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Abstract

The present study examines the possibility of completing gappy flow fields with the method of gappy proper
orthogonal decomposition (GPOD). The procedure is performed on a numerically simulated cavity flow. The
DNS data is artificially made incomplete by randomly omitting localized data. Two levels of gappiness are
examined to evaluate the GPOD procedure. The results indicate that the relative error between the GPOD
estimation and the real field directly depends on the level of gappiness. As the gappiness increases, the
prediction accuracy decreases. It is shown that the relative error does not monotonically decrease because of
inherent noise in higher-level modes of energy. The optimal count of modes in GPOD procedure is obtained and
discussed. The contribution of GPOD procedure on spatial experimental data is also addressed.
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1. Introduction
Proper Orthogonal Decomposition (POD) is a method for producing reduced order representations of high order
systems. The proper orthogonal decomposition was first suggested by Lumley [1] for fluid mechanics applications. This
method is developed by Sirovich, the so-called ‘snapshot POD’ theory, in the context of marred faces reconstruction
[2]. It uses average mode of existing patterns to reconstruct the target pattern.

The POD method is also useful in reconstructing missing data from incomplete data sets (gappy POD approach)
[2, 3]. This approach results in superior estimations of the missing data, even when compared to spatial interpolation
techniques such as kriging [4-6]. However, the gappy POD methods are faced with several practical limitations. For
instance when applied to experimental data, where the true field is unknown a priori, it is difficult to determine a
convergence criterion based on the Eigen spectrum of the modes. Moreover, the convergence of the reconstruction is on
the basis of the whole field of data, without any consideration to the spatial variations within the field [3].

Implementation of gappy POD theory on the experimental data requires sufficient knowledge on the procedure as
well as the optimal count of modes for reconstruction of velocity snapshots. The present study implements gappy POD
approach on numerically simulated cavity flow to provide such knowledge. Since the DNS data is complete, some
localized data are randomly removed to make a gappy data. The optimum number of modes in gappy POD approach are
then calculated and discussed.

The article is organized as follows. Section 2 describes the cavity flow simulation procedure and its considerations.
This follows in section 3 by introducing the classical and gappy proper orthogonal decomposition theory and their
implementation on the velocity data. Section 4 discusses the results of GPOD approach on the DNS data of cavity flow

and suggests the optimal counts for GPOD modes.
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2. Direct numerical simulation of cavity flow
It is intended to accurately simulate the transient flow in a planar cavity. The describing flow equations are the
continuity and Navier-Stokes equations, for conservation of mass and momentum, respectively. Assuming the

properties of fluid to be constant, the non-dimensional form of these equations are expressed as:

V-V =0, D
a\{ +V VWV =-Vp + RV )
ot Re

where V" =V/U is the normalized velocity vector, p"=p/pU? is the normalized pressure, t"=tU/L and Re=UL/v is
the Reynolds number. L is the characteristic length scale of cavity and p and v are the fluid density and kinematic
viscosity, respectively.

The flow domain is a LxL square box, that its respective non-dimensional size is 1x1. The upper boundary is
horizontally moving from right to left, with a speed U . The initial and boundary conditions for the normalized
equations (1) and (2) are considered as presented in table 1.

The finite difference decomposition is used to simulate the flow field and the projection approach is selected as a
time-accurate procedure. It is capable to overcome some difficulties associated with velocity-pressure formulation of

Navier-Stokes equations [7, 8]. The order of accuracy of this approach is first-order in time and second-order in space.

Table 1. Initial and boundary conditions for the considered cavity flow.

Initial/Boundary Condition Location/Explanation

V' =0 for stationary boundaries

V' =[10, O]t velocity components of moving plate at the top of cavity
V' (X,t=0)=0 initial condition; stationary fluid at the origin.

%‘i =0 for all boundaries in normal direction (n)

The differential equations plus boundary/initial conditions are discretized on a staggered grid with dimension 128x128.
The numerical error criterion in solving the poison equation in each instance is considered to be 1x10®. The grid
dependency test is successfully performed and it is ensured that the implemented grid is sufficiently fine to generate

accurate temporal fields.
3. Proper Orthogonal Decomposition
3.1 Simple POD theory on DNS data

Each instantaneous DNS data can be considered as a snapshot of flow field. Consider N snapshot of instantaneous

velocity fields {v™:i=1,2,...,N }. All velocity component of these N snapshots are arranged in a matrix V" as

V*i \/*12 V*lN
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where M is the number of positions of velocity vectors in a given snapshot. The auto covariance matrix (C) is defined

as

c=VTV’ (4)
and the corresponding eigenvalue problem

CA =2'A ()
can then be solved. The solutions are ordered according to the size of eigenvalues

A>A%>> AN =0. (6)

The eigenvectors of C make up a basis for constructing the POD modes, ¢',

o =3 A |3 ave

where A,' is the rth component of the eigenvector corresponding to A' from C and the discrete 2-norm is defined as

(7)

Yl YE + Y5+ + Vi (®)
Each snapshot can be expanded in a series of the POD modes with expansion coefficients a; for each POD mode i. The

coefficients, also called POD coefficients, are determined by projecting the fluctuating part of the velocity field onto the
POD modes

an — V/Tv*n (9)
where
v =[¢'¢*--0"] (10)

The expansion of the velocity data of snapshot number n is
N .
V=3 alp =ya’ (11)
i=1

The magnitude of the ith eigenvalue, 4; , describes the relative importance of the ith POD basis vector. This importance

is commonly quantified by defining the relative energy content, E; , for each basis vector i as

£ =4/ )

It can be shown that the amount of total kinetic energy from velocities in the snapshots that are associated to a given
POD mode is proportional to the corresponding eigenvalue [9]. Consequently, ordering of eigen values and eigen
vectors ensures that the most important modes in terms of energy are the first modes. This usually means that the first
modes will be associated with large scale flow structures. In other words, if a flow has dominant flow structures, these
are dominantly reflected in the first POD modes and hence a given snapshot can often be reconstructed satisfactorily

using only the first few modes [10].

3.2 Gappy POD theory
The gappy POD procedure uses a POD basis to reconstruct missing, or “gappy” data. This procedure was developed by

Everson and Sirovich [2] and can be described as follows. The first step is to define a mask vector, which describes for
a particular flow vector where data are available and where data are missing. For the flow solution VT, the
corresponding mask vector n' is defined as follows:

n'=0 if V" is missing,
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n'=1 if V" isknown,
V" denotes the r'" element of the vector V™. Point-wise multiplication is defined as (ni AVAL )r =nV" . The gappy

2

inner product is then defined as (u,v)N =((N,u),(N,V)), and the induced norm is (||v||N) (v,v)N VI )2
=(v,V)N .

Let {¢}(i=1,2,...,m) be the standard POD basis for the snapshot set {V*i}(i =1,2,...,m), where all snapshots
are completely known. Let {g;}(i=12,....m) be another set of solution vectors that have some elements missing,
with corresponding mask vectors ni . It is intended to reconstruct the full or repaired vector from the incomplete vectors
{0;}(i=12,...,m). Assuming that the vectors {g[J} represent a solution whose behavior can be characterized with the

existing snapshot set, the intermediate repaired vector {gi}(i =:L2,...,m) can be expressed in terms of p POD basis

functions as follows:
P
§“~> bl K=12,---m (13)
j=1

To compute the POD coefficients b ", the error, £, between the original and repaired vectors must be minimized. The

squared error is defined as
()" =llg“-a" Il K=12--m (14)
using the gappy-norm such that only the original existing data elements in g are compared. The coefficients bir that

minimize the error £ © can be found by differentiating (11) with respect to each of the bir in turn. This leads to the

linear system of equations

Mb* = f, K=12,--,m (15)
where

M;; =(¢',¢"),, i,j=12,---,m (16)
and

f=(9" 9, j.k=12---,m 17

Solving equation (15) for b” and using equation (16), the intermediate repaired vectors {§;}(i=12,..,m) can be
obtained. Finally, the complete {gi}(i =1,2,...,m) is reconstructed by replacing the missing elements in gi by the

corresponding repaired elementsin §', i.e. gi = gi if ni =0.
The initial condition used in the gappy region is typically the nonzero average value over all snapshots. However,
the present study uses a zero initial condition for all masked points to check the robustness of algorithm in predicting

the accurate data [3].

4, Results and discussion
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4.1 POD Modes
The POD approach is applied on 100 temporally evolving realizations from DNS of cavity flow. Figure 1 illustrates the
streamwise component of the mean flow as well as its first 4 modes. A qualitative similarity can be observed in the
patterns of mean flow with that of first mode (for each of planar velocity components). It is consequently expected that
the first mode captures a dominant part of kinetic energy. This can be ensured by calculating the relative energy of each
mode. According to section 2, this quantity is obtained by dividing the square eigenvalue of the target mode to the total
energy of the modes (which is the sum of all square eigenvalues).

Figure 2 presents the relative energy of the first 10 modes for two velocity components. As is evident, the major
share of energy is captured in the first modes and as the mode number increases, its relative energy decreases. There is

no particular difference between the relative significance of energy between two velocity components.
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Fig. 1. Comparison of mean flow pattern for the streamwise component (a) with first four modes: first mode (b), second mode (c),
third mode (d), and fourth mode (e).

4.2 Reconstruction with GPOD

The original DNS data is converted into a gappy data after implementing a random discarding procedure. The gappy
POD approach is then applied on the flawed data and its function is examined. Figure 3 illustrates the GPOD relative
error for streamwise velocity component. In other words, it is a measure of convergence for GPOD algorithm. The

relative error is defined as [3]:

Relative Energy %
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Figure 2. Relative energy of the first 10 modes for two velocity components.
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Fig. 3. The GPOD relative error for streamwise velocity component for (a) 5% of gappiness, and (b) 30% of gappiness.
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where Vh;(i) (X,t) denotes the Mth mode of reconstructed streamwise component of the velocity field at the ith iteration,

while V" (X,t) denotes the original streamwise velocity component that is obtained from the DNS of cavity flow. Parts

(@) and (b) of figure 3 correspond to 5% and 30% of gappiness, respectively (the gappiness percentage indicates the
ratio of unavailable data to total amount of data). The different curves in figure 3 correspond to different number of
implemented modes, i.e. 3, 5, 6, 8 and 15 modes. Figure 3 shows that the relative error in gappy POD approach tends
towards a constant value that is not so tiny. The main reason is that the gappy POD is responsible to predict the original
DNS field from an incomplete snapshot. However, the GPOD has a particular potential/capacity for prediction of that
data and can not have an exact estimation (tiny error). Increasing of the gappiness level intensifies the error and
increases the number of required iteration for a converged pattern.

Increasing of the number of modes does not necessarily results in a monotonic decreasing of error. There is an
optimum mode number such that adding the modes before it reduces the error and enhances the captured structures,
while the later modes deteriorate the prediction accuracy. This is shown in figure 4 that presents variation of relative
error with increasing the number of implemented modes for two gappiness level, i.e. 5% and 30%. According to this
figure, the minimum relative error for 5% and 30% of gappiness is occurred for M =8 and M =9, respectively. Such
behavior is not surprising as including higher-level modes may introduce noise that may degrade the quality of the
reconstructed solution.

The above analysis is beneficial for spatially measuring techniques such as particle image velocimetry. Those
techniques acquire instantaneous velocity field in a planar region. Because of experimental uncertainties and
insufficient signal to noise ratio, a few velocity vectors are recognized as invalid/uncertain data and are removed from
the snapshots [11]. The resulting vector map is consequently a gappy data that can be completed by the gappy POD
algorithm. The present study developed understanding on the optimal number of modes for GPOD on the basis of a
complete DNS data set. This issue shall be followed in our future studies on PIV measurements of complicated flow
fields.

5. Conclusions

The cavity flow is simulated numerically using the projection scheme to evaluate the performance of gappy proper
orthogonal decomposition in reconstructing time-dependent gappy data. Although the gappy data is artificially
generated by randomly omitting data points from DNS shapshots, the same procedure can be applied to spatially
measuring data such as particle image velocimetry.

The implemented procedure can predict the missing data with approximately 1% error for gappiness up to 30%.
Examination of GPOD error with the number of considered modes shows that the error is not monotonically decreases
with increasing the count of modes. The higher-level modes bring noise into the GPOD procedure and deteriorate the
accuracy of missing data prediction. The optimal count of modes for artificial gappy data of cavity flow is obtained to
be 8 and 9 for the gappiness level of 5% and 30%, respectively. Elevation of the gappiness level increases the count of
required iteration to obtain a convergent data. The optimizations of the present study can be a basis for compensating

gappy experimental data in an efficient manner.
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Fig. 4. Variation of relative error with increasing the count of used modes for two gappiness levels: (a) 30%, and (b) 5%.
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