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Abstract

In this paper we formulate and prove some fixed and common fixed point
Theorems for self-mappings defined on complete lower Transversal functional
probabilistic spaces.
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1 Introduction

Let T is self-mapping on X. The mapping 7" has a fixed point if there
exist xg € X such that Txqg = xy. Transversal spaces were introduced
by M. R. Tascovi¢ in [5]. Some of the first results in fixed point The-
ory for mappings defined on Transversal functional probabilistic spaces
are given in [2,5]. Lower Transversal functional probabilistic spaces as a
natural extension of metric spaces and Fuzzy metric spaces were intro-
duced by S. N. gesi¢, M. R. Taskovi¢ and N.A.Babacev in [3]. They also
studied some fixed and common fixed point Theorems for compatible
mappings defined on complete lower Transversal functional probabilis-
tic spaces. In this paper, we investigate some fixed and common fixed
point Theorem for semi-compatible mappings defined on complete lower
Transversal functional probabilistic spaces. First, we recall some defini-
tions and examples.

Definition 1 /3] Let X be a nonempty set. The symmetric function
p: X xX x[0,00) = [0,1] is called a lower functional probabilistic
Transverse on X, if there exists a function d : [0,1] x [0,1] — [0,1],
called a lower probabilistic bisection function, such that

p(p, q)(z) > min{p(p, s)(x), p(s, q)(x),d(p(p, s)(x), p(s,q)(x))}, (1.1)

for all p,q,s € X, and for each x € [0,00). The triple (X, p,d) is called
a lower Transversal functional probabilistic space.

Example 1.1 [3] Every metric space (X,0) can be considered as a lower
Transversal functional probabilistic space (X, p,d) with the lower proba-
bilistic bisection function d(a,b) = min{a, b}, and the lower functional
Transverse p(p,q)(z) = % where 6 : [0,00) — [0,00) and 6(0) =
0 is a bijection function such that, lim, , . 0(x) = +oo. The triple
(X, p,d) is said to be a lower Transversal functional probabilistic space

induced by the metric .
Before we give another example, first we introduce Fuzzy metric spaces.

Definition 2 [4] A binary operation x : [0,1] x [0,1] — [0,1] is a con-
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tinuous t-norm if x satisfies the following conditions

(a) * is commutative and associative,

(b) * is continuous,

(¢c) ax1=a foralae€l0,1],

(d) axb<cxd whenever a <c andb<d, and a,b,c,d € [0, 1].

Examples of t-norm are a * b = min{a, b} and a x b = ab.

Definition 3 [4] A 3-tuple (X, M, %) is said to be a Fuzzy metric space
if X is an arbitrary set, x is a continuous t-norm and M is a Fuzzy set
on X? x (0,00) satisfying the following conditions

(Fm1) M(z,y,t) >0,

(Fm2) M(x,y,t) =1 if and only if x =y,
(Fm3) M(x,y,t) = M(y,z,t)

(Fm4) M(z,y,t) * M(y,z,s) < M(z,z,t+s),
(Fmb) M(x,y,t): (0,00) — (0,1] is continuous,

for all x,y,z € X and s,t > 0. Then M is called a Fuzzy metric on X.

Examples of Fuzzy metric spaces introduced by A. George and P. Veera-
mani [1]. Note that by [3] every Fuzzy metric space can be considered as
a lower Transversal functional probabilistic space. In this case the lower
functional probabilistic Transverse is defined as p(p, q)(x) = M(p, q, ),
and the lower probabilistic bisection function is defined with

d(p(p. 5)(x). pls.4) () = p(p,5)(5) * (pl5.9) (5):

The inequality that defines the lower Transversal functional probabilistic
space follows from the next inequalities,

p(p, @)(x) = M(p,q,2) = M(p,s,5) % M(s,q.5)

= d(p(p, 5)(x), p(s,¢)(x))
> min{p(p, 5)(x), p(s, q)(x), d(p(p, s)(x), p(s, ¢)(x)) },

for all p,q,s € X and all = > 0.
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2 Preliminaries

The following definitions and lemmas play an important role in the proof
of main results.

Definition 4 /3] Let (X, p,d) be a lower Transversal functional proba-
bilistic space.

(a) A sequence (p,) in (X, p,d) converges to a point p € X, if for each
x>0 and each X € (0,1) there exists an integer ng such that

p(p,pn)(z) > 1 = A,

for all n > nyg.
(b) A sequence (p,) is said to be a Cauchy sequence if for each v > 0 and
each X € (0,1) there exists an integer ny such that,

P(Pms o) () > 1 = A,

for all n,m > ny.
(c) A lower Transversal functional probabilistic space in which every Cauchy
sequence is convergent is said to be complete.

Throughout this paper, we consider lower Transversal functional proba-
bilistic spaces with the lower functional probabilistic Transverse p which
satisfies the following conditions

(T1) p(p,q)(z) is aleft-continuous function for x € (0, co) and right-continuous
at the point z = 0,

(T2) p(p,q)(xz) =1 for allx>01fand only if p = ¢,
(T3) p(p,q)(x) is a non-decreasing function,
(T‘)hnuﬁ+prLQX ) =1, forall p,q € X,

(T5) plp; a)(x) = plg; p)(2).

Also, we assume that the lower probabilistic bisection function d(zx,y)
satisfies the following conditions

(B1) d(z,y) is a non-decreasing and continuous function,
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(B2) d(z,z) > x,
(B3) lim,,; d(a,z) = a.

Lemma 5 [3] Let (X, p,d) be a lower Transversal functional probabilistic
space, with the lower functional probabilistic Transverse satisfying (T'1)—
(T'4) and lower bisection function satisfying (B1) — (B3). If

imife=p lmigfe. =0

then
lim inf p(py, ¢u)(z) = p(p, @) (2).

n—-4o00

Definition 6 Two self-mappings S and T defined on a lower Transversal
functional probabilistic space (X, p,d) are said to be semi-compatible if

lim p(ASy,, Sy)(z) = 1,

n—-+00

for all x > 0, whenever (y,) is a sequence in X such that

Jim Ay, = Jim, Sy =
Lemma 7 [3] Let (X, p,d) be a lower Transversal functional probabilistic
space with the lower functional probabilistic Transverse satisfying (T'1) —
(T4). Let ¢ : (0,+00) — (0,+00) be a continuous, non-decreasing func-
tion which satisfies p(x) < x, for all x > 0. If for p,q € X it holds that
p(p, q)(p(x)) = p(p,q)(z) for all x>0, then p = q.

Definition 8 Two self-mappings S and T defined on a lower Transversal
functional probabilistic space (X, p,d) are said to be weak compatible if
they commute at their coincidence points, that is, Tx = Sx implies that

TSy = STz.

3 Main results

Theorem 9 Let A, B, S andT be self-mappings on complete lower Transver-
sal functional probabilistic space (X, p,d), Satisfying the condition
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(a) A(X) € T(X), B(X) C 5(X),

(b) the pair (A, S) is semi-compatible and (B,T) is weak compatible,
(c) one of A or S is continuous,

(d) there exists k € (0,1) such that

p(Ap, Bq)(kz) > p(Sp, T'q)(x), (3.1)

forall x >0 and p,q € X.
Then A, B,S and T have a unique common fixed point.

Proof. Let zp € X be any arbitrary point as A(X) C T(X) and
B(X) C S(X), there exist z1, 29 € X such that Azg = T'zy, Bxy = Sxs.
Inductively, construct sequences (z,) and (y,) in X such that

Yon+1 = Azy, = T$2n+1, Yon+2 = B$2n+1 = S$2n+2>
for n =0,1,2,.... Now using (3.1) with p = x9,,¢ = Z2,11, We get
p(Axopn, Bxoyi1)(kx) > p(Sxay, Troni1) (),

that is,

P(Y2n+1, Yont2) (Bx) > p(Y2n, Yont1) ().
Similarly, by putting p = xap42 and ¢ = x9,41 in (3.1), we have

P(Yon+3, Yant2) (k) > p(Yante, Yont1)(T).

Thus, for any n and x, we have

P(Ynt1, Yn) (k) 2 p(Yn-1, Yn) (). (3.2)
We show that (y,,) is a Cauchy sequence in X. Since
PYns Yntp) () = Min{ p(Yn, Ynt1)(2), PUnt 1, Yntp) (@), A(P(Yns Y1) (@), (Ut 15 Yntp) (7))
I p(Yn Ynap) (%) = p(Yny Yng1) () by (3.2) and (T4), we get

PYns Yntp)(T) = p(Yns Yny1) (T)
> p(a-1,90)(7) 2 -
)

£—>1

Z p(yOa yl)(kn
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as n — oo. If
p<yna yn-i-p)(‘r) 2 P(?Jn+1, yn-i-p)(x)?

as mentioned in previous case we have p(yn, Ynip)(x) = 1 as n — oo. If

p(yna yn+p)($) 2 d(p(yna yn+1)(m)7 p(yn+17 yn+p) (.Z‘)), uSing (32) and (Bl)a
we get

PYns Yntp) (€)= A(p(Yns Yns1) (@), P(Ynt1s Ynp) (7))

(
> AW 9) () (s Yrp) () 2 o 2
> d(p(yo, ) (). £ 9) (1)

Q.

Using (B2) and (B3), we get p(yn, Ynt1)(z) — 1 as n — oco. Hence, (y,)
is a Cauchy sequence in X, which is complete. Therefore (y,) converges
to u € X. Its subsequences (Axs,), (Bxani1), (STan), (T'T2,+1) also con-
verges to u, that is,
Axg, > u, Bxo,y1 —u, Swop —u, Tro,i1 — u. (3.3)
Case I (S is continuous). In this case, we have
SAzo, — Su, S%wa, — Su.

Also semi-compatibility of the pair (A, S) gives

lim ASx,, = Su.

n—oo
Stepl. By putting p = Sxa,, ¢ = To,41 in (3.1), we obtain that

P(ASTy, Broni1)(Kx) > p(SS2on, Txont1) (),

for all x > 0. By taking liminf from two side of previous inequality as
n — 00, also using Lemma 2.2, we have

p(Su, u)(kz) > p(Su, u)(x),
for all z > 0. By Lemma 2.4, we have

Su = u.

105



Step2. By putting p = u and ¢ = x9,, 41 in (3.1), we have
p(Au, Bioni1)(kx) = p(Su, Toni1)(2)

for all x > 0. By taking liminf from two side of previous inequality as
n — oo also using lemma 2.2 and (72), we get

p(Au, u)(kx) = p(Su, u)(x) = pu, u)(z) =1
for all x > 0, which gives u = Au. Hence
Au=u = Su.
Step3. As A(X) C T(X), there exists w € X such that
Au= Su=u=Tw.
By putting p = z3,,¢ = w in (3.1), we obtain that
p(Azy,, Bw)(kz) > p(Sxa,, Tw)(x),

for all z > 0. By taking lim inf from two side of previous inequality, using
lemma 2.2 and (72), we get

p(u, Bw)(kx) = p(u, Tw)(z) = p(u, u)(x) =1,

hence we have v = Bw. Therefore Bw = Tw = u. Since (B, T) is weak
compatible, we get that T"Bw = BTw. that is,

Bu = Tu.

By putting z = u,y = w in (3.1) and using lemma 2.4, we obtain u =
Au = Su = Bu = Tu, that is, u is a common fixed point of A, B, S and
T.

Case II (A is continuous). In this case, using (3.2) we have
ASza, — Au.
The semi-compatibility of pair (A, S) gives

ASTsy, — Su.
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By lemma 2.2 we have
1= ligr_lglfp(AS:Ugn, ASxan)(x) = p(Au, Su)(x),
for all > 0. Using T2 we obtain that Au = Su.
Step(4). By putting p = u and ¢ = 23,41 in (3.1), we obtain that
p(Au, Brgni1)(kx) > p(Su, Troni1) (),

for all x > 0. By taking liminf from two side of previous inequality and
using lemma 2.2, we get

p(Au,u)(/m) > p(SU, u)(x) = IO(AU7 u)(m),

for all x > 0. Using lemma 2.4, which gives u = Au and the rest of the
proof follows from step 3 onwards of the previous case.

Uniqueness. Let z be another common fixed point of A, B, S, and T.
Then z = Az = Bz = Sz = Tz. Putting p = v and ¢ = z in (3.1), we get

p(u, 2)(kx) = p(Au, Bz)(kx) = p(Su, Tz)(x) = p(u, 2) ().

Using lemma 2.4 we have u = z. Therefore, u is the unique common fixed
point of the self-maps A, B, S, and T. O

Corollary 10 Let A be a self-mapping defined on a complete lower Transver-

sal functional probabilistic space (X, p,d), and there exists k € (0,1) such
that

p(Ap, Aq)(kx) = p(p, q) (),
forallz >0 and p,q € X. Then A has a unique fized point.

Proof. Taking that A = B and S = T = [ identical mapping, all the
conditions of theorem 3.1 are satisfied, i.e. the statement follows from
theorem 3.1. O

Also, since Fuzzy metric spaces and metric spaces are lower Transversal
functional probabilistic space, from Theorem 3.1 we get similar results
for mappings defined on these spaces.
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