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Abstract

In [1] we uniquely introduced ultra exponential functions (uxp,) and defined
next step of the serial binary operations: addition, multiplication and power.
Also, we exhibited the topic of limit summability of real functions in [2,3]. In
this paper, we study limit summability of the ultra exponential functions and
prove some of their properties. Finally, we pose an unsolved problem about
them.
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1 Introduction and Preliminaries

In [1] we introduced the ultra exponential functions as follows. Let a be
a positive real number and n a natural number. We call the notation a™
, a to the ultra power of n and define by the following recursive definition

n—1
n n—1

a =a" . forn=23,--- ,al:a.
0
Let apply the above relation for n = 1, then a = a” = a° , so we define
0 . o = o .
a = 1. Putting n = 0 implies that a— = 0. But it is impossible to take
-2 -3
n=—1andsoa” ,a” ,... are not well-defined.
As we know due to algebraic properties of power, it can be extend from
natural to rational numbers (and then other numbers) but this can not
be done for ultra power. Because it has no any useful algebraic proper-

n—1

ties except a” = a® . Perhaps it is the reason that ultra power is not
extended so far. For removing this problem we first introduced the follow-
ing equation (ultra exponential functional equation) in [1] and thereafter
studied some of its properties

fl@) = /D, F(0) = 1.

Finally, we proved a uniqueness theorem for the functional equation
and obtained the ultra exponential functions (uxp,) by the equation:
uxp,(r) = expl(a®) where [z] is the largest integer not exceeding =,
() =2 — [z] and 0 < a # 1, exp,(x) = a”, exp(x) = exp,(z) = €* (for
all z).

Also, in [2] we introduced the topic of Limit summability of real func-
tions as a generalization of the Gamma-type functions discussed in [4].
The followings are its summary.

Let f: Dy —+ R, where N C Dy C R. For a function with domain Dy, we
put ¥y = {z|z + N C Dy}, and then for any z € £, and positive integer
n set

Ru(f,2) = Ru(x) = f(n) = f(z +n),
fon(2) = on(f,2) = fﬂf(n)+§_:Rk(w)-

When z € Dy, we may use the notation o,(f(z)) instead of o,,(f, z).
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The function f is called limit summable at zo € X if the functional
sequence { f,, ()} is convergent at = xy. The function f is called limit
summable on the set S C X if it is limit summable at all the points of
S.

Now, put Dy, = {x € Xy|f is summable at z}. The function f, is the
same limit function f,, with domain Dy . We represent also, the limit
function R, (f,z) as R(f,x) or R(x).

The function f is called limit summable if it is summable on ¥, R(1) =0
and Dy C Dy — 1. In this case the function f, is referred to as the limit
summand function of f. If f is limit summable, then Dy = D; —1 and

fo(z) = f(2) + fo(x = 1); Vx € Dy (1.1)
Therefore

Folm) = F() 4+ fm) = 3 £ Vm € N

The function f is called weak limit summable if X = Dy . Moreover, if
R(1) = 0, then f is called semi limit summable. Very often if f is limit
summable on an interval of length 1 and R(1) = 0, then f is summable
(see [2,3]).

Example 1.1 If 0 < b # 1 and 0 < a < 1, then the real function
f(z) = ca® + log, x is limit summable and

fo(z) = ac_al(ax — 1)+ log, D(z + 1).

2 Main Theorems

At the firs we restate the uniqueness theorem for ultra exponential func-
tions.
Theorem A. Let 0 < a # 1. If f : (—2,400) — R satisfies the fol-

lowing conditions
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(1)
f(z) =a’@ Y forall z> -1, f(0)=1,
(ii) f is differentiable on (—1,0) and f’ is a nondecreasing or nonincreas-
ing function on (—1,0),
(iii)
lim f'(x) = (na) lim f'(x)

z—0t

then f is uniquely determined through the equation

log,(z +2) —2<z< -1

1+ —1<z<0
_ (], (@) _ [z+1] _ =
T) = ex a = ex x)) =
(@) = exp(a) = expl (@) = 4 e
a®" 1<z<?2

Proof. See [1]. O
Thus, for example, we have 22 = 65536, e™2 — 5.868.... 057 _

—5.264

4.03335..., 0.6 = —5.35997..., 0.7* = 0.7580... .
Therefore,

z x—1
. a

a =a* forallaz > —1,

the function uxp, is continuous on (—2, +00) and differentiable on (—2, +00)\
Z, and if a > 1 then, uxp, is increasing. Also, if 0 < a < 1, then ™= is

increasing, a~ is decreasing and we have

2m—

1 2k
0<a <oy <a<a <1 : Vm,keN,

where a; < s are the zeros of a® — 2 = 0. It was shown that oy = s
if and only if (%)e < a < 1, and in the case a > 1, a” is bounded above

if and only if 1 < a < ele). Considering these facts, we proved that (see
1) |
+00 ; a > ee
lim o =S a; (3 <a< e(?)

does not exist ; 0 < a < (%)e
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where « is the least zero of the equation a*—z = 0. Now, we want to study
limit summability of ultra exponential functions (uxp,) and determine
their properties with resect to range values of a.

Theorem 2.1 Suppose that 0 < a # 1 and consider the ultra exponential
function uxp,.

(i) If 0 < a < (1), then uap, is not (weak) limit summable.

(it) If £ <a < ez, then uzp, is limit summable.

(iii) If a > ec, then uap, is not (weak) limit summable.

Proof. Flrst note that if 0 < a < ( )¢, then llmn_m o = =) < Qg =
lim,, a , where a; < ay are the roots of a® — x. Thus

2n—1 2n
—a )=a;—ay <0

lim Ry, 1(uxp,,1) = lim (a

n—oo n—oo

2n 2n+1

lim Ry, (uxp,, 1) = T}Lngo(a —a  )=ay—a1 >0

Also, if a > eé, then lim,, o ™ = 00 50 limy, 00 Ry (Uxp,, 1) = lim,,_,e(a™ —
a“ﬂ) = —o0. Therefore, in the cases (i) and (iii) R, (uxp,, 1) is not con-
vergent and so uxp, is not weak limit summable.

Now, fix 0 < x < 1 and con51der the followmg two cases:

Casel) 1 <a< ee then a* < o™ < o , for every positive integer k,

SO

k k1 k kte
a —a <a —a <0 : VkeN.
Since
Oo n
Z T )=a-lima =a-a,
n—oo

k=1
ktax

then ZZ‘;l(a& —a ) is convergent so uxp, is limit summable at x and

a+a(r—1) < (uxp,)s(z) <ax : Vrel0,1] (2.1)
Case 2) £ < a < 1. We have

(—D)F e < (—1)F 1™ < (=)™ ¢ VkeN (2.2)

k ktz | . . . . . . .
soY,(a” —a ) is an alternating series. Since a® + x is an increasing

function on [h}rﬁ‘il ,+00) D [0,00) (because : < a < 1) , then (2.2)
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implies that

E kte k1 ktlds
la —a | >]a —a

| © VkeN.

Also, limy_, o at —aF =a—a=0. Therefore, the series is convergent,
by the Leibniz criterion, and so uxp, is limit summable at x.
Finally, Theorem 2.11 of [2] grantees that uxp, is limit summable in both

of the two cases and so the proof is complete. O

Remark 2.1 For the case (%)5 <a< %, iof a* > hllf;i‘i;l for all positive

integers k from a number on (e.g. lné < (é)“ that implies at > %

for every k > 1), then we can say uzp, is limit summable (considering
the above proof). So, we leave an unsolved problem at the end of paper.

Denote the summand function of a® by @,(z), hence
o,k kts
Ta(z) = (uxpy)o(z) =az+> (a” —a ) : Vz>-3.
k=1

Some properties of 7, are as following:

Golx)=a" +7,(x—1) : Vo> -2

Ea(n):aqu---—i—aﬂ:ZaE : VneN

Theorem 2.2 [f1 <a < e%, then lim,_, o, 7, (z) = +o0.
Proof. The above equality implies that

(z)+k

Ve > 0.

Since a” is increasing, then a~ < o™ for all z > 0 and natural k. On

the other hand @,((z)) > a — «a, by (2.1). Therefore
[z]

Ea(x)za—ajLZaﬁ : Vo >0.
k=1
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So lim, 1 74(2) = +00, because Y72, a" = +oo (note that at = a>
0). O

Question. Is uxp, limit summable for (1)¢ < a < 17 If no, what is the
largest subset of R such that uxp, is limit summable on it?

(note that it is at least limit summable on N, because R(uxp,,1) = 0).
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