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A Note on the Maximum Difference Between Schweizer and Wolft’s o
and the Absolute Value of Spearman’s p
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Abstract. In this note we correct an error on the possible maximum difference between the (measure of dependence)
Schweizer and Wolff’s o and the absolute value of the (measure of concordance) Spearman’s p given in [3]. Moreover,
we provide a possible value for that possible, leaving its proof as an open problem.
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1 Introduction

Aggregation functions play an important role in many applications of fuzzy set theory and fuzzy logic, among
many other fields (see, e.g., [I, 3]). Copulas —multivariate probability distribution functions with uniform
univariate margins on [0, 1]— are special types of conjunctive aggregation functions, and they are used in
aggregation processes because they ensure that the aggregation is stable in the sense that small error inputs
correspond to small error outputs.

The importance of copulas in probability and statistics comes from Sklar’s theorem [9], which states that
the joint distribution H of a pair of random variables (X,Y) and the corresponding (univariate) marginal
distributions F' and G are linked by a copula C' in the following manner:

H(z,y) = C(F(x),G(y)) for all (z,y) € [~o0, cx]?.

If F and G are continuous, then the copula is unique; otherwise, C' is uniquely determined on (Range F’) x
(Range G). For a review on copulas, we refer to the monographs [2, 5]
A (bivariate) copula is a function C': [0, 1]?> — [0, 1] which satisfies:

(C1) the boundary conditions C(t,0) = C(0,t) =0 and C(¢t,1) = C(1,t) =t for all ¢ in [0, 1], and

(C2) the 2-increasing property, i.e., Vo(R) = C(ug,v2) — C(ug,v1) — C(ui,v2) + C(u1,v1) > 0, where

R = [u1,us] X [v1,v9] is a rectangle in [0, 1]?.
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The fundamental best-possible bounds inequality for the set of copulas is given by the Fréchet-Hoeffding
bounds, i.e., for any copula C we have

W(u,v) := max(0,u+v—1) < C(u,v) < min(u,v) =: M(u,v) (1)

for all (u,v) € [0,1]2. The hyperbolic paraboloid z = uv —which corresponds to the copula for independence
random variables, denoted by II— sits midway between M and W.

Let B([0,1]) and B([0, 1]?) denote the Borel o-algebras in [0, 1] and [0, 1]%, respectively. A measure y on
B([0,1]?) is doubly stochastic if u(B x [0,1]) = u([0,1] x B) = A\(B) for every B € B([0,1]), where A denotes
the Lebesgue measure on [0, 1] (see [1] for details). Each copula C' induces a doubly stochastic measure p¢
by setting puc(R) = Vo(R) for every rectangle R C [0,1]? and extending uc to B([0,1]?). The support of a
copula C' is the complement of the union of all open subsets of [0, 1]? with pc-measure zero, and when we
refer to “mass” on a set, we mean the value of uc for that set.

In 1904, Charles Spearman defined the Spearman’s p coefficient [10], a measure of concordance according
to the set of axioms proposed by Scarsini [7]. For a pair of continuous random variables (X, Y") with associated
copula C, the population version of this measure is given by

1,1
p(X,)Y) =pc = 12/0/0 [C(u,v) — uv] dudv.

It represents the difference of the volume formed by the surfaces z = C(u,v) and z = uv on [0, 1], and where
pw = —1 and ppr = 1.

In 1959, A. Rényi proposed a set of desirable axioms for a nonparametric dependence measure for two
continuously distributed random variables (X,Y") [0]. Later, those axioms were conveniently modified by
Schweizer and Wolff in [3], where the authors introduced a new measure, called the Schweizer and Wolff’s
o based upon the distance L; between the graphs of a copula C and II, and which, suitably normalized, is
given by

1,1
o(X,)Y)=0c= 12// |C(u,v) — uv| dudwv,
0J0

where (X,Y) ~ C. Note that, in this case, we have oy = o = 1.

For any copula C, the quantity |pc| satisfies all the axioms for a measure of dependence except the fact
that pc = 0 does not necessarily imply that the random variables are independent (note that o = 0 if, and
only if, C' = II). If the copula C satisfies C(u,v) > uv or C(u,v) < uv for all (u,v) € [0,1]?, then we have
oc = |pcl; but if this is not the case, o¢ is often a better measure than p (see [3] for several examples).

For any copula C, it is clear that o > |pc|. In [8], the authors provide an example for a possible
maximum difference between the Schweizer and Wolff’s o and the absolute value of Spearman’s p, which is
~ 0.58 (see also [11]); however, this quantity is wrong. In the next section, we correct that error and provide
a value (even greater than 0.58) for that possible difference, leaving its proof as an open problem.

2 The example, the correction and the conjecture

In [8] the authors provide the following example of the possible maximum difference between the Schweizer
and Wolff’s o and the absolute value of Spearman’s p.

Example 2.1 ([8]). Let (X,Y) be a pair of continuous random variables such that X is the identity map on
[0,1] and Y is defined by
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Figure 1: Support of the copula C' and the values of |C(u,v) — uv| in Remark 2.2.

Then o(X,Y) — [p(X,Y)| =3In2 —3/2 ~ 0.58.
Remark 2.2. The difference given in Fxample 2.1 is not correct. Note that the copula C, associated with

the pair (X,Y), is given by

max(1/2,u +v—1), (u,v) € [1/2,1]%
C(u,v) = .

M (u,v), otherwise.
C' is the copula whose mass is spread in two line segments, one joining the points (0,0) to (1/2,1/2) and
the other the points (1/2,1) to (1,1/2). Figure 1 shows the support of the copula C and the values of
|C(u,v) — vl for all (u,v) € [0, 1]2.

Then, after some elementary algebra, we obtain oc = 3In2 — 5/4 ~ 0.83 and pc = 0.75 —in [11] it

appears 0.25—; whence oo — |pco| =~ 0.08.

In the next example, we propose a possible maximum difference o¢ — |pc| for a given copula C, even
greater than the wrong value 0.58 in Example 2.1.

Example 2.3. Let 0 < 0 <1, and let Cy be the copula given by
max(0,u +v —60), (u,v) € [0,0]?,
Co(u,v) = ¢ max(f,u+v—1), (u,v)€f,1)?
M (u,v), otherwise.

Cy is the copula whose mass is spread in two line segments, one joining the points (0,6) to (0,0) and the
other the points (0,1) to (1,0). Figure 2 shows the support of the copula Cy and the values of |Cy(u,v) — uv|
for all (u,v) € [0,1]?. After some algebra, we obtain

oc, =1 —180(1 — ) —126*In6 — 12(1 — 6)*In(1 — 6)
and
pc, = —14660(1—0).

Figure 3 shows the graphs of o¢,, |pc,| and o¢, — |pc,|. The maximum of the function oc, —|pc,| is reached
at the points 6; = 1/2 —/3/6 ~ 0.21 and 0 = 1/2 + v/3/6 =~ 0.79, for which 0y, = 0¢,, ~ 0.60496 and

~ 0.60496.

ngl = 0092 = 09 whence 0091 - ‘ngl
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Figure 2: Support of the copula Cy and the values of |Cy(u,v) — uv| in Example 2.3.
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Figure 3: Support of the copula Cy and the values of |Cy(u,v) — uv| in Example 2.3.

It remains as an open problem to check if, for any copula C, the maximum difference of o — |p¢| is the

quantity giv
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