
Mathematics Scientific Journal

Vol. 9, No. 1, (2013), 31-45

Common fixed point theorems of

contractive mappings sequence in partially

ordered G-metric spaces

Leila Gholizadeh a,∗
a Department of Mathematics, Science and Research Branch, Islamic Azad

University(IAU), Tehran, Iran

Received 3 February 2013; accepted 17 October 2013

Abstract

We consider the concept of Ω-distance on a complete partially ordered G-
metric space and prove some common fixed point theorems.
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1 Introduction

The Banach fixed point theorem for contraction mapping has been
generalized and extended in many direction [1-15]. Nieto and Rodriguez-
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Lopez [16], Ran and Reurings [17] and Petrusel and Rus [18] pre-
sented some new results for contractions in partially ordered metric
spaces. The main idea in [12,16,17] involves combining the ideas of
an iterative technique in the contraction mapping principle with
those in the monotone technique. Also, Mustafa and sims [19] in-
troduced the concept of G-metric. Some authors [20-24] have proved
some fixed point theorems in these spaces. In [25] Gajić proved a
common fixed point theorem for a sequence of mappings on this
space. Recently, Saadati et al. [26], using the concept of G-metric,
defined an Ω-distance on complete G-metric space and generalized
the concept of ω-distance due to Kada et al. [27].
In [28,29] some fixed pointtheorems proved and generalized under
this concept.
In this paper, we extend some fixed point theorems by using this
concept in partially ordered G-metric spaces.
At first we recall some definitions and lemmas. For more informa-
tion see [19,26].

Definition 1.1 [19] Let X be a non-empty set. A function G :
X×X×X −→ [0,∞) is called a G-metric if the following conditions
are satisfied:

(i) G(x, y, z) = 0 if x = y = z (coincidence),
(ii) G(x, x, y) > 0 for all x, y ∈ X, where x 6= y,

(iii) G(x, x, z) ≤ G(x, y, z) for all x, y, z ∈ X, with z 6= y,
(iv) G(x, y, z) = G(p{x, y, z}), where p is a permutation of x, y, z

(symmetry),
(v) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X (rect-

angle inequality).

A G-metric is said to be symmetric if G(x, y, y) = G(y, x, x) for all
x, y ∈ X.

Definition 1.2 [19] Let (X, G) be a G-metric space,

(1) a sequence {xn} in X is said to be G-Cauchy sequence if, for
each
ε > 0, there exists a positive integer n0 such that for all
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m,n, l ≥ n0, G(xn, xm, xl) < ε.
(2) a sequence {xn} in X is said to be G-convergent to a point

x ∈ X if, for each ε > 0, there exists a positive integer n0 such
that for all m,n ≥ n0, G(xm, xn, x) < ε.

Definition 1.3 [19] Let (X, G) be a G-metric space. Then a func-
tion
Ω : X × X × X −→ [0,∞) is called an Ω-distance on X if the
following conditions are satisfied:

(a) Ω(x, y, z) ≤ Ω(x, a, a) + Ω(a, y, z) for all x, y, z, a ∈ X,
(b) for any x, y ∈ X,Ω(x, y, .),Ω(x, ., y) : X → [0,∞) are lower

semi-continuous,
(c) for each ε > 0, there exists a δ > 0 such that Ω(x, a, a) ≤ δ

and
Ω(a, y, z) ≤ δ imply G(x, y, z) ≤ ε.

Example 1.1 [26] Let (X, d) be a metric space and G : X3 −→
[0,∞) defined by

G(x, y, z) = max{d(x, y), d(y, z), d(x, z)},
for all x, y, z ∈ X. Then Ω = G is an Ω-distance on X.

Example 1.2 [26] In X = R we consider the G-metric G defined
by

G(x, y, z) =
1

3
(| x− y | + | y − z | + | x− z |),

for all x, y, z ∈ R. Then Ω : R3 −→ [0,∞) defined by

Ω(x, y, z) =
1

3
(| x− y |)+ | x− z |,

for all x, y, z ∈ R is an Ω-distance on R.

For more example see [26].

Lemma 1.1 [26] Let X be a metric space with metric G and Ω be
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an Ω-distance on X. Let {xn}, {yn} be sequences in X, {αn}, {βn}
be sequences in [0,∞) converging to zero and let x, y, z, a ∈ X.
Then we have the following:

(1) If Ω(y, xn, xn) ≤ αn and Ω(xn, y, z) ≤ βn for n ∈ N, then
G(y, y, z) < ε and hence y = z.

(2) If Ω(yn, xn, xn) ≤ αn and Ω(xn, ym, z) ≤ βn for m > n, then
G(yn, ym, z)→ 0 and hence yn → z.

(3) If Ω(xn, xm, xl) ≤ αn for any l,m, n ∈ N with n ≤ m ≤ l, then
{xn} is a G-Cauchy sequence.

(4) If Ω(xn, a, a) ≤ αn for any n ∈ N, then {xn} is a G-Cauchy
sequence.

Definition 1.4 [26] G-metric space X is said to be Ω-bounded if
there is a constant M > 0 such that Ω(x, y, z) ≤M for all x, y, z ∈
X.

2 Conclusion

In this section, we obtain common fixed point theorems for se-
quence of mappings satisfying contractiv and expansive conditions
on partially ordered complete G-metric spaces.

Definition 2.1 Suppose (X, ≤) is a partially ordered space and
T : X → X is a mapping of X into itself. We say that T is non-
decreasing if for x, y ∈ X,

x ≤ y =⇒ T (x) ≤ T (y).

Theorem 2.1 Let (X, ≤) and (Y, ≤) be a partially ordered space.
Suppose that there exists a G-metric on X and Y such that (X, G)
and (Y, G) are complete G-metric space and Ω1 is an Ω-distance
on X, Ω2 is Ω-distance on Y such that X be Ω1-bounded and Y be
Ω2-bounded. Let Tn : X −→ Y , n ∈ N and Sn : Y −→ X, n ∈
N ∪ {0} be a non-decreasing and continuous sequence of mappings
with following properties:
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(a) for all x, y, z ∈ X, x′, y′, z′ ∈ Y and i, j, k ∈ N such that
0 ≤ r < 1,

Ω1(SiTix, SjTjy, SkTkz) ≤ rmax {Ω1(y, SjTjy, SkTkz),Ω1(x, y, z),

Ω2(Tix, Tjy, Tkz)},

Ω2(TiSi−1x
′, TjSj−1y

′, TkSk−1z
′) ≤ rmax{Ω2(y

′, TjSj−1y
′, TkSk−1z

′),

Ω2(x
′, y′, z′),Ω1(Si−1x

′, Sj−1y
′, Sk−1z

′)};

(b) for every x, y, z ∈ X with y 6= SnTny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0;

(c) for every x′, y′, z′ ∈ Y with y′ 6= TnSn−1y
′, n ∈ N,

inf{Ω(x′, y′, x′) + Ω(x′, y′, z′) + Ω(x′, z′, y′) : x′ ≤ z′} > 0;

(d) Ω2(Tix, Tiy, Tiz) = 0 for each x, y, z ∈ X and Ω1(Six
′, Siy

′, Siz
′) =

0 for each x′, y′, z′ ∈ Y .

Then {SnTn} has a unique common fixed point u in X and {TnSn−1}
has a unique common fixed point w in Y . Furthermore, limn→∞ Tnu =
w and limn→∞ Snw = u.

Proof: Let x0 ∈ X such that SnTn(xn−1) = xn and Tn(xn−1) = yn
and xn ≤ xn+1 for any n ∈ N. For all n ∈ N and t ≥ 0,

Ω1(xn, xn+1, xn+t) = Ω1(SnTn(xn−1), Sn+1Tn+1(xn), Sn+tTn+t(xn+t−1))

≤ rmax{Ω1(xn−1, xn, xn+t−1),Ω1(xn, xn+1, xn+t),

Ω2(Tn(xn−1), Tn+1(xn), Tn+t(xn+t−1))}
= rmax{Ω1(xn−1, xn, xn+t−1),Ω1(xn, xn+1, xn+t),

Ω2(yn, yn+1, yn+t)}.

Then,

Ω1(xn, xn+1, xn+t) ≤ rmax{Ω1(xn−1, xn, xn+t−1),Ω2(yn, yn+1, yn+t)}.
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Similarly,

Ω2(yn, yn+1, yn+t) ≤ rmax{Ω2(yn−1, yn, yn+t−1),Ω1(xn−1, xn, xn+t−1)}.

So,

Ω1(xn, xn+1, xn+t) ≤ rn max{Ω1(x0, x1, xt),Ω2(y1, y2, yt+1)},

and

Ω2(yn, yn+1, yn+t) ≤ rn max{Ω1(x0, x1, xt),Ω2(y0, y1, yt)}.

Now, for any l > m > n with m = n + k and l = m + t (k, t ∈ N),
we have

lim
n,m,l→∞

Ω1(xn, xm, xl) = 0.

Since X is Ω1-bounded and,

Ω1(xn, xm, xl)≤Ω1(xn, xn+1, xn+1) + Ω1(xn+1, xm, xl)

≤Ω1(xn, xn+1, xn+1) + Ω1(xn+1, xn+2, xn+2)

+ · · ·+ Ω1(xm−1, xm, xl)

≤ rnM + rn+1M + · · ·+ rm−1M

≤
n−m+1∑
j=0

rn−jM

≤ rn

1− r
M.

So, by 0 ≤ r < 1 and Part (3) of Lemma (1.6), {xn} is a G-Cauchy
sequence. Since X is G-complete, {xn} converges to a point u ∈ X.
Similarly, {yn} is a G-Cauchy sequence such that has a limit w in
Y . Fixed n ∈ N and by the lower semi-continuity of Ω, we have

Ω1(xn, xm, u) ≤ lim inf
p→∞

Ω1(xn, xm, xp) ≤
rn

1− r
M, m ≥ n

Ω1(xn, u, xl) ≤ lim inf
p→∞

Ω1(xn, xp, xl) ≤
rn

1− r
M, l ≥ n.

Assume that u 6= SnTnu. Since xn ≤ xn+1, we have
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0< inf{Ω1(xn, u, xn) + Ω1(xn, u, xn+1) + Ω1(xn, xn+1, u)}

≤ 3 inf{ rn

1− r
M : n ∈ N}

= 0,

which is a contraction. Therefor, u = SnTnu and consequently u is
a common fixed point {SnTn}. Similarly, w is a common fixed point
{TnSn−1}.
To prove the uniqueness, suppose {SnTn} has another fixed point
u′. Then,

Ω1(u, u
′, u′) = Ω1(SnTnu, SnTnu

′, SnTnu
′)

≤ rmax{Ω1(u, u
′, u′),Ω1(u

′, SnTnu
′, SnTnu

′),

Ω2(Tnu, Tnu
′, Tnu

′)}
= rmax{Ω1(u, u

′, u′),Ω1(u
′, u′, u′),

Ω2(Tnu, Tnu
′, Tnu

′)}.

By (d) either Ω1(u, u
′, u′) = 0 or Ω1(u, u

′, u′) ≤ rΩ1(u
′, u′, u′).

Since,

Ω1(u
′, u′, u′) = Ω1(SnTnu

′, SnTnu
′, SnTnu

′)

≤ rmax{Ω1(u
′, u′, u′),Ω1(u

′, SnTnu
′, SnTnu

′),

Ω2(Tnu
′, Tnu

′, Tnu
′)},

then, Ω1(u
′, u′, u′) = 0 and consequently Ω1(u, u

′, u′) = 0. By Part
(c) of Definition (1.3) fixed point of {SnTn} is unique. Similarly, w
is a unique fixed point of {TnSn−1}. By continuity of {Tn}, we have

lim
n→∞

Tnu = lim
n→∞

Tn(xn−1) = lim
n→∞

yn = w.

Similarly, limn→∞ Snw = u. 2

Corollary 2.1 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
G-metric space and Ω is an Ω-distance on X such that X is Ω-
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bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
mappings with property that for any i, j, k ∈ N, we have:

(a) for all x, y, z ∈ X and 0 ≤ r < 1 ,

Ω(Tix, Tjy, Tkz) ≤ rmax{Ω(x, y, z),Ω(y, Tjy, Tkz)};

(b) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0.

Then {Tn} has a unique common fixed point u in X and Ω(u, u, u) =
0.

Proof: It is sufficient that put Ω = Ω1 = Ω2 , X = Y and Sn = In
that In is identity mapping on X in Theorem (2.2). 2

Theorem 2.2 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
G-metric space and Ω is an Ω-distance on X such that X is Ω-
bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
mappings with property that for any i, j, k ∈ N, we have:

(a) for all x, y, z ∈ X and 0 ≤ r < 1 , Ω(Tix, Tjy, Tkz) ≤ rΩ(x, y, z);

(b) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0.

Then {Tn} has a unique common fixed point u in X and Ω(u, u, u) =
0.

Proof: Theorem is proved by similar proof of Theorem 2.1. 2

Corollary 2.2 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
G-metric space and Ω is an Ω-distance on X such that X is Ω-
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bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
mappings with property that for some m ∈ N and each i, j, k ∈ N,
we have:

(a) for all x, y, z ∈ X and 0 ≤ r < 1 , Ω(Tm
i x, T

m
j y, T

m
k z) ≤

rΩ(x, y, z);

(b) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0.

Then {Tn} has a unique common fixed point u in X and Ω(u, u, u) =
0.

Proof: By Theorem 2.2, the sequence {Tm
n } has the unique com-

mon fixed point u. But,

Tnu = Tn(Tm
n u) = Tm+1

n u = Tm
n (Tnu).

So, Tnu is the fixed point {Tm
n }. Now, by uniqueness of the fixed

point, Tnu = u. 2

Definition 2.2 Let (X, G) be a G-metric space, Ω be an Ω-distance
on X and T be a selfmapping on X. Then T is called expansive
mapping with respect Ω if there exists a constant a > 1 such that
for all x, y, z ∈ X, we have:

Ω(Tx, Ty, Tz) ≥ aΩ(x, y, z).

Theorem 2.3 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
G-metric space and Ω is an Ω-distance on X such that X is Ω-
bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
surjective mappings and Sn : X −→ X, n ∈ N be a non-decreasing
sequence of injective mappings with property that for any i, j, k ∈ N,
we have:

(a) for all x, y, z ∈ X and a > 1 , Ω(Tix, Tjy, Tkz) ≥ aΩ(Six, Sjy, Skz);
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(b) for all n ∈ N, Tn and Sn commute;

(c) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0

Then {Tn} and {Sn} have a unique common fixed point u in X and
Ω(u, u, u) = 0.

Proof: If Tix = Tiy for any i ∈ N and x, y ∈ X, then,

Ω(Tix, Tjy, Tjy) ≥ aΩ(Six, Sjy, Sjy);

Ω(Tjy, Tix, Tiy) ≥ aΩ(Sjy, Six, Siy);

thus,

Ω(Six, Sjy, Sjy) ≤ 1

a
Ω(Tix, Tjy, Tjy);

Ω(Sjy, Six, Siy) ≤ 1

a
Ω(Tjy, Tix, Tiy).

Now, since a > 1 and X is Ω-bounded then, for any ε > 0, we choose
δ = 1

a
M , which implies, Ω(Six, Sjy, Sjy) ≤ δ and Ω(Sjy, Six, Siy) ≤

δ. By Part (c) of Definition (1.3), G(Six, Six, Siy) ≤ ε. Since ε is
arbitrary, hence Six = Siy. Now, by injectivity Si for every i ∈ N,
we imply that x = y. So, Tn is injective and consequently invertible.
Let Hn be the inverse mapping of Tn for any n ∈ N. Then,

Ω(x, y, z) = Ω(Ti(Hix), Tj(Hjy), Tk(Hkz))

≥ aΩ(Si(Hix), Sj(Hjy), Sk(Hkz)).

So, for each x, y, z ∈ X and any i, j, k ∈ N, we obtain

Ω(SioHix, SjoHjy, SkoHkz) ≤ rΩ(x, y, z),

where r = 1
a
. Then Ω(Gix,Gjy,Gkz) ≤ rΩ(x, y, z), where Gn =

SnoHn. By Theorem 2.1, Gn or SnoHn have a unique common fixed
point u in X ,i.e. Gnu = u = SnoHnu. It follows that Tn(Sn(Hnu) =
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Tnu,. Since, Tn and Sn commute, we obtain

Sn(Tn(Hnu) = Tnu =⇒ Snu = Tnu,

for any n ∈ N. If we put x = u, y = Hju and z = Hku, we have

Ω(Tiu, Tj(Hju), Tk(Hku)) ≥ aΩ(Siu, Sj(Hju), Sk(Hku)).

So,

Ω(Tiu, u, u) ≥ aΩ(Siu, u, u) = aΩ(Tiu, u, u).

Since a > 1, then Ω(Tiu, u, u) = 0. By putting x = Hiu, y =
Hju, z = Hku and similar proof Ω(u, u, u) = 0. Now by Part (3) of
Definition (1.3), Tiu = u. Hence Tnu = Snu = u and u is a unique
common fixed point of Tn and Sn. 2
The following corollary is a generalization of [18, theorem 2.1].

Corollary 2.3 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
G-metric space and Ω is an Ω-distance on X such that X is Ω-
bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
surjective mappings with property that for any i, j, k ∈ N, we have:

(a) for all x, y, z ∈ X and a > 1 , Ω(Tix, Tjy, Tkz) ≥ aΩ(x, y, z);

(b) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0.

Then {Tn} has a unique common fixed point u in X and Ω(u, u, u) =
0.

Proof: Follows from Theorem 2.3, by taking Sn = In for any n ∈ N
such that In is identity mapping on X. 2

Corollary 2.4 Let (X, ≤) be a partially ordered space. Suppose
that there exists a G-metric on X such that (X, G) is a complete
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G-metric space and Ω is an Ω-distance on X such that X is Ω-
bounded. Let Tn : X −→ X, n ∈ N be a non-decreasing sequence of
surjective mappings with property that for each i, j, k ∈ N, we have:

(a) for all x, y, z ∈ X and a > 1 ,

Ω(Tix, Tjy, Tkz) ≥ amax{Ω(x, y, y) + Ω(y, y, z),Ω(x, z, z)

+ Ω(z, y, z)},

(b) for every x, y, z ∈ X with y 6= Tny, n ∈ N,

inf{Ω(x, y, x) + Ω(x, y, z) + Ω(x, z, y) : x ≤ z} > 0.

Then {Tn} has a unique common fixed point u in X and Ω(u, u, u) =
0.

Proof: Since by Part (a) of Definition (1.3),

amax{Ω(x, y, y) + Ω(y, y, z),Ω(x, z, z) + Ω(z, y, z)} ≥ aΩ(x, y, z).

So, Theorem 2.3 implies that {Tn} has a unique common fixed point
u in X and Ω(u, u, u) = 0. 2
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