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1 Introduction

Standard Black-Scholes-Merton model is a linear partial differential equation which is introduced in
1973 by Fischer Black and Myron Scholes [3] and earlier by Robert Merton [16] for financial deriva-
tives pricing such as options. This model is also called the Black-Scholes model. An option is a contract
that gives the holder of the option a right (not obligation) to buy (call option) or sell (put option) a stock
at a fixed price (called an exercise price or a strike price), at a fixed date (called the expiry date or
maturity date). Myron Scholes and Robert Merton were awarded the Nobel Prize in 1973 for their re-
markable work when unfortunately, Fisher Black passed away two years earlier. The standard Black-
Scholes equation is assumed in a complete market where some parameters such as illiquid market,
transaction cost and large investor performance were not taken into account.

In recent years several nonlinear Black-Scholes models have been introduced that considered one or
some of these parameters to give a more accurate model for derivative security pricing. For more details
refer to [1, 2, 8, 10, 11, 14]. One of the most accurate nonlinear Black-Scholes models called Barles
and Soner model [2] will be considered in this work. Nonlinearity in the nonlinear Black-Scholes mod-
els arises from a nonlinear volatility function which not only depends on time t and underlying asset

price S but also on the Greek Gamma that is the second derivative of the option price V (S,t) with

respect to S while in the classic Black-Scholes model the volatility of the underlying asset was assumed
constant. However, the linear Black-Scholes equation has an analytical solution but the nonlinear Black-
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Scholes equations do not have. Therefore, we should look for numerical methods for solving such non-
linear equations to find an approximation for their solutions. Several numerical methods have been
applied for dealing with different nonlinear models such as the upwind finite difference method [12], a
positivity-preserving scheme [9], fourth-order semi-discretization [5] and [7], standard and nonstandard
finite difference methods [15], alternative direction implicit (ADI) scheme [6] and alternative direction
explicit (ADE) scheme [4]. In the next section, the Barles and Soner model will be considered then, in
Section 3, the ADE method will be applied for dealing with the Barles and Soner model. This scheme
has been applied before for solving the linear Black-Scholes equation and Frey and Patie nonlinear
model in [4] but to our knowledge, the efficiency of this method for the Barles and Soner model has
not been considered yet. Therefore, in Section 4, the Barles and Soner model will be solved by the ADE
method and compared with some other numerical methods. Finally, in the last section, some conclusions
have been demonstrated.

2 Linear and Nonlinear Black-Scholes Models

A nonlinear Black-Scholes model has the following form:

v 1 oN |, OV oV 1)
E-FEO'Z(S,L 682)82§+r8 E—I’V =0, (S,t) E(O, Smax)X[o,T]
V(S.T)= max{S — K,0} ,call opt_ion (2)
max{K —S,0} , put option

0 ,call option 3)
V(O’t) = —r(T-t P :

Ke "™ put option

_ —r(T-t) H 4
V(S 1= {Smax Ke ,call opt-lon (4)
0 , put option

where two-variable function V (S,t) is the value or price of the option for a value S of the underlying
risky asset at time t. r,Kand S, are respectively the interest rate, strike price and the upper bound

of S domain and o is the volatility on an underlying risky asset which is assumed constant in the
classic linear Black-Scholes model while in a nonlinear Black-Scholes model is a function of S,t

and " = 0°V / 8S?. Several nonlinear Black-Scholes models have been introduced in recent years such
as the Leland model [11], Risk-Adjusted Pricing Methodology(RAPM) [10], Barles and Soner [2],
Feedback and illiquid market [8], Parameterized Illiquid Model [1] where took into accounts one or
some parameters such as illiquid market, transaction cost and large investor performance. Since the
Barles and Soner model is one the most comprehensive nonlinear models for option pricing, this model
will be considered in the rest of this work. By the way as most of the nonlinear models do not have
analytical solutions therefore, we must solve them by numerical methods to achieve approximations for
their solutions. While the linear Black-Scholes equation has the following analytical solution:

V(S,t) =SN(d,) - Ke "™ N(d,) (5)
Where
S 1
log—+(r+=o%)(T -
. ogK+(r+20 )T t)’ ©)
' oNT —t
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and N (.) indicates the standard joint normal distribution. In fact this V (S,t) is the price of a European
call option (sometimes is shown by C (S , t) ) which is the solution of the linear form of (1) with constant
volatility (o) . By put-call parity the European put option price will be computed as follow:

S+P(S,t)-C(S,t) =Ke "™ (7
where P(S,t) is the put option price.

2.1 The Barles and Soner Nonlinear Volatility Model

Barles and Soner [2] considered both the transaction cost and the risk from volatile portfolios. They
took an approach based on utility maximization which results in the following adjustment of the vola-
tility:

aza,s,vss):ag[w(emoﬂstzg%Vz)] @

where o, is the original volatility constant, y is the Leland transaction cost [11] and R is arisk aversion
factor. Finally, W(X) is the solution of the following nonlinear ODE:

oy P(X)+1
\P(X)_Z«/X‘P(X)—X,

with the initial condition W(0) = 0. We have used Maple's "fsolve" command to find specific values

X #0 9)

of . The implicit exact solution takes the form

—sinh™({¥(x)
\/m: m +4/P(X) forx>0

—sinh ™ (y-Y(x)
\/m J-P(x) forx<0

and it is shown in [5] that

(10)

0,00 forx>0

Y(X) e (0,c0) and Y'(x) >0 forx=0. (11)
(-1,0) forx<0

In appendix A of [2] the existence of a unique continuous viscosity solution to this problem has been

shown.

3 Alternating Direction Explicit Schemes

Here different kinds of ADE schemes will be considered. These methods consists of two explicit sub-
steps. One step is constructed from lower boundary to upper one which is called upward and another

step vice versa which is called downward. Suppose we discretize the interval [0,S__ ] to J equidistant

max

subinterval, hence the step size of this discretizationis h=S,__ /J and the nodal pointsare S; = jxh

Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications [747]



Alternating Direction Explicit Method for a Nonlinear Model in Finance

for j=0,1,...,J . Similarly the time interval [0, T] will be discretized to N equidistant subinterval with
step size K =T /N with the nodal points t =nxk forn=0,1,...,N . Suppose u" and d" are the
numerical solutions of the Black-Scholes equation where is solved upward and downward respectively.
Therefore, the value of the ADE method is the average of these two values i.e. V" =(u"+d")/2,
where v" is the numerical approximation of the option value V (S,t,) at timet, .Applying different

approximations for the convection term in a partial differential equation causes different ADE schemes.
For instance, Towler and Yang [19] used central differences for an approximation of the convection
term as follows:

aV(SJ 'tn+1) n n+1

R = W T O
0S 2h
(12)
aV(S’t 1) n+l n
J n+E zderl_dj*l’ J=\J_1111
0S 2h
More accurate approximation is introduced by [17] and [18] as follows:
aV(S’t 1) n n n+1 n+l
] n+5 zuj+l_uj+uj _ujfli j:l,,_,,\]—l,
0S 2h
(13)
aV(S’t 1) n+1 n+l n n
] n+5 zdj+1_dj +dj _djfl’ j=\]—1,,_,11,

0S 2h
Where, the last discretization for the convection term have been implemented in the next section. For
the partial derivative concerning to time in both upward and downward steps following approximation
will be used:

aV(Sj,trHi) ur_‘H—l_
2

u”
~ L n=1...,N-1
ot k
(14)
8V(Sj,tn+1) dml_dp
2 L n=1...,N-1
ot k
and for discretization of the diffusion term:
o%v(S, t
G, n%) uf,, —uf —uf" +ul] _
~ , j=1...,J-1,
0°S h?
(15)
V(S ,t
G, ng) dri—d™—d"+d",
~ : j=J-1....1
o°S h?
To obtain a symmetric scheme, following approximations for reaction term have been used:
S.,t u?+l+u‘n j=1...,J-1
S I A (16)
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dn+1+dn )
V(Sj,t l)zT, j=J-1...,1.
By substituting the discretizations (13)-(16) in (1) and the central approximation
vl —2vT V!

Vg (Sj RES I h2’ I in the Barles and Soner volatility function (8) for both the upward and

the downward steps, for every n=0,..., N —1, two systems of equations will be obtained as follows:
Upward:  Au™=B,",
Downward : A,d™ =B,V",

U + d n+1
5 :
Where A, and B, are the lower and B, and A, are the upper triangular matrices of size J —1 with the

(7)
ADE: v =

following diagonal elements for j =1,...,J —1:

AL [1=1+ o2k (14 ¥ (], n))—% LS
2 k 2k 18)

B[], j]= 1—§aok1 @+ (], n))—u—%,

AL [1=1+2 0@+ (i, n»+r—k’+%

L 1 rk

Bd[J,J]—l—2 ooki? L+ (], n))+ 2 >

where\P(j,n)zlP( e T PRjA (V]

cretizations of convection, diffusion and reaction terms have been implemented, the scheme is uncon-
ditionally stable for the linear Black-Scholes equation, for more details refer to [4] and [13]. Here we
will show that this scheme is conditionally stable for the nonlinear Barles and Soner Black-Scholes
equation. It is sufficient to show that under some condition, the spectral radius of the matrix of the
system of equations is less than one. i.e.

p=max{| 4|, j=1-,d -1}<L1. (19)

1 2v] +VH)).Since in this ADE scheme, the symmetric dis-

The system of equations in the upward and downward steps are u™* = A;*B,v"and d"* = A;'B,V"
respectively, where both A;*B, and A;'B, are the tridiagonal matrices. Also, the eigenvalues of the

lower diagonal matrices Ajl and B, , and the upper diagonal matrices B, and Agl are their diagonal

elements. Furthermore, the spectral radius of a product of matrices is less than or equal to the product
of their spectral radiuses, then we have:

Bl 1}
AL ]l

Bolli. il §_y -,J—l}.
AL, T

Py = P Py < Max {
(20)

Pa S Ppis Py = maX{
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From (11) we have 1+ Y¥(x) > O for every X, therefore (18) implies that

.' - (21)
Blbil o o1 5
ALl

Now we check under which condition the above fractions is greater than one for every j=1,...,J —1.
2-rjk

-1<-1+ .
1+160kj 1+ ¥(j, n))—% rzk
rikj rk (22)
B L. otk A+ (-0 -
-1< “[J’J]<:>—1< 2 o
i i 1 rjk rk
Al 1] 1+ o A () - 5+

Therefore, the upward step is condltlonally stable if
2-rjk

0< j=1..,J-1
1 er rk’ T (23)
1+ =olkj* 1+ ¥(j,n
5 ook ( (j,n))— 5 2
Similarly, the downward step is stable if
2+rjk 3
—l<-1+ rjk rk * =1 d-1 (24)

1+;a§kj2(1+‘1’(j,n))+2+2

Since the above inequalities satisfy for every j =1,...,J —1and the time stepk , hence the downward

step is unconditionally stable and finally, the combination of the upward and the downward steps i.e.
the ADE scheme is conditionally stable.

4 Numerical Solution for the Linear and Nonlinear Black-Scholes Equation

Here at first the standard linear Black-Scholes equation has been solved by the ADE scheme to show
its efficiency for solving linear partial differential equations. Consider an European put option with

parameterso =0.2,r =0.03,T =1, K =30and S_,, =90. Table 1 shows the maximum error of the

ADE scheme for finding the European put option price which is the solution of the linear Black-Scholes

equation with different step sizes but with the same mesh ratio (LZ = 0.0025)- This example as we
h

expected shows the smaller step sizes in discretization cause more accurate solutions and then less
numerical errors. Furthermore Fig. 1 and Fig. 2 indicate that maximum error occur around the strike
price, which is assumed K = 30 here and its reason is the non-smooth final condition in this point.
Now the Barles and Soner nonlinear Black-Scholes model will be solved by the ADE scheme and the
accuracy of this method has been compared with two other finite difference methods.

Since the Barles and Soner model does not have any analytical solution, to evaluate the accuracy of the
numerical methods and calculate the numerical errors, a solution with tiny step size will be considered

[750] Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications



Mashayekhi

as a reference solution and the difference absolute value of other solutions with the reference indicate

approximation errors.

Table 1: Maximum Error of the ADE in the Last Iteration (t = 0) for linear B-S

asset step size (h) time step size (k) max error of ADE
4 0.04 0.0507025
2 0.01 0.022887
1 0.0025 0.00600658
0.5 0.000625 0.00245572
0.25 0.00015625 0.00119212

In the following, the price of a European put option in the Barles and Soner model has been computed
by the ADE scheme with these parameter 0, =0.2,r =0.1,T =1,K =40, S, =80and the trans-

action costa = #°R = 0.02. The reference solution is achieved with step sizes h = 0.375 for discretiza-

tion in Sand k =0.00009765625in timet i.e..J =215and N =10240which is computed in 33

hours by a computer with 2.9 GHz Intel Core i5 and memory 8 GB.

S and t have been halved in every iteration so, the convergence order in the method will be achieved

_ |eh _eh/2|
|eh/2 - eh/4|

vergency is approximately 2.

by 2¢ . The last column of Table 2 indicates by reducing the step sizes the order of con-
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Fig. 1: Put Option Price (Left Figure) and its Numerical Errors (Right Figure) at t =0 with h =2 and
k=0.01.

A 0,001 4
| 1 f—— . T m———
l 10 207 50 40 M o0 0 8l 90

204 57
1 -0 - -
|

4
v 153 L2

|
1
l -

104 e -0
| =
]

\
*i =004 4
§ 0.005 4
i S ILES
N W 20 30 4 S & TO 80 90
s =000 -~
|« AN deheme wirh S-max Vet WS- hizan | [ = NumSol of put solved by ADE) (BS unalytic sof

Fig. 2: Put Option Price (Left Figure) and its Numerical Errors (Right Figure) at t =0 with h =1andk =0.0025
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Table 2: Maximum Error in the Last Iteration (t = Q) of the ADE for the Barles and Soner Model

asset step size (h) time step size (k) max error of ADE error difference error ratio
8 0.003125 0.15197770
4 0.0015625 0.04869464 0.10328306
2 0.00078125 0.01359658 0.04791339 2.94
1 0.000390625 0.00327254 0.01032404 3.40
0.5 0.0001953125 0.00037647 0.00289607 3.56

Figures 3, 4 and 5 show the approximation errors of the European put option in the nonlinear Barles
and Soner model which is solved by the ADE scheme with different step sizes in comparison with the
reference solution with h=0.375andk =0.00009765625. Similar to the linear Black-Scholes
model, the figures of the approximations errors indicate the maximum error in the Barles and Soner
model and generally in the nonlinear Black-Scholes models takes place close to the strike price K.
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Fig. 3: Approximation Error of the Barles and Soner Put Option at t =Qwith h

=8and k =0.003125 (Left Fig-
ure) and h=4and k =0.0015625 (right figure).

" - ‘l
f 1 000% < N
ik M
nalo f \ 1 \
| |
J |
[ | | L Do | |
o E ) |
& f \ B f
o [+
LOUS f | { \
/ \ 0001+ )
{ | |
/ | f "
}
([ PORS_S—— ..& - e e J, |
n 20 xm W o AT % 0 T
Is / W20 30 S 60 /m;
1 y ) -
' / v //
-0.005 | / Sy |
\ / 0001 < \ /"
\ / |‘ /
/ ! 4
Y
palo -0402+ 'l-./
. — ey . - — -
‘ . ADE Error with d ar put w nl‘ ‘ ADE Emvs with ds~1 for ponlinear put wihi
transactinn cost (.02 |

transacton cost a={).02

Fig. 4: Approximation Error of the Barles and Soner Put Option at t = Qwith h =2 and k = 0.00078125 (left
figure) and h =1and k = 0.000390625 (right figure).

[752] Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications



Mashayekhi

0.0003

& 0.0002
=]
(2]

00001 4

(8] v
10 20 3

—=0.0001

- 0.0002

—0.0003 +

ADE Error with ds=0.5 for nonlincar pur wirl
transaction cost a—0.02

Fig. 5: Approximation Error of the Barles and Soner Put Option at t = Qwith h = 0.5 andk = 0.0001953125

Now the accuracy of the ADE scheme for solving the Barles and Soner model has been compared with
two standard finite difference methods in Table 3 such as Crank-Nicolson with Rannacher time stepping
(CNR) and forward Euler (explicit scheme with the first order difference in time and central second
order in S (FtCS)) which indicates that however for the coarse meshes the ADE method has bigger error
than other two methods but by halving step sizes the maximum error of the ADE method decreases
more rapidly than CNR and FtCS methods and finally we can see for the finest mesh in this table, the
ADE method has smaller maximum error than two others.

Table 3: Maximum Error in the last Iteration (t = O) of the Barles and Soner Model

J N ADE error CNR error FtCS error
10 320 0.15197770 0.127837 0.126505
20 640 0.04869464 0.032952 0.032240
40 1280 0.01359658 0.009476 0.009176
80 2560 0.00327254 0.002836 0.002706
160 5120 0.00037647 00.001026 0.000986

5 Conclusions

In this work, the Barles and Soner nonlinear Black-Scholes model has been solved with the ADE
method and compared with two standard finite difference schemes CNR and FtCs. We demonstrated
the ADE scheme for the considered nonlinear model has the second order of convergency and condi-
tionally stable and also is more accurate than CNR and FtCS methods for the finer meshes. Therefore
the ADE method would be a suitable choice for solving such nonlinear equations to avoid suffering
from computational times of implicit schemes.

Acknowledgments
This research was supported in part by a grant from Arak University [No. 96-14210]. The author is
grateful to the reviewers whose valuable comments significantly improved the quality of this paper.

References

[1] Bakstein, D., Howison, S., A Non-arbitrage Liquidity Model with Observable Parameters for Derivatives,
2003.

Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications [753]



Alternating Direction Explicit Method for a Nonlinear Model in Finance

[2] Barles, G., Soner, H. M., Option Pricing with Transaction Costs and a Nonlinear Black-Scholes Equation,
Finance and Stochastics, 1998, 2(4), P. 369-397. Doi: 10.1007/s007800050046

[3] Black, F., Scholes, M., The Pricing of Options and Corporate Liabilities, Journal of political economy, 1973,
81(3), P. 637-654.

[4] Buckova, Z., Ehrhardt, M., Gunther, M., Polvora, P., Alternating Direction Explicit Methods for Linear, Non-
linear and Multi-Dimensional Black-Scholes Models, Novel Methods in Computational Finance, Springer, 2017,
P. 333-371.Doi: 10.1007/978-3-319-61282-9 19

[5] Company, R., Navarro, E., Pintos, J. R., Ponsoda, E., Numerical Solution of Linear and Nonlinear Black-
Scholes Option Pricing Equations, Computers and Mathematics with Applications, 2008, 56(3), P. 813-821.
Doi: 10.1016/j.camwa.2008.02.010

[6] Dibachi, H., Behzadi, M.H., Izadikhah, M., Stochastic Modified MAJ Model for Measuring the Efficiency and
Ranking of DMUs, Indian Journal of Science and Technology, 2015, 8(8), P. 1-7.
Doi: 10.17485/ijst/2015/v8iS8/71505

[7] During, B., Hendricks, C., and Miles, J., Sparse Grid High-Order ADI Scheme for Option Pricing in Stochastic
Volatility Models, Novel Methods in Computational Finance, Springer, 2017, P. 295-312.

[8] Ehrhardt, M., Nonlinear Models in Mathematical Finance: New Research Trends in Option Pricing, Nova
Science Publishers, 2008.

[9] Frey, R. and Patie, P., Risk Management for Derivatives in llliquid Markets: A simulation Study, In Advances
in finance and stochastics, Springer, 2002, P. 137-159. Doi: 10.1007/978-3-662-04790-3_8

[10] Izadikhah, M., Azadi, M., Shokri Kahi, V., Farzipoor Saen, R., Developing a new chance constrained NDEA
model to measure the performance of humanitarian supply chains, International Journal of Production
Research, 2019, 57(3), P. 662-682, Doi: 10.1080/00207543.2018.1480840

[11] Jokar, H., Shamsaddini, K., Daneshi, V., Investigating the Effect of Investors' Behavior and Management on
the Stock Returns: Evidence from Iran, Advances in Mathematical Finance and Applications, 2018, 3(3), P. 41-
52. Doi: 10.22034/amfa.2018.544948

[12] Koleva, M. N., Positivity Preserving Numerical Method for Non-linear Black-Scholes Models, In Interna-
tional Conference on Numerical Analysis and Its Applications, Springer, 2012, P. 363-370.
Doi: 10.1007/978-3-642-41515-9_40

[13] Kratka, M., No Mystery Behind the Smile, RISK-LONDON-RISK MAGAZINE LIMITED, 1998, 11, P. 67-
71.

[14] Leland, H. E., Option Pricing and Replication with Transactions Costs, The journal of Finance, 1985, 40(5),
P. 1283-1301. Doi: 10.1016/S0165-1889(99)00086-X

[15] Lesmana, D. C., and Wang, S., An upwind Finite Difference Method for a Nonlinear Black-Scholes Equation
Governing European Option Valuation under Transaction Costs, Applied Mathematics and Computation, 2013,
219(16), P. 8811-8828.Doi: 10.1016/j.amc.2012.12.077

[754] Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications


https://doi.org/10.1007/s007800050046
http://dx.doi.org/10.1007/978-3-319-61282-9_19
https://doi.org/10.1016/j.camwa.2008.02.010
http://dx.doi.org/10.1007/978-3-662-04790-3_8
https://doi.org/10.1016/S0165-1889(99)00086-X
https://doi.org/10.1016/j.amc.2012.12.077

Mashayekhi

[16] Leung, S., Osher, S., An Alternating Direction Explicit (ADE) Scheme for Time-Dependent Evolution Equa-
tions, Preprint UCLA June, 2005, 9, P. 2005.

[17] Liu, H., Yong, J., Option Pricing with an Illiquid Underlying Asset Market, Journal of Economic Dynamics
and Control, 2005, 29(12), P. 2125-2156. Doi: 10.1016/j.jedc.2004.11.004

[18] Mashayekhi, S., Hugger, J., Finite Difference Schemes for a Nonlinear Black-Scholes Model with Transac-
tion cost and Volatility risk, Acta Mathematica Universitatis Comenianae, 2015, 84(2), P.255-266.

[19] Merton, R. C., Theory of Rational Option Pricing, The Bell Journal of economics and management science.
1973, P.141-83.

[20] Parsa, B., Sarraf, F., Financial Statement Comparability and the Expected Crash Risk of Stock Prices,
Advances in Mathematical Finance and Applications, 2018, 3(3), P.77-93. Doi: 10.22034/amfa.2018.544951

[21] Piacsek, S. A. and Williams, G. P., Conservation Properties of Convection Difference Schemes, Journal of
Computational Physics, 1970, 6(3), P. 392-405. Doi: 10.1016/0021-9991(70)90038-0

[22] Roberts, K. and Weiss, N., Convective Difference Schemes, Mathematics of Computation, 1966, 20(94), P.
272-299.

[23] Salehi, A., Mohammadi, S., Afshari, M., Impact of Institutional Ownership and Board Independence on the
Relationship Between Excess Free Cash Flow and Earnings Management, Advances in Mathematical Finance
and Applications, 2017, 2(3), P. 91-105. Doi: 10.22034/amfa.2017.533104

[24] Tone, K., Toloo, M., Izadikhah, M., A modified slacks-based measure of efficiency in data envelopment
analysis, European Journal of Operational Research, 2020, 287 (2), P. 560-571, Doi: 10.1016/j.ejor.2020.04.019.

[25] Towler, B. F. and Yang, R. Y., Numerical Stability of the Classical and the Modified Saul'yev's Finite Dif-
ference Methods, Computers and Chemical Engineering, 1978, 2(1), P. 45-51.

Vol. 6, Issue 4, (2021) Advances in Mathematical Finance and Applications [755]


https://doi.org/10.1016/j.jedc.2004.11.004
https://doi.org/10.1016/0021-9991(70)90038-0

