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ABSTRACT 

The Time Value of Money is an important concept in Financial Management. The 

Time Value of Money includes the concepts of future value and discounted value 

or present value. In the present article, the basic notions are described and their 

applications in the field of investment are presented in the mathematical terms by 

using some useful theorems. Then, the applications of some well-known problems 

with the proof such as mortgage loan problem, investment in bond and an individ-

ual who plans to retire in certain years who plan for investment for its future life. 

We also presented the application of calculus such as limit, derivative and integra-

tion in financial management.  

  

1 Introduction 

We first define the basic concept of calculus as follow [1]: (i). constant: A quantity which does not 

change during any set of mathematical operations is called constant. There are two types of constants,   

Absolute constant and arbitrary constant. (ii). Variable:  A quantity which changes during any set of 

mathematical operations is called variable. There are two types of variables, Independent and De-

pendent. (iii). Intervals: The of real numbers lying between two real numbers is called intervals: If a 

and b are two real numbers then, we say: Closed Interval: [a,b]; Open Interval: (a,b) ; Semi-Closed: 

[a,b); Semi-Opened: (a,b]. (iv). Function: If two variables x and y are related such a way that, for 

every value of x there is a definite value of y, then y is said to be a function of x. We denote this func-

tion by the symbol: y = f(x). There are many types of functions such as: Explicit, Implicit, Parametric, 

Inverse, Algebraic, Transcendental, Trigonometric, Exponential, Logarithmic, Hyperbolic and many 

more. (v). Limit of a function: Let A(t) be any accumulated function of the independent time variable 

t. Then if there exists a quantity L such that the difference of L and A(t) may be made to differ by less 

than any assignable quantity however small by taking t approaches sufficiently near its assigned value 

a, the function A(t) is said to have the limit L at x = a. This fact can be denoted by the following nota-

tion: lim𝑥→𝑎 𝐴 𝑡 = 𝐿. (vi).Continuity of a function: A function A(t) is said to be continuous at the 

point x = a,  if    lim            𝑥→𝑎 𝐴 𝑡 = 𝐴(𝑎). (vii). Differentiability of a function: If A(t) be  a function 

of t, then, lim→0
𝐴 𝑥+ −𝐴(𝑥)


  is called the differential coefficient of A(t) and it is denoted by  𝐴′(𝑡) , 
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provided this limit exists. (vii). Finally, integration is the is the reverse process of differentiation that 

is if  
𝑑

𝑑𝑡
𝐴 𝑡 = 𝑎 𝑡 ,  then   𝐴 𝑡 𝑑𝑡 = 𝑎 𝑡  , which reads as integration of function 𝐴 𝑡  with re-

spect to 𝑡 is 𝑎 𝑡  .  

The Financial Management (FM) is a combination of two words “Finance” and “Management”. Fi-

nance means to arrange payments for it or in other words Finance means the study of money, its na-

ture, creation and behaviour, it is true that one needs money to make money, therefore finance is a 

lifeblood of business enterprise and there must be a continuous flow of funds in and out of a business 

enterprise. Money makes the wheels of business run smoothly. Sound plans, efficient production sys-

tem and excellent marketing network are all hampered in the absence of an adequate and timely sup-

ply of funds.  Efficient management of business is closely linked with efficient management of its 

finance [6,9]. Hence, we conclude that FM is concerned with planning, directing, monitoring, organiz-

ing and controlling monetary resources of an organization. Thus, FM is simply deals with manage-

ment of money. As an integral part of overall Management, FM is not a totally independent area. FM 

is related with the other disciplines such as Economics, Accounting, Production, Marketing and Quan-

titative methods. Importance of FM cannot be over-emphasized. It is, indeed the key to successful 

business operations. Without proper administration of finance, no business enterprise can reach its 

potentials for growth and success. The important of FM is all about planning, investment, funding the 

investment, monitoring expanses against budget and managing gains from the investment. FM means 

management of all matters related to an organization’s finance. The importance of FM is to describe 

some of the tanks that is involved 

1. Taking care not to over-invest in fixed assets. 

2. Balancing cash-outflow with cash-inflow. 

3. Ensuring that there is a sufficient level of short term working capitals. 

4. Increasing gross profit by setting the correct pricing for the products or services. 

5. Tax planning that will minimize the taxes a business has to pay. 

The scope of FM has undergone changes over the year. Under the middle of this century, its scope 

was limited to procurement of funds under major events in the life of the enterprise such as promo-

tion, expansion, mergers etc. In modern times, the FM includes besides procurement of funds, the 

three different kinds of decisions as investment, financing, and dividend. Efficient FM requires the 

existence of some objective or goals because judgement as to whether or not a financial decision is 

efficient must be made in the light of some objective. Although various objectives are possible but we 

assume two objectives of FM which is very important and these are Profit Maximisation and Wealth 

Maximisation.  In this article, we focus only on the investment management, which is one of the ap-

plication of time value of money. Now, investment means an asset or item that is purchased with the 

hope that it will generate income or appreciate in the future. In economic sense, an investment is pur-

chase of goods that are not consumed today but are used in the future to create wealth. In finance, an 

investment is a monetary asset purchased with the idea that the asset will provide income in the future 

or appreciate and be sold at a higher price. There are various types of investment available in the mar-

ket in which one can invest the money, for example Stock, Bonds, Mutual funds, Deposits in Banks, 

Deposit in Post Office, Real Estate, Gold and many others.  
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2 Time Value of Money 
 

Time Value of Money (TVM) is an important concept in Financial Management [7,8]. It can be used 

to compare investment alternatives and to solve problems involving loans, mortgages, leases, savings, 

and Annuities. Time value of money is the concept that the value of a Rupee to be received in future 

is less than the value of a Rupee on hand today or Money has time value, a rupee today is more valu-

able than a year hence. One reason is that money received today can be invested which generating 

more money. Another reason is that when a person opts to receive a sum of money in future rather 

than today, he is effectively lending the money and there are risks involved in lending such as default 

risk and inflation. Default risk arises when the borrower does not pay the money back to the lender. 

Inflation is the rise in general level of prices. A key concept of TVM is that a single sum of money or 

a series of equal, evenly-spaced payments or receipts promised in the future can be converted to an 

equivalent value today.  Conversely, you can determine the value to which a single sum or a series of 

future payments will grow to at some future date. The components of TVM are as follows: 

1. Time period (n): can be any time interval such as year, half a year, and month. Each period should 

have equal time interval. Zero period represents a starting point.  

 2. Payments (P): are the transactions that refer to a business receiving money for a good or service.  

 3. Interest (r): Interest is charge against use of money paid by the borrower to the lender in addition to 

the actual money lent. We study generally two types of interest, Simple and Compound Interest. 

4. Present Value (PV): When a future payment or series of payments are discounted at the given rate 

of interest up to the present date to reflect the time value of money, the resulting value is called pre-

sent value.  We study generally, Present Value of a Single Sum of Money and Present Value of an 

Annuity. 

5. Future Value (FV): Future value is amount that is obtained by enhancing the value of a present 

payment or a series of payments at the given rate of interest to reflect the time value of money. We 

study generally, Future Value of a Single Sum of Money and Future Value of an Annuity. 

6. Cash Flow (CF): The term cash flow refers literally to the flow, or movement of cash funds into or 

out of a business/individuals. There are two types of cash flow: (i) Cash outflow: an amount that you 

pay, cost to you, or spending amount (has a negative sign or negative cash flow) and (ii) Cash inflow: 

an amount that you receive or savings amount (has a positive sign or positive cash flow). 

7. Discounted cash flow (DCF): The discounted cash flow is an application of the time value of 

money concept—the idea that money to be received or paid at some time in the future has less value, 

today, than an equal amount actually received or paid today. 

8. Time Line (TL): The time line is a very useful tool for an analysis of the time value of money be-

cause it provides a visual for setting up the problem. It is simply a straight line that shows cash flow, 

its timing, and interest rate. A time line consists of the following components: (i) Time periods (ii) 

Interest rate and (iii) Cash flow. 

9. Cash Flow TimeLine (CFTL): A cash flow timeline can be a useful tool for visualizing and identi-

fying cash flows over time. A cash flow timeline is a horizontal line with up-arrows that represent 

cash inflows and down-arrows to indicate cash outflows. The down arrow at Time 0 represents an 

investment today (PV); the up-arrow n periods in the future represents FV, the future value (or com-

pounded value) of the investment. For example, a cash flow stream of ₹ 100 at the end of each of 

https://accountingexplained.com/capital/tvm/simple-compound-interest
https://accountingexplained.com/capital/tvm/pv-single-sum
https://accountingexplained.com/capital/tvm/pv-annuity
https://accountingexplained.com/capital/tvm/pv-annuity
https://accountingexplained.com/capital/tvm/fv-single-sum
https://accountingexplained.com/capital/tvm/fv-annuity
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next five year at the rate of 10% can be represented on a time line as follows: 

10. Amortization is an accounting term that refers to the process of allocating the cost of an intangible 

asset  over a period of time. It also refers to the repayment of loan principal over time. Mortgage is a 

legal document between a mortgagor and a mortgagee that establishes a home and/or property as se-

curity for a home loan. 

 

3 Techniques of Time Value of Money  

 

In modern finance, time value of money concepts plays a central role in decision support and planning 

[7,8]. When investment projections or business case results extend more than a year into the future, 

professionals trained in finance usually want to see cash flows presented in two forms, with discount-

ing and without discounting. That is there are two techniques for adjusting time value of money. They 

are: (i) Compounding Techniques / Future value techniques and (ii) Discounting Techniques / Present 

value techniques [2]. 

Let us consider an investment situation in which there are two times : say “now (𝑡0 = 0 )” and “later 

(𝑡1 = 1 ). An amount of money invested at time 𝑡0  is denoted by  𝐴 = 𝐴(0)and its value at time 

𝑡1 = 1 is denoted by 𝐴1 = 𝐴(𝑡1). In general, the function 𝐴 𝑡   represent the total accumulated value 

of an investment at time  . The Interest rate is a percentage measure of interest, the cost of money, 

which accumulates to the lender. Simple interest is a basic formula for calculating how much interest 

to apply to a principal balance or Simple interest is calculated only on the initial amount that you in-

vested. The compound interest is the addition of interest to the principal sum of a loan or deposit, or in 

other words, interest on interest. In this concept, the interest earned on initial principal amount be-

comes a part of the principal at the end of the compounding period. An annuity is a sequence of pay-

ments, usually equal in size and made at equal intervals of time. The examples are premiums of life 

insurance, monthly deposits in bank, instalment loan payments etc. The types of annuities are, Ordi-

nary annuity (Immediate annuity) is an annuity where the first payment of which is made at the end of 

first payment interval, Annuity Due is annuity where the first payment of which is made at the begin-

ning of the first payment interval and Perpetuity is an annuity whose continue forever.  

 

 

4 Main Results 

 

The Theorems below give the formula for simple interest, compound interest, annuities and its accu-

mulated amount: 

 

Theorem 1. If the initial amount 𝐴(0) is invested for 𝑡 years at interest rate 𝑟  percent per year then, 

𝑆𝑖𝑚𝑝𝑙𝑒 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝐼 = 𝐴 𝑡 − 𝐴 0 = 𝐴(0) × 𝑟 × 𝑡 and the accumulated Amount at the end of 𝑡 

years is given by 𝐴 𝑡 = 𝐴(0) 1 + 𝑟𝑡 . 

Theorem 2. If the initial amount 𝐴(0) is invested for 𝑡 years at interest rate 𝑟  percent per year then, 

𝐶𝑜𝑚𝑝𝑜𝑢𝑛𝑑 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝐼 = 𝐴 𝑡 − 𝐴 0  and the accumulated amount at the end of 𝑡 years is given by 

https://investinganswers.com/node/835
https://investinganswers.com/node/5890
https://investinganswers.com/node/2725
https://investinganswers.com/node/2725
https://investinganswers.com/node/1588
https://investinganswers.com/node/5825
https://investinganswers.com/node/928
http://www.investinganswers.com/node/928
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𝐴 𝑡 = 𝐴(0) 1 + 𝑟 𝑡 . 

Proof. 

Suppose the initial amount of $𝑨(𝟎) is deposited at a rate of interest 𝒓% per year, then the compound-

ing amount at the end of First year: 

Principal                  : A(0) 

Interest for the year : A(0) × r 

Principal at the end : A(0) + A(0) × r = A(0)(1 + r). 

At the end of Second year: 

Principal                  : A(0)(1 + r) 

Interest for the year :A(0) (1 + r) × r 

Principal at the end : A(0) ×  1 + r + A(0) ×  r ×  1 + r = A(0) × (1 + r)2. 

Generalizing the above procedure for  𝑡 years, we get  

𝐴(𝑡) = 𝐴(0) × (1 + 𝑟)𝑡  

and the formula for calculating the compound interest are  

𝐶𝑜𝑚𝑝𝑜𝑢𝑛𝑑 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡  𝐶𝐼 = 𝐴 𝑡 − 𝐴(0) 

 

Notes: 

 

(i) Remember, If the transaction is to be made for less than one year, that is time may be given in 

days, weeks and months but in formula time t represents the number of years, hence the time given 

which is not in year must be converted into the year as follows: 

 𝑎    𝑋 𝑑𝑎𝑦𝑠 =
𝑋

365
 𝑦𝑒𝑎𝑟𝑠    𝑏  𝑋 𝑤𝑒𝑒𝑘𝑠 =

𝑋

52
 𝑦𝑒𝑎𝑟𝑠 𝑎𝑛𝑑   𝑐  𝑋 𝑚𝑜𝑛𝑡𝑠 =

𝑋

12
 𝑦𝑒𝑎𝑟𝑠. 

 

(ii). In the above Theorem 2, the term (1 + 𝑟)𝑡   is called Future Value Interest Factor (FVIF), which 

is denoted by𝐹𝑉𝐼𝐹𝑟,𝑛 = (1 + 𝑟)𝑛 . We can directly get the value of FVIF for certain combinations of 

period and interest rate from the Table provided. For example, the value of 𝐹𝑉𝐼𝐹𝑟,𝑛  for various com-

binations of 𝑟 𝑎𝑛𝑑 𝑛 are as follows: 

 

Table 1: The Value of FVIF for Certain Combinations 

𝑡/𝑟 6% 8% 10% 

2 1.124 1.166 1.210 

4 1.262 1.360 1.464 

6 1.419 1.587 1.772 

8 1.594 1.851 2.144 

(iii). Interest can be compounded monthly, quarterly and half yearly. If compounding is quarterly, 

annual interest rate is to be divided by 4 and the number of years is to be multiplied by 4. If com-

pounding is monthly, annual interest rate is to be divided by 12 and the number of years is to be mul-

tiplied by 12.  
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Theorem 3. The present value 𝐴 0   and future value  𝐴 𝑡 at an interest rate 𝑟 %  for  𝑡 years is  

𝐴 0 =
𝐴 𝑡 

 1 + 𝑟 𝑡
  𝑎𝑛𝑑  𝐴 𝑡 = 𝐴(0) 1 + 𝑟 𝑡  

For example, the Present Value and Future value of the following cash flow stream  

 

given that the interest rate is 10% is calculated as follow: 

𝐴(0) =
100

(1 + .10)1
+

200

(1 + .10)2
+

200

(1 + .10)3
+

300

(1 + .10)4
 =  ₹ 611.37 

and  

𝐴 4 = 100 1 + .10 3 + 200 1 + .10 2 + 200 1 + .10 1 + 300 = $895.10 

Theorem 4. The future value of an ordinary annuity that makes 𝑛 constant payments $P  at the end of 

each unit time interval is: 

 

𝐹𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃  
 1 + 𝑟 𝑛 − 1

𝑟
  

where 𝑟 is the constant interest rate per period. 

Corollary: If there are 𝑚 compounding per year with nominal yearly interest rate 𝑖 , then the future 

value of ordinary annuity at time 𝑡 years  is: 

𝐹𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃  
 1 +

𝑖
𝑚

 
𝑚𝑡

− 1

𝑖
𝑚

  

Proof. 

Let us consider an annuity of 𝑛 payments of $P each with the interest rate per period is 𝑟 and the first 

payment is made one period from now or at the end of the first payment interval. 

Now, 

Amount of the 1
st
  payment : 𝑃 1 + 𝑟 𝑛−1 

Amount of the 2
nd

   payment : 𝑃 1 + 𝑟 𝑛−2 

Amount of the 3
rd

   payment : 𝑃 1 + 𝑟 𝑛−3 
.
.
.
 

Amount of the n
th
   payment : 𝑃 

Adding all these amount in the reverse order and denoting  the amount of this annuity by 
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𝐹𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦  , we have 

𝐹𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃 + 𝑃 1 + 𝑟 + 𝑃 1 + 𝑟 2 + ⋯  + 𝑃 1 + 𝑟 𝑛−1 

= 𝑃(1 +  1 + 𝑟 +  1 + 𝑟 2 + ⋯  +  1 + 𝑟 𝑛−1 

= 𝑃  
 1 + 𝑟 𝑛 − 1

1 + 𝑟 − 1
  

Therefore, we have, 

𝐹𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃  
 1 + 𝑟 𝑛 − 1

𝑟
  

Hence the theorem is proved. 

Similarly, we can prove below theorems. 

Theorem 5. The present value of an ordinary annuity that makes 𝑛 constant payments $P at the end of 

each unit time interval is: 

𝑃𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃  
1 −  1 + 𝑟 −𝑛

𝑟
  

where 𝑟 is the constant interest rate per period. 

Corollary: If there are 𝑚 compounding per year with nominal  yearly interest rate 𝑖, then the present 

value of ordinary annuity at time 𝑡 years  is: 

𝑃𝑉𝑜𝑟𝑑𝑖𝑛𝑎𝑟𝑦  𝑎𝑛𝑛𝑢𝑖𝑡𝑦 = 𝑃  
1 −  1 +

𝑖
𝑚 

−𝑚𝑡

𝑖
𝑚

  

Theorem 6. The future value of an annuity due that makes 𝑛 constant payments $P at the beginning 

of each unit time interval is: 

𝐹𝑉 𝑎𝑛𝑛𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 = 𝑃 1 + 𝑟  
 1 + 𝑟 𝑛 − 1

𝑟
  

Where 𝑟 is the constant interest rate per period. 

Corollary: If there are 𝑚 compounding per year with nominal yearly interest rate, then the future 

value of  annuity due at time 𝑡 years  is: 

𝐹𝑉 𝑎𝑛𝑛𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 = 𝑃  1 +
𝑖

𝑚
  

 1 +
𝑖
𝑚 

𝑚𝑡

− 1

𝑖
𝑚

  

Theorem 7. The present value of an annuity due that makes 𝑛 constant payments $P at the beginning 

of each unit time interval is: 

𝑃𝑉 𝑎𝑛𝑛𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 = 𝑃(1 + 𝑟)  
1 −  1 + 𝑟 −𝑛

𝑟
  

where 𝑟 is the constant interest rate per period. 

Corollary: If there are 𝑚 compounding per year with nominal yearly interest rate, then the present 

value of  annuity due at time 𝑡 years  is: 

𝑃𝑉 𝑎𝑛𝑛𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 = 𝑃(1 + 𝑟)  
1 −  1 +

𝑖
𝑚 

−𝑚𝑡

𝑖
𝑚
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Theorem 8. The present value of a perpetuity immediate in which payments of ₹ P are made at the 

end of each time interval, and the per period interest is 𝑟 is: 

𝑃𝑉𝑝𝑒𝑟𝑝𝑒𝑡𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 =
𝑃

𝑟
 

and present value of perpetuity due in which the payments are made at the beginning of each period 

is: 

𝑃𝑉𝑝𝑒𝑟𝑝𝑒𝑡𝑢𝑖𝑡𝑦  𝑑𝑢𝑒 =
𝑃(1 + 𝑟)

𝑟
 

Theorem 9. Suppose that one takes a mortgage loan for the amount 𝐿 that is to be paid back over 𝑛 

months with equal payments 𝐴 at the end of each month, compounded monthly. Then  

𝑇𝑒 𝑚𝑜𝑛𝑡𝑙𝑦 𝑖𝑛𝑠𝑡𝑎𝑙𝑚𝑒𝑛𝑡 = 𝐴 =
𝐿 × 𝑟 ×  1 + 𝑟 𝑛

 1 + 𝑟 𝑛 − 1
 , 

𝑇𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑎𝑚𝑜𝑢𝑛𝑡 𝑎𝑓𝑡𝑒𝑟 𝑗𝑡 𝑖𝑛𝑠𝑡𝑎𝑙𝑚𝑒𝑛𝑡 = 𝑅𝑗 =
𝐿 ×  𝛼𝑛 − 𝛼𝑗  

𝛼𝑛 − 1
 , 

 

𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑐𝑜𝑚𝑝𝑜𝑢𝑛𝑡 𝑖𝑛 𝑗𝑡 𝑖𝑛𝑠𝑡𝑎𝑙𝑚𝑒𝑛𝑡 = 𝐼𝑗 =
𝐿 ×  𝛼𝑛 − 𝛼𝑗−1 

𝛼𝑛 − 1
 ×  𝛼 − 1  

and 

𝑇𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑖𝑛 𝑗𝑡 𝑖𝑛𝑠𝑡𝑎𝑙𝑚𝑒𝑛𝑡 = 𝑃𝑗 =
𝐿 ×  𝛼𝑗−1  𝛼 − 1 

𝛼𝑛 − 1
 

where, 𝑗 = 0,1,2,3, … , 𝑛 . 
Solution: 

We know that the present value of these cash flow stream towards n equal monthly instalment of 𝐴  at 

the interest rate 𝑟per month compounded monthly is 𝐿. Thus we have 

𝐿 =
𝐴

 1 + 𝑟 
+

𝐴

 1 + 𝑟 2
+

𝐴

 1 + 𝑟 3
± ⋯ +

𝐴

 1 + 𝑟 𝑛
 

=
𝐴

 1 + 𝑟 
 1 +

1

 1 + 𝑟 2
+

1

 1 + 𝑟 3
± ⋯ +

1

 1 + 𝑟 𝑛−1  

=
𝐴

 1 + 𝑟 
 
1 −

1
 1 + 𝑟 𝑛

1 −
1

 1 + 𝑟 

  

=
𝐴

𝑟
 1 −

1

 1 + 𝑟 𝑛
  

=
𝐴

𝑟
 
 1 + 𝑟 𝑛 − 1

 1 + 𝑟 𝑛
  

Therefore, we have 

𝐴 =
𝐿 × 𝑟 ×  1 + 𝑟 𝑛

 1 + 𝑟 𝑛 − 1
 

Which is required relation of 𝐴 in terms of 𝐿 , 𝑛 , 𝑟. 

(b) Let 𝑅𝑗 denote the remaining amount of principal after the payment at the end of month  ( 𝑗 =

0,1,2, … , 𝑛). Here it must be noted that 𝑅0 = 𝐿 and 𝑅𝑛 = 0. Since 𝑅𝑗 being remaining amount after 

𝑗𝑡 instalment is paid. Therefore the future value or principal after next month is 𝑅𝑗+1  that is 

𝑅𝑗+1  (1 + 𝑟). Therefore, we have 
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𝑅𝑗+1 =  𝑅𝑗+1 1 + 𝑟 − 𝐴 , 𝑗 = 0,1,2,3, … , 𝑛 is the principal amount after  𝑗 + 1 𝑡  instalment is paid. 

𝑅1 =  1 + 𝑟 𝑅0 − 𝐴 = 𝛼𝐿 − 𝐴    ( 𝛼 = 1 + 𝑟, 𝑅0 = 𝐿) 

𝑅2 =  1 + 𝑟 𝑅1 − 𝐴 = 𝛼2𝐿 − 𝐴(𝛼 + 1) 

𝑅3 =  1 + 𝑟 𝑅2 − 𝐴 = 𝛼3𝐿 − 𝐴(𝛼2 + 𝛼 + 1)  

In general, for 𝑗 = 0,1,2, … , 𝑛  , we obtain 

𝑅𝑗 = 𝛼𝑗𝐿 − 𝐴(1 + 𝛼 + ⋯ + 𝛼𝑗−1) 

= 𝛼𝑗𝐿 − 𝐴
𝛼𝑗 − 1

𝛼 − 1
 ) 

= 𝛼𝑗𝐿 − 𝐿 𝛼𝑛(
𝛼𝑗 − 1

𝛼𝑛 − 1
 ) 

= 𝐿 (
𝛼𝑛 − 𝛼𝑗

𝛼𝑛 − 1
 ) 

Let 𝐼𝑗   and  𝑃𝑗  denotes the amounts of the payments at the end of month 𝑗  that are for interest and for 

principal reduction respectively, then since 𝑅𝑗−1 we owed at the end of the previous month, we have  

𝐼𝑗 = 𝑟 𝑅𝑗−1 = 𝐿(𝛼 − 1) (
𝛼𝑛−𝛼𝑗

𝛼𝑛−1
 ) and 𝑃𝑗 = 𝐴 − 𝐼𝑗 =

𝐿(𝛼−1)

𝛼𝑛−1
  𝛼𝑛 − (𝛼𝑛 − 𝛼𝑗−1 =

𝐿(𝛼−1)

𝛼𝑛−1
 𝛼𝑗−1 

 

5 Applications 

Some examples confirm the results.   

Numerical Example 1: Calculation of Simple and Compound Interest 

(i). Sanju borrowed $3,000 from a bank at an interest rate of 12% per year for a 2-year period. How 

much interest does he have to pay the bank at the end of 2 years? 

Solution: 𝐼𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝐼 = 3000 × 12% × 2 = 3000 ×
12

100
× 2 = $720.  

That is, Sanju has to pay the bank $720 at the end of 2 years. 

 

(ii). Sanju deposited $10000 in a saving bank account which pays 8% simple interest. He makes two 

more deposits of $15000 each, the first at the end of 3 months and the second in 6 months. How much 

will be in the account at the end of the year, if he makes no other deposits and no withdrawals during 

this time? 

Solution: 

𝐴(1) = 10000 1 + 0.08 × 1 = 10800 

𝐴(2) = 15000  1 + 0.08 ×
3

12
 = 15300 

𝐴(3) = 15000  1 + 0.08 ×
6

12
 = 15600 

Therefore total amount at the end of the year is 𝐴 1 + 𝐴(2) + (93) = $41700 

(iii). Sanju and Sons invest $10000, $20000, $30000, $40000 and $50000 at the end of each year. 
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Calculate the compound value at the end of the 5
th
 year, compounded annually, when the interest 

charges is 5% per annum. 

 

Table 2: Solution 

End of the year Amount Depos-

ited 

Number of years 

compounded 

Compounded interest 

Factor (𝐹𝑉𝐼𝐹𝑟,𝑛 ) 

Future value 

(1) (2) (3) (4) (2) x (4) 

1 10000 4 1.216 12160 

2 20000 3 1.158 23160 

3 30000 2 1.103 33090 

4 40000 1 1.050 42000 

5 50000 0 1.000 50000 

Accumulated Amount at the end of 5
th
 year is 160410 

(iii). A trust fund has invested $30,000 in two different types of bonds which pays 5% and 7% 

interest respectively. Determine how much amount is invested in each type of bond if the trust 

obtains an annual total interest of $1600. The above problem can be solve as follows: 

Let the money invested in 5% bond be $X. 

Therefore, money invested in 7% bond is $(30000 − X). Now, interest on 5% bond= 𝑃 × 𝑟 ×

𝑡 = 𝑋 ×
5

100
× 1 =

5𝑋

100
 and interest on 7% bond= 𝑃 × 𝑟 × 𝑡 = (30000 − 𝑋) ×

7

100
× 1. Accord-

ing to given condition, we have 
5𝑋

100
+  30000 − 𝑋 ×

7

100
× 1 = 1600. Therefore, 𝑋 = 25000. 

Hence, money invested in 5% bond is $ 25000 and money invested in 7% bond is  $5000 

 

(iv). A man invests in a bank $x  on the 1
st
 day of 1966. In the subsequent years on the 1

st
 Janu-

ary he deposits money double that of money deposited in the previous year after withdrawing 

the interest only on the same day. It was found that balance in his account on 2
nd

 January 1966 

was = $2046. Find the amount he deposited on 1
st
 January 1966. The above problem can be 

solved as follow: 

Let the money invested on 1
st
 January 1966 be $x 

the money invested on 1
st
 January 1967 be $2x 

the money invested on 1
st
 January 1968 be $4x 

the money invested on 1
st
 January 1966 be $8x 

. 

. 

. 

the money invested on 1
st
 January 1975 be $512x 

Therefore, we are given that sum of all these deposits is equal to 2046 

⇒ 𝑥 + 2𝑥 + 4𝑥 + ⋯  + 512𝑥 = 2046 
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⇒ 𝑥(20 + 21 + 22 + ⋯ + 29 = 2046 ⇒ 𝑥  
210 − 1

2 − 1
 = 2046 ⇒ 𝑥 = 2 

Therefore the amount he deposited on 1
st
 January 1966 is $2 

 

Numerical Example 2: 

If the loan is for 100000 to be paid back over 360 months at a nominal yearly interest of 9% com-

pounded monthly. (a) Find the payment of the loan (b) The remaining amount of principle and the 

interest after the payment of first instalment. 

Solution: 

Here,𝐿 = 100000 , 𝑛 = 360, 𝑟 =
9

100×12
. Let the monthly payment will be 𝐴. Now, 

𝐴 =
𝐿 ×  1 + 𝑟 𝑛 × 𝑟

 1 + 𝑟 𝑛 − 1
=  

100000 ×  1.0075 360 ×  0.0075 

 1.0075 360 − 1
= 8046.2252  

𝑅𝑗 =
𝐿 ×  𝛼𝑛 − 𝛼𝑗  

𝛼𝑛 − 1
 

Therefore, 

𝑅1 =
𝐿 ×  𝛼360 − 𝛼 

𝛼360 − 1
=

100000 14.7306 

14.7306 − 1
=

13723100

13.7306
= 999453.7748 

𝐼𝑗 =
𝐿 ×  𝛼𝑛 − 𝛼𝑗−1 

𝛼𝑛 − 1
 ×  𝛼 − 1  

Therefore, 

𝐼1 =
𝐿 ×  𝛼𝑛 − 𝛼0 

𝛼𝑛 − 1
 ×  𝛼 − 1 =

100000 14.7306 − 1 

 14.7306 − 1 
 ×  0.0075 = 7500 

Finally,  

𝑃𝑗 =
𝐿 ×  𝛼𝑗−1  𝛼 − 1 

𝛼𝑛 − 1
 

Therefore, 

𝑃1 =
𝐿 ×  𝛼0  𝛼 − 1 

𝛼𝑛 − 1
=  

100000 0.0075 × 1

14.7306 − 1
= 546.2252 

Verification: 

1. 𝐴1 =  𝑃1 + 𝐼1 = 546.2252 + 7500 = 8046.2252 ≈ 8046.23. 

2. 𝐿 − 𝑅1 = 100000 − 999453.7748 = 546.2252 = 𝑃1 

 

Table 3: Mortgage Loan Amortization Schedule 

PERIOD EMI INTEREST PRINCIPAL BALANCE 

0    1000000.00 

1 8046.23 7500 546.23 999453.77 

2 8046.23 7495.90 550.32 998903.45 

3 8046.23 7491.78 554.45 998349.00 
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Table 3: Continue 

PERIOD EMI INTEREST PRINCIPAL BALANCE 

4 8046.23 7487.62 558.45 997790.39 

5 8046.23 7483.43 558.61 997790.39 
.
.
.
 

.

.

.
 

.

.

.
 

.

.

.
 

.

.

.
 

358 8046.23 178.36 7867.87 15913.21 

359 8046.23 119.35 7926.88 7986.33 

360 8046.23 59.90 7986.33 00 

Total 896641.42 1896641.42 1000000  

 

Loan Amount:  Rs. 1000000 

Number of EMIs: 360 

Annual Interest Rate: 0.0900 

Monthly Interest Rate:.00750 

Monthly EMI Payment: Rs. 8046.23 

Total Loan Amount Payable: Rs. 2896641.42 

Total Interest Payable: Rs. 1896641.42 

 

Numerical Example 3: An individual who plans to retire in 20 years has decided to put an amount A 

in the bank at the beginning of each of the next 240 months, after which she will withdraw 1000 at the 

beginning of each of the following 360 months. Assuming a nominal yearly interest rate 6% com-

pounded monthly, how far does A need to be? 

Solution: 

Suppose A is invested at the beginning of each month foe next 240 months, then the future value of 

these stream flow is given as follow: 

𝐹𝑉240 = 𝐴 1 + 𝑟 + 𝐴 1 + 𝑟 2 + ⋯ + 𝐴 1 + 𝑟 240  

= 𝐴 1 + 𝑟  
 1 + 𝑟 240 − 1

𝑟
  

Now she withdraws 1000 at the beginning of each of the following next 360 months, then the present 

value of these stream flow is as follow:  

𝑃𝑉360 = 1000 +
1000

1 + 𝑟
+

1000

 1 + 𝑟 2
+ ⋯ +  

1000

 1 + 𝑟 359
 

= 1000  
1 −  

1
1 + 𝑟 

360

1 −  
1

1 + 𝑟 
 =  

1000 ×   1 + 𝑟   1 + 𝑟 360 − 1 

 1 + 𝑟 360 × 𝑟
 

As, per our problem , we must have 𝐹𝑉240 = 𝑃𝑉360 .  

𝐴 1 + 𝑟  
 1 + 𝑟 240 − 1

𝑟
 =  

1000 ×  1 + 𝑟   1 + 𝑟 360 − 1 

 1 + 𝑟 360 × 𝑟
 

Therefore,  𝑟 = 6% , we have 
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𝐴 1 + 0.06  
 1 + 0.06 240 − 1

0.06
 =  

1000 ×  1 + 0.06   1 + 0.06 360 − 1 

 1 + 0.06 360 × 0.06
 

Hence, we get 

𝐴 = 360.9901 ≈ 361 

 

The concept of limit of a function can be applied to derive the formula for finding the accumulated 

amount in continuously compounding, which we have in the form of the following Theorem 10. The 

concepts of differentiability and integration can be applied to obtain the formula for force of interest, 

which we have put in the form of Theorem 11. 

 

Theorem 10. If the principal amount P is invested for t years at an interest rate r% and the interest 

rate is compounded continuously m times a year, then the accumulated amount at the end of t years is 

given by  𝐴 𝑡 = 𝑃𝑒𝑟𝑡 . 

 

Proof. When interest is so computed that the interest per year get larger and larger as the numbers of 

compounding periods increasing continuously that is 𝑚 ⟶ ∞ , we say that interest is compounded 

continuously and in this case, we have  

𝐴 𝑡 = 𝑃  1 +
𝑟

𝑚
 
𝑚𝑡

 

Taking logarithm on both side we get  

𝑙𝑜𝑔𝐴 𝑡 = 𝑙𝑜𝑔  𝑃  1 +
𝑟

𝑚
 
𝑚𝑡

  

𝑙𝑜𝑔𝐴 𝑡 =  𝑙𝑜𝑔𝑃+𝑙𝑜𝑔  1 +
𝑟

𝑚
 
𝑚𝑡

 = 𝑙𝑜𝑔𝑃 + 𝑚𝑡𝑙𝑜𝑔  1 +
𝑟

𝑚
  

Taking limit 𝑚 → ∞ on both side , we get 

lim
𝑚→∞

𝑙 𝑜𝑔𝐴 𝑡 = lim
𝑚→∞

𝑙𝑜𝑔𝑃 + lim
𝑚→∞

𝑚𝑡𝑙𝑜𝑔  1 +
𝑟

𝑚
  

Therefore, we get 

lim
𝑚→∞

𝑙 𝑜𝑔𝐴 𝑡 = 𝑙𝑜𝑔𝑃 + 𝑡 lim
𝑚→∞

𝑙𝑜𝑔  1 +
𝑟

𝑚
 
𝑚

= 𝑙𝑜𝑔𝑃 + 𝑙𝑜𝑔𝑒𝑟𝑡  

𝑙𝑜𝑔 lim
𝑚→∞

𝐴 𝑡 = 𝑙𝑜𝑔𝑃𝑒𝑟𝑡  

Taking exponential on both side we get 

𝐴 𝑡 = 𝑃𝑒𝑟𝑡  

Hence theorem is proved. 

 

Theorem 12. If the derivative of accumulated function 𝐴 𝑡  is  𝐴′ 𝑡 , 𝑡 ≥ 0 satisfying 𝛿 𝑡 =
𝐴′  𝑡 

𝐴 𝑡 
 

then 𝛿 𝑡  is called the force of interest for the investment and the accumulated function 𝐴 𝑡  is given 

by 𝐴 𝑡 = 𝐴 0  𝑒 𝛿 𝑠 
𝑡

0
𝑑𝑠  . 

Proof. We have 𝛿 𝑡 =
𝐴′  𝑡 

𝐴 𝑡 
 

Taking integration on both side with respect to s, we get 
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 𝛿 𝑠 𝑑𝑠

𝑡

0

=  
𝐴′ 𝑠 

𝐴 𝑠 

𝑡

0

𝑑𝑠 =  𝑙𝑜𝑔𝐴(𝑠) 0
𝑡 = 𝑙𝑜𝑔𝐴 𝑡 − 𝑙𝑜𝑔𝐴 0 = 𝑙𝑜𝑔  

𝐴(𝑡)

𝐴(0)
  

Thus taking exponential both side we get  

𝐴 𝑡 = 𝐴 0  𝑒 𝛿 𝑠 
𝑡

0
𝑑𝑠  

Hence theorem is proved. 

6 Conclusions 

In this paper, the basic notions of finance and with their application in the field of investment were 

presented in the mathematical terms. Then, the notions were described by using some theorems. Also, 

the application of calculus (limit, derivative and integration) in financial management were presented. 
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