter of the second kind.
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1 Introduction
George Boole’s endeavor to formalize propositional logic led to the concept of Boolean algebra ([1]). Unfor-
tunately, the discrete nature of the truth values fails to handle situations in which the accuracy of statements
is not precisely known. In his attempt to solve this problem, Zadeh ([2]) proposed the idea of working with
the unit interval [0, 1] equipped with the usual order, giving rise to fuzzy logic. Considering the potential
non-comparability of elements within the set of truth values, a substantial advancement occurred in 1967
when Goguen [3] brought in a novel approach: replacing the unit interval with a bounded lattice, and using
triangular norms and co-norms to extend the concepts of logical conjunction and disjunction. Among the
significant features of triangular norms and co-norms, their compatibility with the principle of residuation
stands out, resulting in the algebraic structure called residuated lattice (see [4]). In 2008, Van Gasse et al.
([5]) established residuated lattices based on lattices of closed intervals, also known as triangular lattices,
thereby introducing the concept of Interval-valued residuated lattices (IVRLs). Subsequently, they equipped
the latter with two approximation operators and with a third angular point, leading to the so called extended
Interval-valued residuated lattices, which are equationally represented by triangle algebras [6].
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A crucial concept in algebraic structures used for formal fuzzy logic, is that of a filter, since filters
have a natural interpretation as sets of provable formulas, and therefore are important in the proof of the
completeness of these logics. Indeed, the theory of triangle algebras has been endowed with the filter theory
(see [7, 8, 9]). In 2017, Zahiri et al. [8] conducted an investigation into a particular class of filters in
triangle algebras, namely, co-annihilators. Our main purpose is to introduce and thoroughly explore relative
co-annihilators in triangle algebras, as a generalization of co-annihilators.

In the literature, the concept of co-annihilator of an element a relative to a filter F was introduced in
BL-algebra by Meng and Xin [10]. Following this, Maroof et al. ([11]) and Rasouli ([12]) extended this notion
to residuated lattices. In [11], they examinined the co-annihilator of an arbitrary subset T with respect to
another subset Y within a residuated lattice. Nevertheless, the concept of relative co-annihilator remains
unexplored in triangle algebras.

This paper is organized as follows: In Section 2, we recall some preliminary notions in order to make the
document self-contained. Section 3 is devoted to the notion of relative co-annihilator in triangle algebras,
with some of its properties. In Section 4, we provide more properties of relative co-annihilators through
filters of triangle algebras. We prove that for any two nonempty subsets T and Y of a triangle algebras
L, if Y is a Boolean filter of the second kind (respectively, pseudo-complementation filter, implicative filter,
Boolean filter, prime filter, prime filter of the third kind, pseudo-prime filter, involution filter), then, so is the
co-annihilator of T relative to Y . Finally, we highlight some conditions under which the co-annihilator of T
relative to Y is a prime filter of the second kind.

2 Preliminaries
In this section, we recall some notions that will be useful in this paper.

Definition 2.1. [13, 4] A residuated lattice is an algebra L = (L,∨,∧,⊙,→, 0, 1) with four binary operations
and two constants such that:

(R1) (L,∨,∧, 0, 1) is a bounded lattice;

(R2) (L,⊙, 1) is a commutative monoid;

(R3) x⊙ y ≤ z iff x ≤ y → z, for all x, y and z in L.

Unless otherwise specified, by L we will denote the residuated lattice (L,∨,∧,⊙,→, 0, 1). The negation
¬ in L is defined by ¬x = x → 0, for all x in L.

Theorem 2.2. [14, 11, 6, 4] Let L be a residuated lattice. Then, the following properties are valid, for all
x, x1, x2, y, y1, y2, z ∈ L :

(RL1) 1 → x = x, x → x = 1, ¬1 = 0, and ¬0 = 1;

(RL2) x⊙ y ≤ x, y hence x⊙ y ≤ x ∧ y, y ≤ x → y and x⊙ 0 = 0;

(RL3) x⊙ y ≤ x → y, and x⊙ y = 0 iff x ≤ ¬y;

(RL4) x ≤ y iff x → y = 1;

(RL5) x⊙ (x → y) ≤ y, x ≤ (x → y) → y, ((x → y) → y) → y = x → y;

(RL6) x → y ≤ (x⊙ z) → (y ⊙ z);

(RL7) x ≤ y implies (x⊙ z) ≤ (y ⊙ z), z → x ≤ z → y, y → z ≤ x → z, and ¬y ≤ ¬x;
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(RL8) x → y ≤ (z → x) → (z → y), x → y ≤ (y → z) → (x → z);

(RL9) x⊙ (y → z) ≤ y → (x⊙ z) ≤ (x⊙ y) → (z ⊙ z);

(RL10) x → (y → z) = (x⊙ y) → z = y → (x → z);

(RL11) x1 → y1 ≤ (y2 → x2) → [(y1 → y2) → (x1 → x2)];

(RL12) (x → z) ∨ (y → z) ≤ x ∧ y → z;

(RL13) x⊙ (y ∨ z) = (x⊙ y) ∨ (x⊙ z), z ∨ (x⊙ y) ≥ (z ∨ x)⊙ (z ∨ y);

(RL14) x ≤ ¬¬x ≤ ¬x → x, ¬¬¬x = ¬x;

(RL15) ¬(x⊙ y) = x → ¬y, y → ¬x = ¬¬x → ¬y, and x → y ≤ ¬y → ¬x.

Recall from [7] that a filter of a residuated lattice L is a nonempty subset F of L such that for all x, y ∈ L:

(F1) if x ∈ F and x ≤ y, then y ∈ F ;

(F2) if x, y ∈ F , then x⊙ y ∈ F .

We now recall the notion of interval-valued residuated lattices, which are residuated lattices on triangu-
larizations. This has led to the development of triangle algebras through the use of approximation operators,
describing the aspect of incompleteness inherent in interval-valued residuated lattices.

Definition 2.3. [5, 6] Let L = (L,∨,∧, 0, 1) be a bounded lattice. We call triangularization or triangular
lattice of L the bounded lattice, T(L) of the closed intervals of L defined by

T(L) = (Int(L),∨Int(L),∧Int(L), [0, 0], [1, 1])

such that Int(L) = {[x1, x2] : x1, x2 ∈ L and x1 ≤ x2}, and for all x1, x2, y1, y2 ∈ L,

• [x1, x2] ∨Int(L) [y1, y2] = [x1 ∨ y1, x2 ∨ y2];

• [x1, x2] ∧Int(L) [y1, y2] = [x1 ∧ y1, x2 ∧ y2];

• [x1, x2] ≤Int(L) [y1, y2] iff x1 ≤ y1 and x2 ≤ y2.

The set D(L) = {[x, x] : x ∈ L} is called diagonal of T(L).

From [5, 6], an interval-valued residuated lattice (IVRL) is a residuated lattice
(Int(L),∨,∧,⊙,→⊙, [0, 0], [1, 1]) on the triangularization T(L) of a bounded lattice L, in which the diagonal
D(L) is closed under ⊙ and →⊙, i.e., [x, x]⊙ [y, y] ∈ D(L) and [x, x] →⊙ [y, y] ∈ D(L), for all x, y in L.

Definition 2.4. [6, 15] An extended IVRL is a structure (Int(L),∨,∧,⊙,→, prv, prh, [0, 0] , [0, 1] , [1, 1]) where
u = [0, 1] is a constant interval, prv and prh are maps from Int(L) to Int(L), respectively called vertical and
horizontal projections defined by prv ([x1, x2]) = [x1, x1] and prh ([x1, x2]) = [x2, x2], for all [x1, x2] ∈ Int(L).

The following definition presents the concept of triangle algebra, which serves as an equational represen-
tation of interval-valued residuated lattices.
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Definition 2.5. [5, 16] A triangle algebra is a structure L = (L,∨,∧,⊙,→, ν, µ, 0, u, 1) in which (L,∨,∧,⊙,→
, 0, 1) is a residuated lattice, ν and µ are unary operations on L, u (0 ̸= u ̸= 1) a constant, all satisfying the
following conditions:

(T.1)νx ≤ x; (T.1′)x ≤ µx;
(T.2)νx ≤ ννx; (T.2′)µµx ≤ µx;
(T.3)ν(x ∧ y) = νx ∧ νy; (T.3′)µ(x ∧ y) = µx ∧ µy;
(T.4)ν(x ∨ y) = νx ∨ νy; (T.4′)µ(x ∨ y) = µx ∨ µy;
(T.5)νu = 0; (T.5′)µu = 1;
(T.6)νµx = µx; (T.6′)µνx = νx;
(T.7)ν(x → y) ≤ νx → νy;
(T.8)(νx ↔ νy)⊙ (µx ↔ µy) ≤ (x ↔ y);
(T.9)νx → νy ≤ ν(νx → νy).

Note that the statement x ↔ y stands for (x → y) ∧ (y → x).

Remark 2.6. ν0 = µ0 = 0 and ν1 = µ1 = 1.

Unless otherwise specified, the triangle algebra (L,∨,∧,⊙,→, ν, µ, 0, u, 1) will be denoted by L.

Proposition 2.7. [17] Let L be a triangle algebra. Then, for all x, y ∈ L we have:

1. ν(x⊙ y) = νx⊙ νy;

2. µ(x⊙ y) ≤ µx⊙ µy.

Lemma 2.8. Let L be a triangle algebra. For all x, y ∈ L, if νx ∨ y = 1, then x⊙ y = x ∧ y.

Proof.
Let x, y ∈ L. We already know from (RL2) of Theorem 2.2 that x ⊙ y ≤ x ∧ y. All we need to prove is

x ∧ y ≤ x⊙ y. We have:

x ∧ y = 1⊙ (x ∧ y)

= (νx ∨ y)⊙ (x ∧ y), as νx ∨ y = 1

= [νx⊙ (x ∧ y)] ∨ [y ⊙ (x ∧ y)], from (RL13)
≤ (νx⊙ y) ∨ (x⊙ y), as x ∧ y ≤ x, y

≤ (x⊙ y) ∨ (x⊙ y), as νx ≤ x

= x⊙ y.

□

Definition 2.9. [7, 16] A filter (or IVRL-filter) of a triangle algebra L is a nonempty subset F of L satisfying:

(F1) if x ∈ F, y ∈ L and x ≤ y, then y ∈ F ;

(F2) if x, y ∈ F , then x⊙ y ∈ F ;

(F3) if x ∈ F , then νx ∈ F .

It is worth noticing that, for every filter F of a triangle algebra L, 1 ∈ F ,
and [x ∈ F if and only if νx ∈ F ], see [18].



Triangle Algebras and Relative Co-annihilators. Trans. Fuzzy Sets Syst. 2024; 3(1) 47

Definition 2.10. [9, 8] Let F be a filter of a triangle algebra L. Then, F is said to be:

1. a Boolean filter (BF) if for all x ∈ L, ν(x ∨ ¬x) ∈ F .

2. a Boolean filter of the second kind (BF2) if for all x ∈ L, νx ∈ F or ν(¬x) ∈ F .

3. a prime filter (PF) if for all x, y ∈ L, ν(x → y) ∈ F or ν(y → x) ∈ F (or both).

4. a prime filter of the second kind (PF2) if for all x, y ∈ L, ν(x ∨ y) ∈ F implies νx ∈ F or νy ∈ F (or
both).

5. a prime filter of the third kind (PF3) if for all x, y ∈ L, ν[(x → y) ∨ (y → x)] ∈ F .

6. a pseudo-prime filter (PPF) if for all x, y ∈ L, νx → νy ∈ F or νy → νx ∈ F (or both).

7. an implicative filter (IF) if for all x, y, z ∈ L, ν[x → (y → z)] ∈ F and ν(x → y) ∈ F imply
ν(x → z) ∈ F (first form) or equivalently, ν[x → (x → z)] ∈ F implies that ν(x → z) ∈ F (second
form).

8. a pseudocomplementation filter (PSF) if for all x ∈ L, ν[¬(x ∧ ¬x)] ∈ F .

9. an involution filter (VF) iff for all x ∈ L, ν(¬¬x → x) ∈ F .

Proposition 2.11. [8] Let F be a filter of L. Then, F is an implicative filter iff ν(x → x2) ∈ F, for all
x ∈ L.

Definition 2.12. [16]
Let A be a nonempty subset of a triangle algebra L. Then, the co-annihilator of A, denoted by A⊤ is the

filter defined by A⊤ = {x ∈ L | νx ∨ a = 1, for all a ∈ A}.

3 Relative Co-annihilators in Triangle Algebras
In this section, we introduce the notion of relative co-annihilator in a triangle algebra L and investigate some
of its properties.

Definition 3.1. Let L be a triangle algebra, A and B be subsets of L. The co-annihilator of A relative to
B is the set (A⊤, B) = {a ∈ L | (∀b ∈ A), νa ∨ b ∈ B}.

If B = {x}, then we will denote (A⊤, {x}) by (A⊤, x).
In a similar way, If A = {a}, then we will denote ({a}⊤, B) by (a⊤, B).

Remark 3.2. For any subset A of L, (A⊤, 1) = A⊤.

Example 3.3.
Let L = {[0, 0], [0, a], [0, b], [a, a], [b, b], [0, 1], [a, 1], [b, 1], [1, 1]} be the lattice whose associated Hasse dia-

gram is depicted in Figure 1. Define ⊙ and ⇒ as presented in Table 1.
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Figure 1: Hasse diagram of L in Example 3.3

Table 1: Operation tables of ⊙ and ⇒ for L in Example 3.3

⊙ 0 a b 1

0 0 0 0 0
a 0 a 0 a
b 0 0 b b
1 0 a b 1

⇒ 0 a b 1

0 1 1 1 1
a b 1 b 1
b a a 1 1
1 0 a b 1

Consider the actions on L of ν, µ, ⊙ and → defined as follows: for all [x1, x2], [y1, y2] ∈ L, ν [x1, x2] =
[x1, x1]; µ [x1, x2] = [x2, x2]; [x1, x2]⊙L [y1, y2] = [x1 ⊙ y1, x2 ⊙ y2];
[x1, x2] → [y1, y2] = [(x1 ⇒ y1) ∧ (x2 ⇒ y2) , x2 ⇒ y2].

Then, L = (L,∨,∧,⊙L,→, ν, µ, [0, 0], [0, 1], [1, 1]) is a triangle algebra [16].
Set A = {[b, b], [b, 1], [1, 1]} and B = {[0, 0], [a, a], [1, 1]}. One easily verifies that (A⊤, B) = {[a, a], [a, 1], [1, 1]}.

In a similar manner, (B⊤, A) = {[b, b], [b, 1], [1, 1]}.

Some of the following properties of relative co-annihilators have been established within the framework of
residuated lattices (see [11]). Nevertheless, the formulations presented here are specific to triangle algebras,
since the approximation operator ν is involved.

Proposition 3.4. Let L be a triangle algebra. Let A and B be subsets of L. Then,

(1) A = ∅, implies (A⊤, B) = L;

(2) With A ̸= ∅:

(i) if B = ∅, then (A⊤, B) = ∅;

(ii) for A ̸= {0}, (A⊤, 0) = ∅;

(iii) (A⊤, 1) ⊆ {x ∈ L | (∀y ∈ A), x⊙ y = x ∧ y};

(iv) (0⊤, 1) = {1},(1⊤, 0) = ∅, (L⊤, 1) = {1}, (1⊤, 1) = L, (0⊤, 0) = {x ∈ L | νx = 0};

(v) (L⊤, A) = ∅ iff 1 /∈ A;

(vi) (L⊤, A) ⊆ A.

Proof.
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(1) We write (A⊤, B) in a more logical form as {x ∈ L | (∀y)(y ∈ A implies νx∨ y ∈ B)}. Thus, (∅⊤, B) =
{x ∈ L | (∀y)(y ∈ ∅ implies νx ∨ y ∈ B)} = L, since the statement ”(∀y)(y ∈ ∅ implies νx ∨ y ∈ B)” is
always true, for all x ∈ L.

2 Consider A ̸= ∅:
(i) if B = ∅, then :

(A⊤, B) = (A⊤, ∅)
= {x ∈ L | (∀y ∈ A), νx ∨ y ∈ ∅}
= ∅.

(ii) If A ̸= {0}, then,

(A⊤, 0) = {x ∈ L | (∀y ∈ A), νx ∨ y = 0}
= ∅

(iii) For all z ∈ L,

z ∈ (A⊤, 1) ⇒ ∀y ∈ A, νz ∨ y = 1

⇒ ∀y ∈ A, z ⊙ y = z ∧ y, (by Lemma 2.8)
⇒ z ∈ {x ∈ L | (∀y ∈ A), x⊙ y = x ∧ y}

Thus, (A⊤, 1) ⊆ {x ∈ L | (∀y ∈ A), x⊙ y = x ∧ y}.

(iv) We have:

(0⊤, 1) = {x ∈ L | νx ∨ 0 = 1}
= {1};

(1⊤, 0) = {x ∈ L | νx ∨ 1 = 0}
= ∅;

(L⊤, 1) = L⊤, (by Remark 3.2)
= {x ∈ L | (∀y ∈ L), νx ∨ y = 1}
= {1};

(0⊤, 0) = {x ∈ L | νx ∨ 0 = 0}
= {x ∈ L | νx = 0};

(1⊤, 1) = {x ∈ L | νx ∨ 1 = 1}
= L.

(v) Let (L⊤, A) = ∅. Then 1 /∈ A, otherwise we would have (L⊤, 1) = ∅, which implies from (iv) that
{1} = ∅, a contradiction.
Conversely,
suppose by contrary that (L⊤, A) ̸= ∅ and let x ∈ (L⊤, A). Then, for all y ∈ L, νx∨y ∈ A. Since 1 ∈ L,
then 1 = νx ∨ 1 ∈ A, which contradicts the fact that 1 /∈ A.
It follows that (L⊤, A) = ∅ iff 1 /∈ A.
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(vi) Suppose by contrary that (L⊤, A) ⊈ A. Then, there is x ∈ (L⊤, A) such that x /∈ A, i.e., for all y ∈ L,
νx ∨ y ∈ A and x /∈ A. In particular, for y = x, we have νx ∨ x ∈ A and x /∈ A, i.e., x ∈ A (since
νx ≤ x) and x /∈ A, which is absurd. Thus, (L⊤, A) ⊆ A.

□
The reverse inclusion in Proposition 3.4 (vi) is not always true, as it is deduced from Proposition 3.4 (v)

that A ⊈ ∅ = (L⊤, A) whenever 1 /∈ A.

Proposition 3.5. Let L be a triangle algebra. Let T, T1, T2, Y1, Y2, Y and Z be nonempty subsets of L. Then,

(i) T1 ⊆ T2 implies
(
T⊤
1 , Y

)
⊆

(
T⊤
2 , Y

)
;

(ii) Y1 ⊆ Y2 implies
(
T⊤, Y1

)
⊆

(
T⊤, Y2

)
;

(iii)
(
T⊤
1 , Y

)
∩
(
T⊤
2 , Z

)
⊆

(
(T1 ∩ T2)

⊤, Y ∩ Z
)
;

(iv) (T⊤, (T⊤, Y ∩ Z)) ⊆ (T⊤, (T⊤, Y )) ∩ (T⊤, (T⊤, Z));

(v)
(
T⊤,

∩
i∈I

Yi

)
⊆

∩
i∈I

(
T⊤, Yi

)
⊆

(
T⊤,

∪
i∈I

Yi

)
⊆

∪
i∈I

(
T⊤, Yi

)
;

(vi)
(∩

i∈I
T⊤
i , Y

)
⊆

∩
i∈I

(
T⊤
i , Y

)
⊆

(∪
i∈I

T⊤
i , Y

)
⊆

∪
i∈I

(
T⊤
i , Y

)
;

(vii) T ∩ (T⊤, Y ) ⊆ Y ;

(viii) (T⊤, Y ) =
∩
t∈T

(t⊤, Y ).

Proof.

(i) Suppose that T1 ⊆ T2 and let x ∈
(
T⊤
1 , Y

)
. Then, for all t1 ∈ T1 ⊆ T2, νx ∨ y ∈ Y . Thus, x ∈

(
T⊤
2 , Y

)
and consequently,

(
T⊤
1 , Y

)
⊆

(
T⊤
2 , Y

)
.

(ii) Let x ∈
(
T⊤, Y1

)
. Then, for all z ∈ T , νx ∨ z ∈ Y1 ⊆ Y2, that is, x ∈

(
T⊤, Y2

)
. Therefore,

(
T⊤, Y1

)
⊆(

T⊤, Y2

)
.

(iii) Let x ∈ L. Then, x ∈
(
T⊤
1 , Y

)
∩
(
T⊤
2 , Z

)
implies that for all y ∈ T1 and z ∈ T2, νx ∨ y ∈ Y and

νx ∨ z ∈ Z. Given that T1 ∩ T2 ⊆ T1, T2, we deduce that for all y ∈ T1 ∩ T2, νx ∨ t ∈ Y ∩ Z, i.e.,
x ∈

(
(T1 ∩ T2)

⊤, Y ∩ Z
)
.

(iv) We have Y ∩Z ⊆ Y, Z. Then by (ii), (T⊤, Y ∩Z) ⊆ (T⊤, Y ), (T⊤, Z). Applying (ii) again, (T⊤, (T⊤, Y ∩
Z)) ⊆ (T⊤, (T⊤, Y )), (T⊤, (T⊤, Z)). Therefore, (T⊤, (T⊤, Y ∩ Z)) ⊆ (T⊤, (T⊤, Y )) ∩ (T⊤, (T⊤, Z)).

(v) (*) Let us prove that
(
T⊤,

∩
i∈I

Yi

)
⊆

∩
i∈I

(
T⊤, Yi

)
.

Since
∩
i∈I

Yi ⊆ Yi for all i ∈ I, by (ii), we have
(
T⊤,

∩
i∈I

Yi

)
⊆

(
T⊤, Yi

)
, for all i ∈ I.

Thus,
(
T⊤,

∩
i∈I

Yi

)
⊆

∩
i∈I

(
T⊤, Yi

)
.

(**) To show that
∩
i∈I

(
T⊤, Yi

)
⊆

(
T⊤,

∪
i∈I

Yi

)
, for all i ∈ I, we have Yi ⊆

∪
i∈I

Yi. Thus, by (ii), we
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obtain that for all i ∈ I,
(
T⊤, Yi

)
⊆

(
T⊤,

∪
i∈I

Yi

)
, that is,

∩
i∈I

(
T⊤, Yi

)
⊆

(
T⊤,

∪
i∈I

Yi

)
.

(***) Now we prove that
(
T⊤,

∪
i∈I

Yi

)
⊆

∪
i∈I

(
T⊤, Yi

)
. Let x ∈

(
T⊤,

∪
i∈I

Yi

)
. Then, for all y ∈ T , there

is i ∈ I such that νx ∨ y ∈ Yi. Thus, there is i ∈ I such that x ∈ (T⊤, Yi), that is x ∈
∪
i∈I

(
T⊤, Yi

)
.

Therefore,
(
T⊤,

∪
i∈I

Yi

)
⊆

∪
i∈I

(
T⊤, Yi

)
.

(vi) (*) We have
∩
i∈I

T⊤
i ⊆ T⊤

i , for all i ∈ I. Then by (i), we obtain that
(∩

i∈I
T⊤
i , Y

)
⊆

(
T⊤
i , Y

)
, for all

i ∈ I. Thus,
(∩

i∈I
T⊤
i , Y

)
⊆

∩
i∈I

(
T⊤
i , Y

)
.

(**) For all i ∈ I, T⊤
i ⊆

∪
i∈I

T⊤
i . By applying (i), we have

(
T⊤
i , Y

)
⊆

(∪
i∈I

T⊤
i , Y

)
, for all i ∈ I.

Therefore,
∩
i∈I

(
T⊤
i , Y

)
⊆

(∪
i∈I

T⊤, Y

)
.

(***) Let x ∈
(∪

i∈I
T⊤
i , Y

)
. Then, there exists i ∈ I such that νx ∨ y ∈ Y , for all y ∈ Ti. Thus, there

exist i ∈ I such that x ∈
(
T⊤
i , Y

)
, that is, x ∈

∪
i∈I

(
T⊤
i , Y

)
. Therefore,

(∪
i∈I

T⊤
i , Y

)
⊆

∪
i∈I

(
T⊤
i , Y

)
.

(vii) If x ∈ T ∩ (T⊤, Y ), then x ∈ T and νx ∨ y ∈ Y , for all y ∈ T . In particular, νx ∨ x ∈ Y , which implies
that x ∈ Y , as νx ≤ x. Thus, T ∩ (T⊤, Y ) ⊆ Y .

(viii) Let x ∈ L. Then, x ∈ (T⊤, Y ) iff for all t ∈ T, νx ∨ y ∈ Y iff for all t ∈ T, x ∈ (t⊤, Y ) iff x ∈
∩
t∈T

(t⊤, Y ).

Therefore, (T⊤, Y ) =
∩
t∈T

(t⊤, Y ).

□

4 Relative Co-annihilators as Filters of Triangle Algebras.
Exploring the relative co-annihilator (A⊤, B), where A and B are arbitrary subsets of L, prompts a natural
query: what happens when B is a filter of L? This section examines relative co-annihilators with respect to
filters of triangle algebras, providing additional properties.

Proposition 4.1. Let A and B be two nonempty subsets of a triangle algebra L. If B is a filter of L, then
(A⊤, B) is a filter of L.

Proof. Since B is a filter of L, then 1 ∈ B. Also, for all a ∈ A, ν1 ∨ a = 1 ∈ B (by Remark 2.6). Thus,
1 ∈ (A⊤, B), and therefore (A⊤, B) is nonempty.
Let x ∈ (A⊤, B) and y ∈ L such that x ≤ y. Then, νx ∨ a ∈ B. But x ≤ y implies x = x ∧ y. By (T.3), we
have νx = ν(x ∧ y) = νx ∧ νy, that is, νx ≤ νy, which implies that νx ∨ a ≤ νy ∨ a, for all a ∈ A. But since
B is a filter of L, we deduce that νy ∨ a ∈ B. Thus, y ∈ (A⊤, B).
Now, let x, y ∈ (A⊤, B). Then, for all a ∈ A, we have νx ∨ a ∈ B and νy ∨ a ∈ B. Since B is a filter of L,
then (νx∨ a)⊙ (νy ∨ a) ∈ B. But by (RL13) and Proposition 2.7 (1), (νx∨ a)⊙ (νy ∨ a) ≤ a∨ ν(x⊙ y) and
since B is a filter of L, we have a ∨ ν(x⊙ y) ∈ B, for all a ∈ A. Hence, x⊙ y ∈ (A⊤, B).
Moreover, let x ∈ (A⊤, B). This implies that νx ∨ a ∈ B, that for all a ∈ A. But νx ≤ ννx, which implies
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that νx∨a ≤ ννx∨a, for all a ∈ A. It follows that ννx∨a ∈ B, since B is a filter of L. Hence, νx ∈ (A⊤, B).
□

The converse of Proposition 4.1 is not necessarily true. Indeed, consider the triangle algebra L from
Example 3.3. For X = {[a, 1]} and Y = {[a, a], [1, 1]}, we observe that (X⊤, Y ) = {[b, b], [b, 1], [1, 1]} which is
a filter of L. However, Y is not a filter, as [a, a] ≤ [a, 1] /∈ Y .

Proposition 4.2. Let T be a filter of a triangle algebra L, and Y a nonempty subset of L. Then,

(i) T ⊆ (Y ⊤, T );

(ii) (Y ⊤, T ) = L iff Y ⊆ T (specifically, (Y ⊤, L) = L, and (T⊤, T ) = L);

(iii) (L⊤, T ) = T ;

(iv) ((T⊤, T )⊤, T )) = T and ((T⊤, (T⊤, T )) = L;

(v) Y ∩ (Y ⊤, T ) = Y ∩ T ;

(vi) T ⊆ Y implies (Y ⊤, T ) ∩ Y = T ;

(vii) If Y ⊆ T , then ((Y ⊤, T )⊤, T ) = T ;

(viii) (Y ⊤, T )⊤, T ) ∩ (Y ⊤, T ) = T .

Proof.

(i) Let x ∈ T . Then, νx ∈ T since T is a filter. We have νx ≤ ννx ≤ ννx ∨ y, for all y ∈ Y . Therefore,
ννx ∨ y ∈ T , as T is a filter. Thus, νx ∈ (Y ⊤, T ) and consequently, T ⊆ (Y ⊤, T ).

(ii) Suppose that (Y ⊤, T ) = L and y ∈ Y . Since 0 ∈ L = (Y ⊤, T ), then y = ν0 ∨ y ∈ T . Therefore, Y ⊆ T .
Reciprocally, for any y ∈ Y ⊆ T , ν0 ∨ y = y ∈ T , i.e., 0 ∈ (Y ⊤, T ). Hence, L = (Y ⊤, T ).

(iii) By (i), we have T ⊆ (L⊤, T ).
Also, from Proposition 3.4 (vi), we have (L⊤, T ) ⊆ T . Thus, (L⊤, T ) = T .

(iv) (T⊤, T ) = L (by (ii)). This implies that ((T⊤, T )⊤, T ) = (L⊤, T ) = T , by (iii).
Also, (T⊤, (T⊤, T )) = (T⊤, T ) = L, by (ii).

(v) Clearly, T ⊆ (Y ⊤, T ) by (i) , which implies that Y ∩ T ⊆ Y ∩ (Y ⊤, T ).

In addition, Y ∩ (Y ⊤, T ) ⊆ T by Proposition 3.5 (vii). Thus, Y ∩ (Y ⊤, T ) = Y ∩ [Y ∩ (Y ⊤, T )] ⊆ Y ∩T ,
i.e., Y ∩ (Y ⊤, T ) ⊆ Y ∩ T. Therefore, Y ∩ (Y ⊤, T ) = Y ∩ T .

(vi) Assume that T ⊆ Y . Then, Y ∩ T = T . Thus, (v) becomes Y ∩ (Y ⊤, T ) = T .

(vii) Since Y ⊆ T , then by (ii), (Y ⊤, T ) = L. We obtain from (iii) that ((Y ⊤, T )⊤, T ) = (L⊤, T ) = T .

(viii) From (i), we have T ⊆ (Y ⊤, T ). Then, from (vi), we deduce that ((Y ⊤, T )⊤, T ) ∩ (Y ⊤, T ) = T .

□

Lemma 4.3. Let L be a triangle algebra, T , Y and Z, nonempty subsets of L. If Z is a filter, then
(T⊤, (Y ⊤, Z)) ⊆

∩
t∈T,y∈Y

((νt ∨ y)⊤, Z).



Triangle Algebras and Relative Co-annihilators. Trans. Fuzzy Sets Syst. 2024; 3(1) 53

Proof. Let x ∈ L, then,

x ∈ (T⊤, (Y ⊤, Z)) ⇒ ∀t ∈ T, νx ∨ t ∈ (Y ⊤, Z)

⇒ ∀t ∈ T, ∀y ∈ Y, ν(νx ∨ t) ∨ y ∈ Z

⇒ ∀t ∈ T, ∀y ∈ Y, (ννx ∨ νt) ∨ y ∈ Z (by (T.4))
⇒ ∀t ∈ T, ∀y ∈ Y, ννx ∨ (νt ∨ y) ∈ Z (by associativity )

⇒ νx ∈
∩

t∈T,y∈Y
((νt ∨ y)⊤, Z).

But since νx ≤ x and Z is a filter, then by Proposition 4.1,
∩

t∈T,y∈Y
((νt ∨ y)⊤, Z) is also a filter and we

have x ∈
∩

t∈T,y∈Y
((νt ∨ y)⊤, Z).

Consequently, (T⊤, (Y ⊤, Z)) ⊆
∩

t∈T,y∈Y
((νt ∨ y)⊤, Z). □

Theorem 4.4. Let T and Y be two nonempty subsets of a triangle algebra L. If Y is a BF2 (respectively
PSF, IF, BF, PF, PF3, PPF, VF), then so is (T⊤, Y ).

Proof. We establish the first three properties, and the remaining ones are demonstrated in a similar manner.

Let T and Y be two nonempty subsets of a triangle algebra L:

(i) Suppose that Y is a (BF2) and that for all x ∈ L, ν(¬x) /∈ (T⊤, Y ). Let us show that νx ∈ (T⊤, Y ).
Since Y is a (BF2), we have νx ∈ Y or ν(¬x) ∈ Y . But since Y is a filter of triangle algebra, and that
νx ≤ νx ∨ a and ν(¬x) ≤ ν(¬x) ∨ a for all a ∈ T ⊆ L, then, we have νx ∨ a ∈ Y or ν(¬x) ∨ a ∈ Y ,
for all a ∈ T . That is, x ∈ (T⊤, Y ) or ¬x ∈ (T⊤, Y ). But, (T⊤, Y ) is a filter and ν(¬x) /∈ (T⊤, Y ) by
assumption, therefore x ∈ (T⊤, Y ), and hence, νx ∈ (T⊤, Y ).

(ii) Suppose that Y is a (PSF). For all x ∈ L, let us show that ν[¬(x ∧ ¬x)] ∈ (T⊤, Y ). Now, since Y is a
(PSF), then ν[¬(x ∧ ¬x)] ∈ Y . But ν[¬(x ∧ ¬x)] ≤ ν[¬(x ∧ ¬x)] ∨ a for all a ∈ T ⊆ L. And since Y is
a filter of L, we have ν[¬(x ∧ ¬x)] ∨ a ∈ Y , for all a ∈ T . It yields that, ¬(x ∧ ¬x) ∈ (T⊤, Y ). Hence,
since (T⊤, Y ) is a filter, we have ν[¬(x ∧ ¬x)] ∈ (T⊤, Y ).

(iii) Suppose that Y is an (IF). let us prove that (T⊤, Y ) is also an (IF).
Let x be an arbitrary element of L. By Proposition 2.11, it is sufficient to show that ν(x → x2) ∈
(T⊤, Y ). We have ν(x → x2) ∈ Y and ν(x → x2) ≤ νν(x → x2) ≤ νν(x → x2) ∨ a, for all a ∈ T . Since
Y is a filter, we have νν(x → x2) ∨ a ∈ Y for all a ∈ T . Hence, ν(x → x2) ∈ (T⊤, Y ).

□
The following property is specific to PF2 (Prime filter of second kind).

Proposition 4.5. Let L be a triangle algebra, T be PF2 of L, and Y a subset of L such that Y ⊈ T . Then,
(Y ⊤, T ) = T (and hence (Y ⊤, T ) is PF2).

Proof.
Since T is a filter of L, then T ⊆ (Y ⊤, T ), by Proposition 4.2 (i).
For the converse, let us suppose by contrary that (Y ⊤, T ) ⊈ T . Then, there is x ∈ L such that x ∈ (Y ⊤, T )

and x /∈ T . This means that for all a ∈ Y, νx ∨ a ∈ T and νx /∈ T (as T is a filter), which implies that for all
a ∈ Y, ν(νx ∨ a) ∈ T and νx /∈ T (from (F3)).
Since T is a PF2, it follows that for all a ∈ Y, [ννx ∈ T or νa ∈ T ] and νx /∈ T .
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This implies that for all a ∈ Y, [νx ∈ T or a ∈ T (as T is a filter)] and νx /∈ T . Which is absurd, since
a ∈ Y ⊈ T from hypothesis. Therefore, (Y ⊤, T ) ⊆ T . □

It is evident that the converse of Proposition 4.5 may not always hold. Specifically, consider the triangle
algebra L from Example 3.3:

• Let T = [1, 1]. We have (L⊤, T ) = T , but T does not satisfy the PF2 property.

• For X = {[a, 1]} and Y = {[a, a], [1, 1]}, we obtain (X⊤, Y ) = {[b, b], [b, 1], [1, 1]} which is PF2. But Y
is not even a filter.

Proposition 4.6. Let L be a triangle algebra, T a filter of L and Y a nonempty subset of L. If L is linear,
then (Y ⊤, T ) = T or (Y ⊤, T ) = L.

Proof. Let us suppose that (Y ⊤, T ) ̸= L and prove that (Y ⊤, T ) = T . Since T is a filter of L, then
T ⊆ (Y ⊤, T ), from Proposition 4.2 (i).
Since (Y ⊤, T ) ̸= L then by (ii) of Proposition 4.2, we have Y ⊈ T . Thus, there exists b ∈ L such that b ∈ Y
and b /∈ T . Let a ∈ (Y ⊤, T ); then for all y ∈ Y , νa ∨ y ∈ T , which implies that, νa ∨ b ∈ T as, b ∈ Y .
Also, since νa ≤ a, and that νa ∨ b ≤ a ∨ b, then a ∨ b ∈ T due to the fact that T is a filter. Now, since L
is linear, then either a ≤ b or b ≤ a. We claim that a ≰ b otherwise, we would have b = a ∨ b ∈ T which
is a contradiction. So, b ≤ a. Consequently, a = a ∨ b ∈ T . This shows that (Y ⊤, T ) ⊆ T . It yields that
(Y ⊤, T ) = T . □

The converse of Proposition 4.6 is not always guaranteed. Revisiting Example 3.3, if we set (Y = L and
T = {[1, 1]}) or (Y = {[1, 1]} and T = {[1, 1]}), in both cases, we find that (Y ⊤, T ) = T or (Y ⊤, T ) = L,
whereas L is not linear.

5 Conclusion and Future Work
This article is in the general framework of the study of filters in triangle algebras. We have introduced the
notion of relative co-annihilator, established some of its properties, and built the link with filters in triangle
algebras. In addition, we proved that the co-annihilator of a nonempty subset T of a triangle algebra L
relative to a filter Y of L preserves certain characteristics of the filter Y . In particular, if Y is a Boolean filter
of the second kind, then the co-annihilator of T with respect to Y is also a Boolean filter of the second kind;
the same applies to an implicative filter, a pseudo complementation filter, a Boolean filter, a prime filter, a
prime filter of the third kind, a pseudo-prime filter or an involution filter, respectively. Moreover, we have
presented certain conditions under which the co-annihilator of T with respect to Y is a prime filter of the
second type.

Filters are particularly interesting as they are closely related to congruence relations, which are used to
construct quotient algebras: from each filter, a congruence relation can be defined (see [7]). However, we
have identified some inaccuracies in [16]: the relation θ given in [16, Example 4.2] is not a congruence relation
since it is not reflexive. Also, contrary to what they claimed in [16, Example 4.3], the congruence relation θ
does preserve co-annihilators. In the process of asserting that every congruence relation on an MTL-triangle
algebra preserves co-annihilators, they claimed that the relation θ(Y ) = {(a, b) ∈ A×A;φ(a)∩Y = φ(b)∩Y }
is a congruence relation, which is not always true. Hence, this remains an open problem in the framework of
triangle algebras for further examination in future works.

In our forthcoming work, we will extend our exploration of algebraic structures, with a specific focus
on triangle algebras. More precisely, since ideals also represent sets of provable formulas within algebraic
structures, and knowing that ideals and filters are not dual notions in residuated lattices, it follows that
they will not be dual notions in triangle algebras either, given that triangle algebras are enriched residuated
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lattices. A subsequent paper introducing ideals in Triangle algebras and proving soundness and completeness
with respect to triangle algebras is in preparation.

Another challenge for the future is the investigation of the concepts of annihilator and relative annihilator
in triangle algebras, viewed as special types of ideals.
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