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1 Introduction

Let D denote the unit disk in the complex plane C, and Hol(D) denote the class of all analytic functions on D.
A positive integrable function w over D, is called a weight function or simply a weight. It is radial, if w(z) =
w(|z|), for all z € D. The distortion function of a radial weight w : [0,1) — (0, c0) is defined by

1
w(r)

1
Yu(r) = / w(s)ds, 0<r<1,

T
and was introduced by siskakis in [15]. A radial weight w is called regular, if w is continuous and its distortion
function satisfies

Yu(r)<(1—-7), 0<r<l.

The class of all regular weights is denoted by R. The standard weights w, () = (1—r)* areregular for -1 < o < co.
For the theory of the regular weights, see [10].

As usual, for two positive real-valued functions f; and f> we write f; < fs, if there exist a positive constant C
independent of the parameters such that f; < Cfs, and from f; < f5 is understood that both f; < fs and f, < f;
hold.
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If w € R, several observations on [10, Lemma1.1] and its proof, implies that

=<1, 0<r<t<r+s(l—-r)<l, (1.1)

where the constants of comparison depend on s € [0, 1) and w. This implies
Yo(r) =2C(l—r), 0<r<l,

for some constant C' > 0. However does not imply the existence of C' > 0 such that ¢,,(r) < C(1 —r),0 < r < 1.
Also a radial continuous weight w is regular if and only if there exist —1 < k < h < co and ¢ € (0, 1) such that

w(r) w(r)
1—r) (1—r)F

/" 00,

No, rE|[ol).

These weights without the continuity assumption in the range 0 < k£ < h < oo are known as normal weights [14].
Here 0,(2) = <%, a € D, denotes the automorphism of D which interchanges the origin and the point a. Such
a map satisfies the identity

L—loa()* _ 1—]a?

! = =
’O’a(Z)’— 1—|Z|2 |].—(7IZ|2'

The pseudohyperbolic distance from z to a is defined as p(z,a) = |o,(2)| and the pseudohyperbolic disc of
center a € D and radius r € (0,1) is denoted by A(a,r) = {z: p(z,a) < r}.

The weight w (that is not necessarily radial neither continuous) is an invariant weight, if for all » € (0, 1) there
exists a constant C' = C(r) > 1 such that C~'w(a) < w(z) < Cw(a), for all z € A(a,r). The class of all invariant
weight is denoted by Znv. In other words, w € Znv if w(z) < w(a) in A(a,r). Note that radial invariant weights
are neately characterized by the condition (1.1), and thus R N Znv = R.

We recall that the Carleson square S(/) associated with an interval I C T is the set

Sy ={re? eD: e c 1,1 |1 <r <1},

where |I| denots the Lebesgue measure of the measurable set I. For each z € D\ {0} define the interval I, = {¢ :
larg(ze=?)| < 1521}, and denote S(z) = S(L.).
For each radial weight w, the associated weight w* is defined by

L s
w(z) = /|z| w(s)log msds, z € D\ {0}.

Here, as usual, w(E) = [,w(z)dA(z) for each measurable set £ C D. Pelaez and Rattya [10, Lemma 1.6]
established that if w be a radial weight, then

W(T(2)) = w*(2), o] > % (1.2)

and for a regular weight w,
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where, the nontangential regions are defined by

I'a)={zeD:|0—argz| < %(1 - |TZ|)}, a=re €D\ {0},

and the tents
T(z)={aeD:z€eI(a)}, ze€D.
Namely, if w is a regular weight, we have

1 T u(r)e(r) = (1 - (), (1.3)

_l—r

w'(r) = w(S(r))

1
/ w(s)sds <

™

where r > 3.
For 0 < p < oo, and a weight w, the weighted Bergman space A%, consists of those f € Hol(D) for which

Il = [ 1EPeEAR) <o,

where dA(z) = %% stands for the normalized Lebesgue area measure on D. As usual for the standard radial

T

weights w(z) = (1 — |2/%)%, a > —1, A%, is the well known classical Bergman space A% (D) (see, e.g., [3]). Let
weETR, and let Ch = Cl(w) > 0 and Cy = Cg(w) > (] such that

Ci(1—7r)<¢y(r)<Ce(l—r), 0<r<l1.

This inequality shows that the differentiable functions fc, (1) = (1—) @1 [ w(s)dsand fe, () = (1-) % [' w(s)ds
are increasing and decreasing on [0,1) respectively. Therefore

1

1
(1-r) 7 < / w(s)ds < (1—r) 7.
The above result with ¢,,(r) < (1 — r) gives
AZ(D) € AL(D) C A%(D),

fora = C;' —1and 8 = C; ' — 1. This explains that for regular weight w, the weighted Bergman space A%, lies
between two classical weighted Bergman spaces. Of course the weight,

w(r) = | sin(log N1 =7+ (1 —7r)P,

1—r

establish that if w is a radial continuous weight such that the chain of inclusions above is satisfied for some —1 <

a < 8 < oo, then w does not need to be regular [10].

le w(s)ds
T

Note that when w € R, w is comparable to the differentiable weight so, by using [9, Theorem 1.1], we
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deduce
11 = \f(0)|p+/D|f/(2)|p(1 — |2[)Pw(2)dA(z), f € Hol(D). (1.4)
Another equivalent form of the norm on A% is
11 ZPQ/D\f(Z)!p2|f’(2)|2w*(2)dA(z) +w(D)[F(0)7, (1.5)
in partiqular,
115 = 4Hf’||,243* +w(D)[F(0),

see [10, Theorem 4.2].

Let ¢ be a holomorphic self map of D. For f € Hol(D), denote the composition f o ¢ by C,, f and call C,, the
composition operator induced by ¢.

Let X and Y be Banach spaces and ||.|| denots the usual operator norm. For a bounded linear operator 7" :
X — Y, the essential norm ||T'||., x—,y is defined to be the distance from 7" to the set of the compact operators K,
namely,

IT|e x>y =inf{|T — K| : K is compact from X into Y}.

Clearly, 7" is compact if and only if || T'||c x—,y = 0. Thus, the essential norm is related to the compactness problem
of concrete operators.
Recently, the essential norm of the composition operator between spaces of analytic functions was investigated
(see, [2, 4, 7]). So, by building on those foundations, the present paper continues this line of research.
Shapiro [13] expressed the essential norm of the composition operator C,, : A2 — A2 in terms of the general-
ized Nevanlinna counting function N, ,, where for analytic self map ¢ and v > 0, N, , is defined by
Noo()= 30 Mos(). =€ D\{e(0)}

fepH{z}

Thus N, ; is the natural Nevanlinna counting function V..

Smith [16] used these generalized Nevanlinna counting functions to characterize those [ that induce bounded
and compact composition operators between weighted Bergman and Hardy spaces. Also Luo and Chen [8] used
generalized Nevanlinna counting functions to computed essential norms of C, : A5(D) — A%(D). Gonzaleaz and
others in [5] presented a unified approach to some criteria for the boundedness and compactness of composition
operators between classical weighted Bergman spaces. We generalize these results for weighted bergman spaces
with regular weights. Animportant ingredient in our study, is the use of N, ., the generalized Nevanlinna counting
function associated with ¢, w as follows:

Let ¢ be an analytic self map of D and w be a regular weight with associated weight w*. The generalized Nevan-
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linna counting function associated with ¢, w is defined by

New(z)= D W€, zeD\{p(0)}

p(§)=2,£€D

Define N, .,(2) = 0 when z = ¢(0), and recall that N .,(z) = 0, when z € D \ p(D) [11]. The weight wy(r) = 1isa
regular weight, and wj(r) < (1 —r), so

New(2) = Y w@= > (1—[€]) = Npal2).
p(§)=x€D &)=z €D

We have the following general change of variable formula that is used in order to obtain an equivalent form of
the norm on A?,.

Lemma 1.1. [1] Let ¢ be a nonconstant analytic function in D and f, h be nonnegative measurable functions on
C with respect to area measure. Then

o )| [PdA(2) = hz) | dA .6
/D(f )bl PdA(2) /@(D)f(é) %5 (=) | aae) (1.6)

Note that, throughout the remainder of this paper, C' will stand for a positive constant and may differ from
one occurrence to the other and we denote by D(z, r) the disc of radius r centered at z.

2 Main results

We mainly characterize the essential norm of the composition operators between weighted bergman spaces with
regular weight. It is also worth noting that Shapiro [13], proved that for every analytic self-map ¢ and for every
disc A of center ¢ which does not contain ¢(0), we have

1
Nolé) < 455 /A N, (2)dA(z). (2.1)

In order to prove the theorems, we shall need the following lemma. The proof relies on the fact (2.1).

Lemma 2.1. Let ¢ be an analytic self map of D and w be a regular weight. If ©(0) = 0, then the generalized
Nevanlinna counting function N, satisfies the sub-mean value property: for every r > 0 and every & € D such
that D(¢,r) C D~ D(0, 1) we have

1
Ny o) < = /D o Now(IaAG)

r2
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Proof. Let ps(z) = p(sz). Using (2.1), we have

Newl)= 3 wia)= 3 | sle)logy

o(2)=¢,2€D o(2)=¢,2eD 7 |
1
:/( > logﬂ)sw(s)ds
z
O p(z)=¢,|zI<s

1
N, (&) sw(s)ds
0

<[ [ Nelaa)st
/ " / 2)ds)dA(2)

/ / log |£’) w(s)ds)dA(z)
ben 70 4= z|§|<s
1
- log - ds)dA
> Dien) @(f)zz;lé“lés(/K i) lor gl

1 *
—S [ (Y w©dde)
D(&r) p(&)=7,¢|<s

1
)

= / Ny (2)dA(z)
" JD(er)

In order to prove the next theorem, we need the well-known estimate (see [6]):

(1—[z»)° _ 1
/Dy1—az|2+c+d“(1—|ay2)d’ d>0,c>—1. (2.2)

Theorem 2.1. Let ¢ be an analytic self map of D such that ¢(0) = 0 and let w be a regular weight. Then

Npw(z) = 0w (2)), [z] =1, (2.3)
if and only if
)2
wp [ 1PN, A < 0 (2.4
aE]D) ))
and moreover,
Npw(z) = o(w*(2)), |2] =1, (2.5)
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if and only if
|oa(2)? _
|al|r_r)11 ; w(S(z))N“""“(Z)dA(Z) =0. (2.6)
More precisely,
. Now(z) _ .. /I(f’(w)l2
limsup —2*2 < lim su z Ny o (w)dA(w). (2.7)
TPy P L (s e A)

Proof. Suppose that (2.3) is satisfied. Then there exists a positive constant C, depending only on r(, such that for
all » € (ro, 1), by using (1.2), and choose d = 2, ¢ = 0 in (2.2), we deduse

[ LACI LACIR
(o, w(S(z) 7 = Jovp(ory w(S(2))
_ LACIIP
=€ Jopiom w5 P ENIAE)
=C ot (2)[2dA(2)
D\D(0,r)
— lal?)? o z
<l [ Al

= 1.

Conversely, suppose that (2.4) is satisfied. For a € D consider the function ¢ = o, o . Then ¢ : D — D is analytic
and

Nowopw() = ) w'x)= D wi(2)= ) w'(z)="Newla)
(7a09)(2)=0 #(z)=0(0) olz)=0

As well as, by Lemma 2.1 we have

Nypoper(0) < 4 / Nooper(2)dA(2). (2.8)

D(0,3)

Since w € Tnv, we have w(a) < w(z) forall z € A(a, 3). Therefore, the facts 1 — |a| < 1 — |z| and w(a) < w(z) when
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z € Ala, %), also the conditions (1.2), (1.3), (2.1), (2.8) imply that:

<4 / N (0)dA(u)

b

—4/ ol (2)PdA(2)

l>

—

(avﬁ)

ol (2)|?
<=l [ SN

)
e AN
- ( )/A(a,é) w(S(Z))N%w( )dA( ) (29)

for a sufficiently close to 1. The equivalence of the conditions (2.5) and (2.6) can be proved in a similar style.
Suppose that A := limsup,,|_,; w*(z()) Using (2.9), we have

hmsupN (2) <hmsup/ o (w )|2N (w)dA(w)
o1 wH(2) 2|1 S(w))” 7 '

To prove the reverse inequality, given ¢ > 0, there exists r. € (0, 1) such thatforall |z| > r. we have Aif“éf ) < A+e.

Therefore for r = max{3,r.}, we deduce

loL @) o A L)
/DW(S(’LU))N%W( )dA( )j/p(oﬂa) w(S(w))N%w( )ClA( )—I—A—l—g

1232
=< @ —[=f)” / Nw’w(w)dA(w) + A+«
D(0,r)

T (1-n) w(S(w))
(1 |22 e
~w(r)(1—r)s /D(O,r) Now(w)ddlw) + A+,

and it implies that

/ 2
lim sup/ ‘U‘ZS(,EU”N@M(w)dA(w) < limsup N%w(z).

2|1 w)) o1 wH(2)
O

In this note the main result of the paper be relevent to essential norm of C,. However, before proving this
result, we have to make certain the boundedness of C,,. The following lemma explains the appearance of the
non-negative free parameter v in Theorems 2.2 and 2.3.

Lemma 2.2. [10] Let w be a regular weight, then there exists vy = ~o(w) such that

/ w(z) dA(z) = f|a\ w(r)dr - w(a)

p 1 —az[7*! T =lal) T (A= la)r?
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forall v > ~.

Theorem 2.2. Let w be a regular weight and ¢ be an analytic self map of D such that ¢(0) = 0. Then C, is
bounded on AL, if and only if

Nyw
sup <p>; (2)
zeDd W (Z)

< 00. (2.10)

Proof. Assume that (2.10) is satisfied. Then, since N, ,(z) = 0 when z ¢ ¢(ID), the change-of-variable formula
(1.6) and equivalent norm (1.5), imply that:

IC Iy = /D F)P 21 (0(2)P1¢ (2)Pw™ (2)dA(2) + w(D)|f o 0(0)7

=|£(0)Pw (D) + p / [F()P72f(2)P Ny o (2)dA(2)

»(D)

= [£(0)Pw(D) +p2/Df(z)|p_2|f/(z)|2N<p,w(Z)dA(Z)
= [f(0)[Pw(DD) +p2/Df(Z)I”_Qlf'(Z)I%*(Z)dA(Z)

= ||f||f’4£. (2.11)

Conversely, let v = v(w) be the constant in Lemma 2.2, for each a € Dand 1 < p < oo set

y+1
F (Z)_ (1_|a’) P
a,p - +1 1
(1-az)? w(S(a))r
By [10, Lemma 2.4] we have
||Fa7p\|f45 = 1. (2.12)

Namely, if |a| is close enough to 1, D(a, %M) C D\D(0, 3). Using the well known factw(S(a)) < w(T(a)) < w*(2),
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la| > 3, and also the Lemma 2.1, we deduce

ICe Fapll s sz/D!Fa,p(SO(Z))!p2|!(Fa,p(cp(z)))’!%*(Z)dA(Z)

= [ 1Bl P L (PN 2)dA()
¢ (D)

lal* (X = Ja[)" " (y + 1)?

Noy.w(2)dA(z)

o) P*w(S(a))[l —az[r+3
_ el —Ja[)* (v + 1)?

w(S(a))
lal*(1 —Jal)"* (v + 1)

|1 —az[+3

w(S(a))(1 — [af)7*3

Noy.w(2)dA(z)

It follows that

Ny w
sup Py (a)
a€D W*(a)

Recall that a holomorphic function f in D has the Taylor expansion

f(z)= Z apz”.
k=0

For the Taylor expansion of f and any integer n > 1, let

R.f(z) = i akzk,
k=n

< Sup |CyFup|%y < [Coll? sup || Fuplfy < 1.
a€D a€D

(2.13)

and K,, = I — R,,, where If = f is the identity operator. It is an important quaestion that, when does the
partial sums of the Taylor expansion of f converge to f in the norm topology of the function space? Zhu [18] have

answered the question as follows.

Lemma 2.3. [18] Suppose X is a Banach space of holomorphic functions in D with the property that the poly-

nomials are dense in X. Then ||K,,f — f||x — 0asn — oo if and only if sup{||K,|| : n > 1} < cc.

We establish that the partial sums of the Taylor expansion of f converge to f in the norm topology of A% as

follows.
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Lemma 2.4. If1 < p < cc and w € R, then sup{||Ky|| : n > 1} < co. Moreover, ||K,f — f|| 4o — 0asn — oo
foreach f € AL,

Proof. We begin with recalling that there exist 3 > —1 such that the inclusion A%, C AZ is holds. Thus for each
f e Al andr € (0,1), [17, Proposition3] implies that there is a positive constant C' depend only on p such that

[1Euseoras) < ¢ [ Ireerase),

where T denots the boundary of D and do denots the normalized Lebesgue measure on T. Using polar coordinates,
the above inequality gives

Kbl = [ I DEPo(2)dA()

:/O w(r)r(/ Ky f (rei®) [Pd0) dr

1 27
<C /0 w(r)r( /0 F(re®)PdB)dr

= CHf”ig

Therefore, { K, } is a bounded sequence of operators on A%,. Since the polynomials are dense in A%, whenever w
is a radial weight, see [3], the Lemma 2.3 ensures that || K, f — f|| 4» — 0 as n — oo for each f € AP, d

According to our notations, we see R,f = f — K, f. Therefore, the following result is an immediate conse-
quence of Lemma 2.4.

Corollary 2.1. If1 <p < occandw € R, then || R, f| 4» — 0 asn — oo and sup{||R,[| : n > 1} < oo.

Theorem 2.3. Let w be a regular weight and C,, be a bounded operator on A%, such that ©(0) = 0. Then

. Ny
IC, |12 = lim sup —2 (2) (2.14)
|z|-1 W (Z)
Proof. We use the same technique used in the [12, Theorem 3.2]. Suppose that
L :=limsup Nw*,w(z) :
o1 wW*(2)
Since K, is compact and C,, is bounded, we have
[Cslle = [Co(Kn + Rn)lle < [|[CoKnlle + |CoRulle < |CoRnll, (2.15)
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for each n € N. By Corollary 2.1 and (2.15) we have,

|Col? <Timinf ||, R

<liminf sup [[(CoR.)()]%

oo Hf”Ag <1

—p?liminf sup (R f) () P2 (Raf) (0(2)Pl (2) P (2)dA(2)
T £ 4 <1 (D)

+w(D)](Raf)((0))]
—p’liminf sup [ [(Ruf)(2) P 2l(Ruf) ()2 Ny (2)dA(2)

n—oo
<
7| ) <1/D

<Lliminf sup | [(Raf)()PI(Rof) ()P (2)dA(2)

" |f | 4p <1 /D
w

<Lliminf sup ||R,f|")»
T fl| yp <1 ’

<L

Now consider the functions defind in the proof Theorem 2.2. If v is fixed appropriately, by simple calculation

_ Y
lim F,,(z) = lim ( ‘a‘f i ~0
la|—1 la|l=1 \ (1 — az)rt! al w(s)sds

uniformly on compact subsets of D as |a| — 1. Therefore for every compact operator K on A%, we havelimy, 1 | K Fy pl| 47
0. It follows that

|Cp — K|| Zlimsup ||CpFyp — KFyp| 47

la]—1

> limsup ||C,Fy | 4», — limsup || K Fypl| 47
la]—1 la|—1

=limsup ||C, Fypl| 47
la|—1

Hence, applying (2.13), we give

Ny
C 2 = limsup “ee(2)

o1 wH(2)
]

Now we present a unified approach for the boundedness and essential norm of composition operators on the
weighted bergman spaces with regular weights.

Theorem 2.4. Let w be a regular weight and let ¢ be an analytic self-map of D such that ¢(0) = 0. Then the
following statements are equivalent:

(1) C, : AL, — A% is bounded,
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.o Ny, (2
(i1) sup,p Uf;(z()) < oo,

“oe ol (z 2
(iii) sup,cp fp L(abg(g)‘)Ngo,w(Z)dA(z) < 09,
4 2 *
(i) SUp,cp i HEERL | (2) [P (2)dA(2) < oo,

(V) SUP,ep fiy CHEAS | (2)2(1 — 222w (2)dA(2) < o0

Theorem 2.5. Let w be a regular weight and let ¢ be an analytic self-map of D such that ¢(0) = 0. Then the
following quantities are comparable:

@ [|IC, I,
(ii) limsup,,_,, 22,
2
(iti) limsup,,_,; [ w(s(uzg) ow(w)dA(w),
(iv) limsupy,, ., fp, EWNS o (w) 2w (w)d A(w),
(v) Timsupy, [, SEEERS o (w) (1~ ) 2eo(w)dA(w).
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