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Abstract

In this paper, first a design is proposed for representing fuzzy polynomials
with input fuzzy and output fuzzy. Then, we sketch a constructive proof for
existence of such polynomial which can be fuzzy interpolation polynomial in a
set given of discrete points rather than a fuzzy function. Finally, to illustrate
some numerical examples are solved.
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1 Introduction

Finding the approximation or interpolation polynomial of functions in
a given space is one of the interesting, important and attractive prob-
lems in applied mathematics. The interpolation with fuzzy date first was
presented by Zadeh [1].

Up to now, many researchers have worked on this problem. A fuzzy La-
grange interpolation Theorem is given in [2]. The some properties of
fuzzy Lagrange and cubic spline interpolation are given in [3]. Abbas-
bandy and et.al [4,5], had interpolation problem by natural splines and
complete splines. Also, they had obtained some approximation methods
of fuzzy functions on a set given of points (z;, f;), which f; is a triangular
fuzzy number for ¢ = 0,1,--- ,n, by applying a defuzzification function
and translating problem to linear programming problems, (see [6] and
[7]). A approximation method of fuzzy functions with fuzzy input and
fuzzy output by using fuzzy splines series is given in [8].

In this paper, we first, will define a pattern for fuzzy polynomials of
degree at most n with fuzzy variable. We sketch a constructive proof to
show that a such as polynomial exists. Then, we approximating a fuzzy
function with fuzzy input and fuzzy output on a set given of discrete
points (z;, ﬁ), 1=0,1,--- ,n and a set of them a-cuts.

This paper is organized as follows:

In section 2, we introduce the basic concepts of fuzzy numbers. Then, we
prepare a similitude for representing of fuzzy numbers based on themes
parametric representation. Also, a pattern for representing of fuzzy poly-
nomials is introduced. The fuzzy approximation problem is introduced
in section 3, constructing fuzzy polynomial, proving its existence and
approximating of fuzzy interpolation polynomial in a set given of fuzzy
data are given in details. Finally, some examples are given in section 4,
and conclusion in section 5.
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2  Preliminaries

The parametric form of a fuzzy number is as a = (a(a), @(«)), for each
a € [0,1], where the following requirements;
1. a(«) is monotonically increasing left continuous function.
2. a(«) is monotonically decreasing left continuous function.
3. a(a) <a(a),0 <a <.

r be the set of all fuzzy numbers. We call that the number a =
a(a)) € Rp is positive if a(0) > 0 and it is negative if a(0) < 0. If
(a),b(r)) € Ry then, some results of applying fuzzy arithmetic on
uzzy numbers @ and b are as follows:
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a+ 5 = (a(a) + b(a),a(a) + b)), (2.2)
a —b = (a(a) = b(er), ale) — b(a)),
( a(@)b(a),a(a)b(a)) s a,b >0,
=1 (ale)b(e), a(a)b(a)); a,b <0, (2.3)
(@(a)b(a), a(@)b(@)) ;@ >0, b<0
Please notice that in this paper we not need to dividing two fuzzy num-

bers.

For each 0 < a < 1, the set a-cut of a € Rp, is the interval [a]* =
la(a),a(a)]. If @ = (a(«),a(a)) be a fuzzy number such that a(1) = a(1),
then its called a central fuzzy number. Otherwise, its called a interval
fuzzy number. In this study, we work to central fuzzy numbers and denote
by R$ the set of all central fuzzy numbers. A crisp number x, can be
simply represented by z(a) =7(a) =a, 0<a <1

A special class of fuzzy numbers in R%, is the class of triangular fuzzy
numbers. Given a = (ac,ay,a,) determined by a. € R and a4, a, €
[0, +00). Let us denote TR as the set of all triangular fuzzy numbers. a €
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TRp is called symmetric if ay = a,. If @ € TRy then a(a) = a.—a,(1—a)
and a(a) = a. + a.(1 — a), for each « € [0, 1].

Now, suppose that a € R%, similarly to representation of a triangular
fuzzy number, we prefer to employ the following form for showing a:

a=(ac,ar(a),a-(cr)), Vaelll]. (2.4)
Where a. = a(1) = @(1) is called Core or Pick of a and

a(a) = a. —ala), a(a)=7a(a)— a. (2.5)

It is clear that ay(«) and a,.(«) are positive and decreasing functions
which are left and right spreads of fuzzy number a for each o € [0, 1].
The representation (2.4) of fuzzy numbers is useful in practical because
we can observe effect of arithmetic operators on core points and left and
right spreads of fuzzy numbers. Moreover, if a = (a., as(a), a,()) is a
triangular fuzzy number then we have

af(a) =a(l —a), a(a)=a(l—-a)

it follows that a can be represented independent of a i.e. a = (a, ay, a,)
where a; = a,(0) and a, = a,(0).

Theorem 2.1 If i = (ac, ar(), a,(a)) and b = (b, by(),by(a)) € RE,
then
(A, Aag(a), Aa,()); A >0,

\a = (2.6)
()‘am _)\ar(a)7 _)‘aﬂ(a)); A< 07

a+b=(ac+ be,ar(a) + by(), a, () + be()), (2.7)

a—b=(a.—be,ara) + b (a),a(a) + b)),
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(acbc, acbe(c) + botg(cr) — ae(@)be(a),
ab, (o) + bea,(a) + ar(a)br(a)>; &,5 > 0,
s (acbc, —ach(a) — bear(a) — a.(a)b, (),
a-b= N (2.8)
—aubi(a) — beag(a) + ag(a)bg(a)>; a,b <0,
<acbc, acbi(a) — bear (o) + a,(a)be(cv),
oy (@) — beag(ar) — ag(a)br(a)>; G>0,b<0.

Proof. By using of Definitions (2.1),(2.2) and (2.3) and also relationships
(2.5) the proof is simple.

Remark 2.2 The arithmetic operators in Theorem 2.1 are similar to
arithmetic operators on L-R fuzzy numbers (see [9]). But the fundamental
1dea of the L-R representation of fuzzy numbers is to split the membership
function of a fuzzy number into two curves, left and right of the model
value. In L-R computations the results are as approximation, usually. For
example, multiplication two L-R fuzzy numbers from approximated as a
L-R fuzzy number.

In what follows that, we proposed a design for general representation of
the fuzzy polynomials with fuzzy input and fuzzy output.

Definition 2.3 Suppose that D be a non empty subset of Rp. A fuzzy
polynomial on D from degree at most n, is the function P : D — R%
which

P(7) = (Pc(xc),Pg(mc,a;xg(oz),:cr(oz)), Pr(:cc,a;xg(a),xr(a))> (2.9)

where P.(x) € [1,, and [1,, is the set all crisp polynomials from degree at
most n. Two functions Py and P, are both nonnegative polynomials and
decreasing with respect to a, that are dependent to variables x., « and the
functions z,(a), z,(a), in general case. We denote by [, the set all such
fuzzy polynomials of degree at most n. Also, if D5 be the greatest as the
set D, then it called domain of p.
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Remark 2.4 The representation (2.9) of fuzzy polynomials is a exten-
sion of representation of fuzzy polynomials with the real variable. Indeed,
if @; = (Gie, aze(@), ap(@)) € RG, i =0,1,--- ,n are the coefficient of
polynomial then, for any real number x, we have

1=0
n
= Zawmz, azﬂ(a)xz - Z CLZT(Oé)ZEZ,
=0 zt>0 2t<0
a;-(a)x' — Z aig(a)azz)
>0 <0

= (pc(x>7pﬁ(x7 Oé),pr($, Ck)) :

It is clear that the functions py(x,«) and p,(x,a) are nonnegative and
decreasing with respect to o and p.(x) € I1,,. However, based on Definition
2.8, it is possible that, a fuzzy polynomial not be defined on R%.

Example 2.5 The following functions

p(Z) = (xi, 2z.1¢(a) — 25 (), 22,2, () + a:,%(a)) ,

§(7) = (22, —2z.2:(0) — 22(), —2zc70(0) + 77(0)) ,
are fuzzy polynomials that are defined, on positive and negative fuzzy
numbers, respectively. We have
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Definition 2.6 We say that two numbers @ and b € R%, are distinct
everywhere a. # b,.

3 Approximation of the fuzzy interpolation polynomial

Let = {Zo,Z1,--- ,T,} be a set of n points in R%, and the values of
a function f : RS — RY at these points are f(7;) = (fic, fi(@), fir(r)),
that is (fz,f:) € RE x RS for i = 0,1,--- ,n are given. Let 0 < o <
a; < --- < ap <1 are given. The problem is finding a fuzzy polynomial

belong to [],, such that

(P(E)] = [F@)]™, i=0,1,-,n k=01,--,m  (3.1)

Please remark that, in general case, the value m is depended to figure
of f;, 1 =0,1,--- ,n. For example if they are triangular fuzzy numbers
then it is sufficient that we choose m = 1.

Example 3.1 Assume that n = 0 and consider the point (o, fo) with
To = (e, A, A\) and fo = (28, Xk, MR) as symmetric triangular fuzzy num-
bers, where X\ >0 and k € {1,2,---}. The both functions

(&) = (af, 2e(0), 2r(0)F)
and
§(#) = (2F, 2:()F, 2()") |
are fuzzy polynomials and defined on RE. We observe that
B(T0) = q(To) = (ag, A", \*) = fo,
it follows that the fuzzy polynomial in form (2.9), such that it satisfies
equalities (3.1) is not uniquely.

Theorem 3.2 Suppose that (fi,ﬁ-), i =0,1,---,n are a set given of
fuzzy data which (Z;, f:) € RS xRY and the fuzzy numbers T; are disjunct
fori=20,1,--- ,n. Then for the integer number m > 0 a fuzzy polynomial
of degree at most n, in form (2.9) exists, such that satisfies in equalities

(3.1).
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Proof. Let ; = (e, 2io(), 2 (@) and fi = (fie, firle), fir(a)) € RE
for i = 0,1,--- ,n. Consider a set given of crisp points (Z, fic), i =
0,1,--- ,n. We know that there exists crisp polynomial P, such that
P.(z;.) = fic and P, is uniquely of degree at most n. We construct two
functions P, and P,, such that for ¢ = 0,1,--- ,n and k = 0,1,--- ,m,
we have

Py(xei, ons zoian), vri(ow)) = fuilow),
and

Po(2ei, o wei(on), zri(on)) = frilag).
For this end, let us consider «y, € A for k € {0, 1,...,m}, which is fixed.
For i =0,1,--- ,n we define a set of indexes as the following from

Jl@(k) = {J(J@(k)? JN(k)v R th(k)}v

such that:
Q?iZ(Oék) = xJpg(k‘)é(Qk)? P = O7 17 e ’t.
For i € {0,1,--- ,n} we design n + 1 functions apfg as the following form

! Te— Tje wo(og) — mj0(0u)
chlaoado)) = TT (Z=2) T ( .
e jegk) Tie = Tje/ gy “Tielaw) — zje(ar)

JF#i JF#i

It is clear that, for every k € {0,1,--- ,m} the function goz(f) is a polyno-

mial from two variables z. and xy(«y) and summation of its degrees with
respect to these variables is at most n. Also, we have

Li=j
k ) ;
o4 (e, wi0(0)) = 65 = o
054 7 J,
where i,7 € {0,1,--- ,n}. Now, we construct the function P, as follows
Py(we, o me(@) = DO L)@l (e, me(an)) fiela). (3.2)
k=0 i=0

O{—ij

Where Ly(a) = [] (
Jon
grang Polynomials.

) for Kk = 0,1,--- ,m are well-known La-
Qp — @y
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Structuring the function P, is similar to the function F,. Indeed, first we
design the following function;

(k) Te — Tje xr(ak) - :L‘j’r(ak)
oo = TT (=) T ( ,
‘ jeg(k) Tic — Tje jg}_[(m Tir(o) — Tjr (k)

i i

where Jw( ) {Jor(k), J1r(k), -+, Js-(k)} such that z,.(ag) = x4, (o),

i=0,1,---,n. Next, we construct the function P, by
Pr(xe, 2 (a); ) = Z Z Lk(“)‘??r(xm (o)) fir (k). (3.3)
k=0 i=0

In general case nonnegativity and monotony of the functions P, and P,
are depended to the point  and the values «;, ©=20,1,---,m. For sure
nonnegativity these functions we define the following representation for
required polynomial

P(@) = (Pwo): [Prlaes asae(a)) | [Prlaesaion(@))] ). (3.4)

It is easy to check that P is satisfied in equalities (3.1). Also, it is clear
that if x be a crisp number then P(z) € R%. Consequently, Pe I1,, and
the Proof is completed.

Remark 3.3 If we have (%;, f;) € TR x TR, i=0,1,--- ,n then, we
will deal to a system with fuzzy linear input fuzzy linear output. So, the
functions Py and Py, from (3.2) and (3.3), are independent of parameter
a, respectively. Therefore, we can rewrite the formula (3.2) and (3.3), as
simplified follows

PK xcaxﬁ ZQOZZ Te, Ty fzfa (35)

P xmxT ZSOW (EC,CL’T f’L'I" (36)

In this situation, we will have

P(&) = (P(w0). |Pdwes o) 1P,
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that is fuzzy interpolation Polynomial of the function f at points &; =
(Tic, Tig, Tir) € TR fori=0,1,--- n.

Remark 3.4 If we have (xz,ﬁ) ERxRE,i=0,1,---,n then, we will
deal to a system with fuzzy output. In this case we will have J& = JF =)
fori=0,1,--- nandk=0,1,--- ,m. Consequently, p(z) from 3.4 will
be a fuzzy interpolation polynomial in given points. Furthermore, if we
have (x;, f;) € R x R;i =0,1,--- ,n then the polynomial 3.4 transform
to well-known Lagrang interpolation polynomaial.

4 Numerical examples

Example 4.1 Consider three fuzzy data as triangular fuzzy numbers

1
The Polynomial P.(x.) = 3+2(x.—1)— 3 (xe—1)(z.—3) is interpolation

polynomial at points (1,3), (3,7) and (4,8). For the sake of applying
formula (3.5) and (3.6), we first obtain

Jog:J()r:JM:J%:{l}a Jlr:JQZ:QS;

that follows that
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1
3
P1r(Le, Ty ) = (xr - 1)27
1
Por(Le, Ty ) = 3

Consequently, we obtain

Py(ze,xp) = (2o — 3) (e — 2) — ;(xc — 1)z — 2) + 2(z, — 1)?,

and

1

PT’(‘,'UC7 ‘,L"I‘)

Example 4.2 n =2, m =2

2

g(xc - 4)(xr - 2) - g(xc - 1)(%" - 2) + 2(%“ - 1)2'

7| (1,2 - 2v@,3 — V@)

(15,2 — 2/, 5 — 2\/a)

(271_\/575_\/5)

(2,2 —2a,6 — 2a)

(3,1 —a,8 —2a)

(4,2 — 2,9 — @)

It is clear that P.(x,) = 2x,. Let us, to choose ag = 0 and oy = 1

this case, we get

Joe(0) =

Joe(1) = Jor (0) = {1},

Ju(()) = JM(l) = {0}7

J20(0) = Jop(1) = Jo,.(0) = Jo, (1) = J1.(1) = Jor(1)

Now, we go to obtain the functions gpz(f) and gpgf) for i

Jlr(o) = {2}7

k =0,1. By doing computations we will find
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200 (e, 20(0)) = —2(xe — 1.5)(w(0) = 1),
A () = 5= = 15)wg) + 5~
47 (e, 20(0)) = 2w — 1)(,(0) = 1)
A o)) = 5=l Dl 3) + % 1)
257 (e, 20(0)) = m(ozl —2)?
() ENY (X _ o2
P (3767375(2)) (2_\/5)2( 5(2)+\/§ 2)
oA (e, (0)) = 3 (,(0) — 5
. 1 1 V2
20 (e 20(3)) = T 5 (@r(5) = 5+ VI(@n(3) =54+ ),
P\ (e, 2,(0)) = — (e — 2)(2,(0) — 3),
A ro3) = () =3+ ) (3) -5+ )
o5 (e, 2,(0)) = (e — 1.5)(2,(0) — 3),
o8 (e, (5) = f( (3) -3+ *f)@() —5+V2).
Therefore, from (3.2) and (3.3) we obtain, respectively
Pu(e, s 24(a)) = (1 — 2@)( 4w — 1.5)(2(0) = 1)
420 — 1)(@(0) — 1) + 2(a4(0) — 2)2)
—4 1. V2
+2a<2 — \/§($C — 1.5)(:55(5) + 5 = 1)
2 1. V2
o= Dadg) + 5= 1)
4 1 )
T gy V=),

24



and

Pr(e, o zp(a)) = (1 - 20) <2($r(0) —5)% = 8(x — 2)(2,(0) — 3)

It is easy to check that
Py(2ic, a; wig(0)) = fie(a), ©=0,1,2

and
Pr(xica a;xir(a)) = fir(a)7 1=0,1,2.

Consequently, p = (pe, |pel, [pr|) s an interpolation fuzzy polynomial of
the function f in the given points.

5 Conclusion

In this paper, we have proposed a method for fuzzy interpolation poly-
nomial approximation from a fuzzy tabular function with fuzzy input
fuzzy output. We have a proof of existence of a such as polynomial. Our
method has a straightforward computational process to obtaining the
fuzzy polynomial and also, against previous methods, it is not necessary
to be solve one linear or nonlinear programming problem.
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