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BMO Space and its relation with wavelet theory
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Abstract
The aim of this paper is a) if Y;° | aj < oo then Y 52, axri(z) € BMO that
{ri(z)} is Rademacher system. b) >°7° | arwn, (z) € BMO,2" < n; < 2F*!
that {wn ()} is Walsh system. ¢) If |ag| < £ then > 77 | arwk(z) € BMO.
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1 Introduction

1.1 The space of bounded mean oscillation functions

Definition 1.1. ([3],[5],[6],[7],[8])A locally integrable function f will be said to belong
to BMO if the inequality

ﬁ /B (@) - falde < A (L1)

holds for all balls B; here |B| is volume of B and fg = |B|™" [, fdx denotes the
mean value of f over the ball B. The inequality (1) asserts that over any ball B, the
average oscillation of f is bounded.

The smallest bound A in (1) is called the norm of f in this space, and is denoted
by |[flBao-
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Theorem 1.1. (/5],/6])Suppose that f is in BMO. Then
(a) For any p < oo, f is locally in L?, and

1
& /B f = falPde < ool FIBro, (12)

for all balls B.
(b) There exist positive constants ¢1 and cy so that, for every a > 0 and every ball B,

{z € B:|f(z) - fg] > a}| < e~/ fllzao B, (1.3)
Definition 1.2. ([5])For n=1,2,3,..., the nth Rademacher function is defined by

1, ifioddandz € ((i —1)/2",i/2") = Al;

(@) = { 7’1, ifi even and z € ((s —1)/2",i/2™) = AL. (L4

In addition, it will be convenient to suppose that ro(z) = 1 for € (0,1) and that
rn(i/2™") =0 for i = 0,1, ...,2"; n=0,1,....Then we can give a more intensive definition
of the Rademacher functions by the formula
rn(x) = sgnsin2"wx, x € [0,1],n = 0,1, .... (1.5)
If n is a positive integer,

o0 k()
n= 29k2k = Z 0:2%,  k(n) = [logy n], Or(ny(n) = 1.
k=0 k=0

Definition 1.3. ([5])The Walsh system is the system W = {w,(2)}52y,z € [0,1],
where wg(z) = 1 and, for n > 1,

0o k(n)—1
wn(@) = [[Ireer @)% = reya(@) ] e @),
k=0 k=0

where r(x), k=1,2,..., are the Rademacher functions.

1.2 Quasi-orthogonal expansions

Definition 1.4. ([6])A binary interval or dyadic interval is an interval of the form
((i—1)/2%i/2F), where i = 1,...,2% k=0,1,....

Our orthogonal decompositions (more precisely, ”quasi-orthogonal” decomposi-
tions) will be given in terms of a family of "bump” functions; each such function will
be associated to a dyadic cube. We fix our notation as follows: the letter @ will be
reserved for a dyadic cube, and B = Bg will be the ball with the same center and
twice the diameter (thus Bg D @); similarly the ball B; will be associated to @), etc.
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For each dyadic cube @, we will be given a function ¢;, supported in B, that satisfies
certain natural size, regularity, and moment conditions. We shall assume that

UQ)*
Q7>

with [(Q) denoting the length of a side of the cube Q C R™.
We shall be dealing with functions f that can be represented in the form

=Y aqéq. (1.7)
Q

D] < /xa(bQ(x)dx —0, 0<la|<n (1.6)

where ag is a suitable collection of constants, and the summation in (7) is carried
over all dyadic cubes.

Various extensions of the same ideas are possible, giving also characterizations of
many other function spaces besides BMO, leading in addition to what are now known
as "wavelet” decompositions.

Theorem 1.2. ([6])(a) Suppose the coefficients ag satisfy the inequalities

> lagl? < AlQo] (1.8)
QCQo

for all dyadic cubes Qqo, where the summation in (8) is taken over all dyadic subcubes
of Qo. Then the series (7) gives an f € BMO in the sense that
li =
plﬁoligﬁoo Z aQ¢Q !
P1<U(Q)<p2

ezists in the weak topology of BMO.
(b) Conversely, suppose f € BMO. Then there is a collection of functions ¢g and
a collection of coefficients ag that satisfy (6) and (8) respectively, so that f is repre-
sentable as the sum (7), in the sense asserted in part (a).

The smallest A for which (8) holds is comparable with || f||% /0
Remark. A simplified version of the system ag occurs in the dyadic context, and is
given by the Haar basis. We describe the situation in one dimension. Suppose h is
the function supported in the unit interval [0, 1] that equals 1 in the left half and —1
in the right half. For any dyadic interval @, set

hg = 2/2h(2x — k), Q = [k277, (k +1)27].

While the hq satisfy only the size condition |hg| < |Q|~'/? and the moment condition
J hodz = 0 (and not the full conditions (6)), they have the compensating merit of
forming a complete orthonormal basis for L?(R'). For f = >" aghg, the property

> lagl < clQol

QCQo
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is then equivalent with f being in BMO in the dyadic sense.
Corollary 1.1. Let f is a function on [0, 1], then f € BMO if and only if for every
dyadic interval J C [0, 1] the inequality

I < Al

ICJ

be satisfied, that I is dyadic.
Proof. If x;(x) be the Haar function associated with the dyadic interval I and the
Haar coefficient over I of f is

fr=(foxs) = / (@) (@)de,

then from Theorem 1.2. the corollary is immediate.

2 Main results

Theorem 2.1. If Y 72 a} < co then
Zakrk(:t) € BMO
k=1

that {ri(x)} is Rademacher system.

Proof. Let f(z) = Y ;7 axri(z) then for every dyadic I with |I]| = 5k

1 1 oo 0o 1
I :/0 f-xrdx z/ (Z apr(z)).x1(x)de = ,;ak/o (@)1 (@)de = a,2% || = ani

2%
0 k=1

therefore if |.J| = 5L then

24

ok
Z |fI|2 = |fJ|2 + |fJ1(1)‘2 + |fJ1(2)|2 +...+;|fJ}(€i)
1=

ICJ
2 2 1 2 1 k 2 1 2
= > _1f1l* = |am| gt 2lam Pt A 2wk ot < {an}I31] = AL
icJ
Now corollary 1.1 implies that f € BMO.

Theorem 2.2. If 7 a} < oo then
Z axwn, () € BMO
k=1

that {wn(x)} is Walsh system and 2% < njy < 2F+L,
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Proof. Let f(x) =Y - awn, (z) then for every dyadic I with |I| =

1 1 oo 00 1
fI:/O f.XId:rZ/O (Zakwnk(x)).xl(x)dxzzak/o P (2) 82 (x). - O (). () Xrda

k=1 k=1
where aq, a9, ..., ar € {0,1}. Now r{* (z).rg?(x)..... " (@) e (). X1 1 equal ﬁ
if x € I and elsewhere is equal zero, then |f7| = |a,|.2%.|I| = |a"‘
Therefore if |J| = 5 the following equality is satisfied:
21€
2 2 2 2 2 1 2 1 k 2 1

cJ
and finally

f11? = o (lam® + lamsa |* + ) < [{an}I[3]7] = AlJ|

I m m—+1 -) > n 2 .

ICJ
Now corollary 1.1 implies that f € BMO.

Theorem 2.3. If |ax| < %+ then
Zakwk(z) € BMO

that {wy,(z)} is Walsh system.

Proof. Let f(z) =Y ;- aywg(x) then for every dyadic I with |I| =

2k0'

1 oo 27Tl g 1 oko+1_q
fI:/ f~X[dI:/ Z Z apwi (x I(I)dm:/( Z arwi(x)).xr(x)dx

0 n=0 k=27 0 k=2ko
then

2 1
|f1] < ko Z |/0 wi(x).xr(x)dz| < ke = |1]
k=2Fo

= S 1A < SR = e (e S e Lt =

! on 274 '

1CJ 1CJ

Now corollary 1.1 implies that f € BMO.
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