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Abstract 

The primary purpose of studying the behavior of concrete is to calculate its strength and deformation under 

environmental conditions and loading. In this regard, due to the structure and nature of concrete, non-isotropic in 

its experimental behavior at different loads is observed, considered in this research. Accordingly, by assuming a 

different linear elastic behavior in each loading increment and the experimental results, an attempt has been made 

to define a numerical linear-nonlinear behavior for concrete. Therefore, proportional numerical functions are 

defined based on the damage in the modulus of elasticity and the changes in the Poisson ratio of the concrete 

tested in monotonic loading types, the coefficients obtained from the related experimental results. The 

computational effects of these functions during the analytical method of the research cause the experimental 

behavior of concrete to be converted to numerical behavior. The validity of this numerical method is based on 

calibration and comparison with experimental results. In addition to hardening behavior, this numerical analysis 

can define softening behavior. 
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1. Introduction 

Concrete is one of the most important materials used in construction. This material, which consists of aggregates, 

cement, water, and other additives, has established its position as a building material over time. Today, few buildings 

can be found that have not used concrete in the body. On the other hand, the design and implementation of concrete 

structures require proper analysis against the loads, and its accuracy depends on the type and importance of the 

structures. For example, the analysis of a multi-story concrete building is different in every way from the analysis of a 

concrete dam or concrete cooling tower. In line with this analysis, the behavior of concrete should be carefully studied. 

Moreover, behavioral models closer to reality should be researched and defined. Using these models to analyze concrete 

structures while making the design more economical can provide more security for humans and the surrounding areas. 

Concrete can exhibit complex behavior under load. The main reason is nonlinear behavior due to the onset, growth, and 

spread of cracks. Other cases such as; Water to cement ratio, material, shape and grain size of stone materials, void 

ratio, concrete age, non-homogeneous and non-isotropic, type and speed of loading, and stress path are essential factors 

in this field. For these reasons, it becomes difficult to predict the behavior and determine the deformation of concrete at 

different loads [1-3]. 

Many analytical models have been proposed to define and predict the behavior of concrete. However, some of them 

cannot express all the properties and characteristics of behavior, and others are so difficult that their use in practical 

cases is costly and eliminated. Studies show that recent models can be divided into continuous and discontinuous 

groups. In continuous models, it is assumed that the material operates seamlessly and there is no discontinuity, 

including cracking, slipping, separation or failure. In discontinuous models, the material is thought of as a set of 

particles that can affect each other's motion. 

Continuous models into two subgroups; macro, based on theories of paste or damage or a combination of both [4-10], 

and are divided into mesoscopic such as micro-plane or multi-laminate models [11-22]. Discontinuous models also lead 

to a subset called micro models, such as discrete particle models [23-25]. 

In macro models, material behavior is defined based on the direct relationship between stress and strain tensors [26-34]. 

However, in mesoscopic models, the material's behavior is clearly defined by the relationship between stress and strain 

vectors on planes, known as micro-plane or multi-laminate planes [35-42]. In discontinuous models, the material's 

behavior is simulated based on the definition of inter particle forces due to their motion on each other and their use in 



Investigation of the mechanism of change of concrete modulus matrix ... 
 

Farzad Peyman 

 

72 

 

the equation of motion and numerical solution. In discontinuous models, the material's behavior is simulated by 

numerical solution based on the definition of inter particle forces due to their motion relative to each other and the use 

of motion equation [43-49]. 

In this comparison, discontinuous models define the behavior of materials better than other models due to the precise 

and close to reality type of payment. However, using them can be difficult, complicated, and costly for engineering 

purposes. On the other hand, macro models based on stress or strain invariants cannot simulate the behavioral properties 

of direction-dependent materials. It is impossible to store information dependent on different directions by these 

models. Therefore, it seems that microscopic models are a logical and intermediate solution between the two groups. 

For these reasons, in the present research, a method based on damage theory has been developed that can be used in 

multi-laminate models for numerical analysis of concrete behavior at monotonic loading [39]. 

 

2. Numerical analysis of concrete behavior 

 

The main purpose of studying the behavior of different types of concrete in different environmental conditions and 

loads is to calculate their strength and deformation. In this regard, and based on the experimental results, a kind of non-

isotropic behavior of concrete is observed, which is examined numerically in this research. Based on the theory of 

damage and change, the proposed numerical method is defined to predict the behavior of different categories of 

concrete in monotonic loading types. Its calibration is also based on valid experimental results such as; tri-axial 

compression, uni-axial compression, and tensile axial are obtained. 

 

2.1. Hypotheses and parameters used in numerical analysis 

 

In this method, based on the principal stress space in monotonic loading tests, in each load increase increment, the 

behavior of concrete can be considered homogeneous, isotropic, linear elasticity, and, of course, different from the 

previous and next load increment. In other words, the perspective of hypo-elastic behavior was considered a criterion 

and, depending on the type of experiment, the general form of damage and change functions in numerical analysis was 

proposed. In this way, the non-isotropic behavior of concrete in pressure, tension, and shear can be defined. 

To begin with, in each loading increment i, the relationship between the stress and strain vectors in the principal stress 

space can be represented as Equation (1). 
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For a cylindrical sample in a triaxial compression test, at the deviator stress increment stage, Equation (1) is rewritten as 

(2). 
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From the expansion of Equation (2), Equations (3) and (4) are obtained. 
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i1

3i
i




 

 
(5) 



Analytical and Numerical Methods in Mechanical Design 

 

73 

 

In these equations and each loading increment i: 

i=Minor principal stress in every increment 

i= Middle principal stress in every increment 

i=Major principal stress in every increment 

i=Minor principal strain in every increment 

i=Middle principal strain in every increment 

i=Major principal strain in every increment 

=Minor principal stress 

Ei=Modulus of elasticity in every increment 

i=Poisson ratio in every increment 

Equation (5) in Equation (4) will lead to the reality of Equation (6). 
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In the following, parameters such as mean and shear stresses and volumetric strain in each loading increment are 

defined as Equations (7) to (9). 
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In which: 

qi=Deviatoric stress in every increment 

pi=Mean stress in every increment 

vi=Volumetric strain in every increment 

From the placement of Equation (3) in Equations (7) and (8) and the use of Equations (9) and (5) in them, we can 

conclude Equations (10) and (11). 
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Thus, the changes in the modulus of elasticity and the Poisson's ratio of concrete during the static triaxial compression 

test are determined from Equations (12) and (5). 

 

i1

i

i1

3i1
i

q
E







  (12) 

 

To observe the damage in the modulus of elasticity and the change in the Poisson ratio during the behavior of concrete 

at monotonic loading, we can initially use the experimental results of different samples of C28.6 class concrete at 

confining pressures different from the characteristics of Figure 1 [50]. The experimental results of Figure 1 show that 

the strength of concrete increases with increasing confining pressure. 
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Fig. 1.Behavioral curves in monotonic tri-axial compression tests on C28.6 class concrete samples at different Confining pressures 

[50] 

 

For concrete samples of class C28.6, changes in the modulus of elasticity can be calculated using Equation (12) and 

plotted against axial strain, as shown in Figure 2. 

 

  
 

Fig. 2.Modulus of elasticity changes with increasing axial strain in monotonic tri-axial compression tests on C28.6 class concrete 

samples at different confining pressures 

 

The graphical results of Figure 2 for the samples of this concrete class show that the modulus of elasticity, after a slight 

initial increase, continues to be damaged and decreases with increasing axial strain. This is the onset of nonlinear 

behavior, cracking, growth, and propagation of cracks. 

For concrete samples of class C28.6, changes in the Poisson's ratio can be calculated using Equation (5) and plotted 

against axial strain, as shown in Figure 3. 
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Fig. 3. Changes in the Poisson ratio with increasing axial strain in monotonic triaxial compression tests on C28.6 class concrete 

samples at different confining pressures  

 

The graphical results of Figure 3 show that the Poisson ratio increases uniformly during the first three samples at a 

higher rate and amplitude than the second three samples during monotonic loading and with increasing axial strain. This 

is due to the confining pressure increase on the one hand and the onset of cracking, growth, and expansion of the cracks 

on the other hand. 

Thus, the definition of relationships for damage to the modulus of elasticity and changes in the Poisson ratio is the 

criterion for numerical analysis in this research, which is presented below. 

 

2.2. Defining numerical relationships of damage and changes 

 

Based on the study conducted in this research, defining the N parameter according to Equation (13) can be used. 
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This initiative makes it possible to define the resulting experimental curve with a three-coefficient mathematical 

function according to Equation (14) by calculating and plotting the N versus  variations for the experimental samples. 
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In this regard, f is a function that can express the effect of axial strain on damage in the modulus of elasticity. Numerical 

coefficients A, B, and C are also obtained based on the numerical function f on the experimental variations N. 

Equation (10) in Equation (13) and applying Equation (14), Equation (15) can be concluded. 
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And by placing Equation (15) in Equation (12), Equation (16) is obtained. 
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Numerical Equation (16) defines the trend of changes in the modulus of elasticity E in each loading increment i in terms 

of the principal strain . 

Following the studies conducted in this research, it is better to start the Poisson's ratio changes during the experiment by 

defining the M parameter according to Equation (17). 
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By calculating and plotting the changes of M versus  for the experimental samples, the resulting experimental curve 

can be defined by a four-coefficient mathematical function according to Equation (18). 
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In this regard, g is a function that can represent the effect of axial strain on the Poisson ratio. Numerical coefficients a, 

b, c, and d are also obtained based on the mathematical function g on the experimental variations M. 

Thus, using Equation (5) in Equation (17) and applying Equation (18), we can conclude Equation (19). 
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Numerical Equation (19) defines the rate of change of the Poisson ratio in each loading increment i in terms of principal 

strain. 

 

2.3. Numerical analysis process 

 

In summary, the numerical analysis process considered in this research can be expressed as follows: 

- Based on the experimental results of monotonic loading on the concrete sample, N and M parameters are 

calculated according to Equations (13) and (17). Their variations against axial strain  are plotted. 

- From Equation (14) on the plotting curve obtained from Equation (13), the numerical coefficients A, B, and C 

are calculated, and the function f is defined. 

- From Equation (18) on the plotting curve obtained from Equation (17), the numerical coefficients a, b, c, and d 

are calculated, and the function g is defined. 

- By defining the numerical functions f and g, the modulus of elasticity E and the Poisson's ratio  in each 

loading increment i are determined from Equations (16) and (19). 

- Lateral strain  and volumetric strain v in loading increment i are calculated from equations (5) and (9). 

- The mean and shear stress p and q are determined from equations (10) and (11). 

The recent analytical process algorithm is shown in the flowchart of Figure 4. 

 

3. Examining the results of numerical analysis 

 

In this section, the validity of the proposed numerical analysis is examined. For this purpose, calibration and 

comparison with related experimental results are used. 

 

3.1. Calibration and comparison of numerical analysis results with the tri-axial compression test 
For starters, the results of the tri-axial compression test of C28.6 class concrete samples at different confining pressures 

can be used [50]. The experimental behavior of recent concrete samples is converted to numerical behavior and 

compared with each other, based on the proposed algorithm of Figure 4 as follows. 
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Fig. 4. Flowchart of numerical analysis 

 

Parameter N is calculated from experimental results, and according to Equation (13), its changes against the 

axial strain  are plotted. Then, according to Figure 5, from the fit of the numerical relation 14 on the resulting 

curves, the numerical coefficients A, B and C are determined and are inserted in Table 1 to define the 

numerical function f. 

Start 

Read the value of  

Calculation of N and M 
parameters for experimental 

samples 

Fitting the function f to the graph 
N and calculating the numerical 

coefficients A, B, and C 

Fit the function g to the graph M 
and calculate the numerical 
coefficients a, b, c, and d 

 Axial strain reading i 

Calculate the fi function of 
Equation (14) 

Calculate the gi function of 
Equation (15) 

Calculate the modulus of elasticity Ei 
and the Poisson ratio i  of equations 

(16) and (19) 

Calculate the lateral strain 3i 
and the volumetric strain vi 
from equations (5) and (9) 

Calculate the mean stress pi and 
the shear stress qi from 
equations (10) and (11) 

Draw diagrams  
and v 

Draw diagrams q 
and q 

End 
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Fig. 5. Plotting the changes of parameter N against axial strain  and fitting the function f on it in the triaxial compression test on 

different concrete samples of class C28.6 

 

 
Table 1. The values of the coefficients of the function f for different concrete samples of class C28.6 

 (MPa) A B C 

1.05 -1.039 0.4883 1.856 

2.1 -0.969 0.6490 1.635 

4.2 -1.359 0.3075 1.965 

8.4 -2.553 0.1451 3.016 

14.7 -4.103 0.0856 4.496 

21 -7.929 -0.0443 8.255 

The M parameter is determined from the experimental results according to Equation (17), and its changes 

against the  axial strain are plotted. Then, according to Figure 6, from the fit of the numerical relation 18 on 

the resulting curves, the numerical coefficients a, b, c, and d are calculated and inserted in Table 2 to define the 

numerical function g. 

 

  
Fig. 6. Plotting the changes of parameterM against axial strain  and fitting functiong on it in thetriaxial compression test on 

different concrete samples of classC28.6 

 

 

 
Table 2. The values of the coefficients of the function g for different concrete samples of class C28.6 

 (MPa) a b c d 

1.05 -1.050 -0.2663 -1.087 -1.011 

2.1 -2.461 0.0100 2.152 2.271 

4.2 -2.508 0.0300 -2.478 -1.443 

8.4 -1.651 -0.0835 1.161 0.637 

14.7 -2.020 -0.0851 1.766 0.348 

21 1.985 0.3064 -3.391 185.9 

 

- The modulus of elasticity E is determined from Equation (16), and its changes against the axial strain  are 

plotted and compared with the experimental results as shown in Figure 7. 



Analytical and Numerical Methods in Mechanical Design 

 

79 

 

-  

  
Fig. 7. Diagram of changes E for different concrete samples of class C28.6 and comparison of numerical analysis results with the 

tri-axial compression test 

 

The Poisson ratio  is determined from Equation (19), and its variations against the axial strain  are plotted 

and compared with the experimental results as shown in Figure 8. 

 

  
Fig.8. Diagram of v  changes for different samples of C28.6 class concrete and comparison of numerical analysis 

results with the tri-axial compression test 

 

Lateral strain  and volumetric strain v are calculated from equations (5) and (9). The changes in volumetric 

strain v versus axial strain  are plotted and, as shown in Figure 9, offer a good agreement with the 

experimental results. 

 

  
Fig. 9. Diagram of changes v  for different concrete samples of class C28.6 and comparison of numerical analysis results with the 

tri-axial compression test 
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The mean and shear stress p and q are determined from equations (10) and (11). The shear stress changes q 

against the axial strain  are plotted and, according to Figure 10, show a good agreement with the 

experimental results. 

 
Fig. 10. Diagram of changes  for different concrete samples of class C28.6 and comparison of numerical analysis results with the 

tri-axial compression test 

 

According to the comparison of recent results, it can be considered appropriate and acceptable to convert the 

experimental behavior of C28.6 class concrete samples into numerical behavior. 

 

In another study, the results of the triaxial compression test of C60.6 class concrete samples at different confining 

pressures can be used [51].For this purpose, the numerical analysis parameters for these samples are determined similar 

to the previous case, and the obtained results are compared with the experimental results. The coefficients obtained in 

Tables 3 and 4 and the comparative plotting results are presented in Figures 11 to 16. 

 

  
Fig. 11. Plotting the changes of parameter N against axial strain  and fitting the function f on it in the triaxial 

compression test on different concrete samples of class C60.6 

 
Table 3. The values of the coefficients of the function f for different concrete samples of class C60.6 

 (MPa) A B C 

0 -2.573 1.5900 2.199 

4 -1.161 0.6701 1.799 

8 -1.504 0.2923 2.151 

12 -1.990 0.1952 -29.03 
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Fig. 12. Plotting the changes of parameterM against axial strain and fitting functiong on it in thetriaxial compression test on 

different concrete samples of classC60.6 

 
Table 4. The values of the coefficients of the function g for different concrete samples of class C60.6 

 (MPa) a b c d 

0 -8.002 0.3346 5.415 3.7980 

4 2.130 0.8701 2.000 -239.00 

8 -1.655 -0.0517 1.507 0.9085 

12 -1.368 -0.1037 -29.03 -0.0147 

 

  
Fig. 13. Diagram of changes E for different concrete samples of class C60.6 and comparison of numerical analysis results with the 

tri-axial compression test 

 

  
Fig. 14. Diagram of  changes for different samples of C60.6 class concrete and comparison of numerical analysis results with 

the tri-axial compression test 
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Fig. 15. Diagram of changes v  for different concrete samples of class C60.6 and comparison of numerical analysis results with 

the tri-axial compression test 

 

 
Fig. 16. Diagram of changes q for different concrete samples of class C60.6 and comparison of numerical analysis results with the 

tri-axial compression test 

 

According to the comparison of recent results, the conversion of the experimental behavior of C60.6 class concrete 

samples into numerical behavior can be considered appropriate and acceptable. 

 

3.2. Calibration and comparison of numerical analysis results with the uni-axial compression test 

 

In this study, the results of the uni-axial compression test on different classes of concrete can be used [52].For this 

purpose, the numerical analysis parameters for these samples are determined more easily than before and in conditions 

, and the results are compared with experiments. According to the available experimental information, the 

coefficients obtained in Table 5 and the calibration and graphic comparison results are presented in Figures 17 to 19. 
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Fig. 17. Plotting the changes of parameter N against axial strain  and fitting the function f on it in the uni-axial compression test on 

different classes of concrete 

 

 

Table 5. The values of the coefficients of the function f for different classes of concrete in the uni-axial compression test 

 (MPa) A B C 

211.7 -1.711 1.160 1.799 

31.7 -1.945 1.320 1.937 

50.3 -3.788 2.172 1.991 

65 -22.48 3.822 2.042 

93.9 -19830 9.744 2.107 

 

  
Fig. 18. Diagram of changes E for different classes of concrete and comparison of numerical analysis results with the uni-axial 

compression test 
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Fig. 19. Diagram of changes q for different classes of concrete and comparison of numerical analysis results with the 

uni-axial compression test 

 

The conversion of different concrete classes' uni-axial compression experimental behavior into appropriate and 

acceptable numerical behavior is evaluated. 

 

3.3. Calibration and comparison of numerical analysis results with uni-axial tensile test 

 

In this study, the results of the uni-axial tensile test on different classes of concrete can be used [53].Numerical analysis 

parameters for these samples are determined similar to the previous case, and the obtained results are compared with the 

experimental results. According to the available experimental information, the coefficients obtained in Table 6 and the 

calibration and graphic comparison results are presented in Figures 20 to 22. 

 
Table 6. The values of the coefficients of the function f for different classes of concrete in the uni-axial tensile test 

 (MPa) A B C 

20 -62.77 0.01 61.96 

30 -62.75 0.01 62.03 

40 -62.73 0.01 62.09 

45 -62.73 0.01 62.11 

50 -62.72 0.01 62.12 

55 -62.72 0.01 62.15 

 

  
Fig. 20. Plotting the changes of parameter N against axial strain  and fitting the function f on it in the uniaxial tensile test on 

different classes of concrete 

 

  
Fig. 21. Diagram of changes E for different classes of concrete and comparison of numerical analysis results with the uni-axial 

tensile test 
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Fig. 22. Diagram of changes  for different classes of concrete and comparison of numerical analysis results with the uni-axial 

tensile test 

The conversion of different concrete classes' uni-axial tensile test behavior to numerical behavior is also considered 

appropriate. 

 

4. Conclusion 

 

This paper investigated the experimental behavior of different concrete classes in monotonic loading, and hypo-elastic 

was assumed. Based on the observation of damages in the modulus of elasticity and changes in the Poisson ratio during 

loading, a numerical and straightforward analytical method was presented to define the linear-nonlinear behavior of 

concrete. The calibration of this method was evaluated using the related experimental results on different concrete 

classes. The results of studies, calculations, and comparisons in this research show that designing and achieving this 

numerical method is valuable. Because it has neither the complexities of micro behavioral models nor the problems of 

macro behavioral models, it is presented as a simple numerical behavioral analysis. In a general summary, the salient 

features of this method can be expressed as follows: 

1. This numerical method saves time and money with convenient and straightforward computational logic. 

2. The function f has three coefficients to calculate the damages in the modulus of elasticity, and its calibration is 

simple with the changes of the experimental parameter N. 

3. The mathematical relation g has four coefficients to calculate the changes in the Poisson ratio, and its 

calibration with the changes of the experimental parameter M requires accuracy. 

4. The proposed numerical analysis can present the softening behavior of concrete types. This is not seen in many 

models or at a high computational cost. 

5. Simple numerical analysis process this method is admirable compared to dough models. 

6. The proposed numerical method can define the non-isotropic behavior of concrete in pressure, tension and 

shear and provide more value in multi-laminate models. 

It is noteworthy that this numerical method is being completed for other loading modes and placed in multi-laminate 

models. 
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