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1 Introduction

Practical problems in many fields of study—such as biology, business, chemistry, computer
science, economics, electronics, engineering, physics, and the social sciences—can often be re-
duced to solving a system of linear equations. Hence, systems of simultaneous linear equations
play a major role in such areas ((1), (2), (3)). However, in many situations, such as in a manu-
facturing system, a production process, or a service system, inventories or demands are volatile
and complex so it is difficult to measure them in an accurate way. Instead, the data can be given
as a fuzzy variable ((4), (5)). Many approaches for solving fuzzy linear systems have been in-
troduced in the related literature.

Among them, Horcik (6) presented a method for finding a solution to a fuzzy interval system
of linear equations. Vroman et al. (77) provided an approach for solving systems of linear fuzzy
equations based on a practical algorithm using parametric functions in which the variables are
given by the fuzzy coefficients of the system. Behera and Chakraverty (8) proposed a frame-

work for finding a solution of a general fuzzy complex system of linear equations. Piegat and
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Plucinski (9) proposed a multidimensional fuzzy RDM-arithmetic and its application for solv-
ing linear fuzzy equation systems.

The main aim of this paper is to propose an approach for solving a Fuzzy Linear System of
Equations in which its right-hand sides are fuzzy numbers. Saeidifar (10) introduced a
weighted mean to rank fuzzy numbers. For this purpose, he proposed a new ranking method
for fuzzy numbers, which used a defuzzification of fuzzy numbers and a weighting function.
Thus, using his method, in this paper, first, we convert each fuzzy right-hand side of the fussy
system into an interval one. In this manner, the fuzzy linear system of equations is converted
to an interval system of equations. Therefore, we can solve the obtained system by employing
the proposed method of Asady (11) for solving an interval linear system of equalities.

The rest of the paper is organized as follows: In section two, the proposed approach is dis-
cussed. Section three provides two illustrative examples to demonstrate the proposed ap-

proach. Conclusions and directions for future research are given in section four.

2 Proposed Approach

Our proposed approach consists of two stages. In the first stage, we recall the nearest weighted
interval approximation method for fuzzy numbers. In the second stage, with the help of this
approach, we convert a fuzzy system of equations into an interval one. Finally, we solve the

obtained interval system using the embedding approach.

2.1 Nearest Weighted Interval Approximation of Fuzzy Numbers

Let’s a, b,and c are real numbers such that a < b < c. Then, a fuzzy number 4 = (a,b,c) is

called a triangular fuzzy number if its membership function, 4 (x), has the following form:

(x—a
, a<x<hb
!b—a
[,lA(X)z C_x, bSXSC (1)
c—b
0, otherwise

We denote the family of fuzzy numbers by £.The membership function of a triangular fuzzy

number is depicted as Fig. 1.
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ra(x)

"R

Fig. 1: The membership function of a triangular fuzzy number

To manage the fuzzy numbers, here we employ the concept of the nearest weighted interval
approximation to a fuzzy number. The following definition was defined in (10) and applied in

(12) and (13) to deal with fuzzy situations.

Definition 1: A weighting function is a function as f = ( f f) :([0,1],[0,1]) - (R, R) such that

the functions f and f are nonnegative, monotone increasing and satisfies the following nor-

malization condition:

f j_f(a')da =] ]_C(a)da' =1 (2)
0 0

It must be noted that the function f (a) can be understood as the weight of our interval approx-
imation, the property of monotone increasing of function f(a) means that the higher the cut
level is, the more important its weight is in determining the interval approximation of fuzzy
numbers. In applications, the function f(«) can be chosen according to the actual situation.
Corollary: Let A = (a,b,c) be a triangular fuzzy number, and f(a) = (na® 1, na™" 1) be a
weighting function. Then, the nearest weighted interval approximation of the fuzzy number A
is obtained as

a+nb nb+c
n+l1l ' n+1
Thus, each fuzzy number can be considered as an interval number.

NWIAs(A) = (3)
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2.2 Fuzzy Linear System and Solving Methodology

A system of linear equations (or linear system) is a collection of one or more linear equa-
tions involving the same set of variables. Generally, the system of linear equations including n
equations with n variables with definite data is presented as follows.

a11x1 + a12x2 + -+ alnxn ES b1

(4)

A1 X1 + QX + -+ QX = by

In this system, the matrix of coefficients is denoted by 4 and the right-hand side values of this
system are definite. Now, if the right-hand side values of these equations are indefinite, typi-

cally fuzzy, we are dealing with a fuzzy system of equations in the following form:
a11x1 + a12x2 + e + alnxn = El

(5)

Am1X1 + QX + -+ QnXn = by

Where, the right-hand side values, i.e. b; (i = 1, ...,n), are triangular fuzzy numbers as b; =
(b1, by, bs3;), and thus system (5) is an uncertain system. In order to solve this system, we need
to decrease the amount of uncertainties. To solve this fuzzy system, we first use the fuzzy num-
ber approximation method and convert it to the form of an interval equation system. For this
purpose, suppose that we use the weight function f () = (na™ !, na™ 1), in which case the
right-hand side values are converted to the interval form as follows:

E- _ b1i+7’lb2i nb2i+b3i
' n+l ' n+1 (6)

In this way, it is converted into the following interval linear system

A11X1 + A1y + -0 + AypXy = [b1, bi]]

(7)

Am1X1 T QpaXy + 0+ QupXp = [brl;v brlrll]

L _ baitnby; U _ Nbaithbsi
Where by = =—=and by = ———

™ — (i =1,...,n). So, we have an interval linear system. In

order to solve an interval linear system like (77), Asady (11) applied the embedding approach

and suggested the following 2m x 2n crisp linear system (8).
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L L U U — LL

(S11%x1  + et SipXn — Syps1Xy T~ SionXn = by

L L U U — LL

) Sm1X1 T+ o+ SpnXn — Smn+1X1 =~ Sm2nXn - bm
Ly, 4+ L _ u_...— xU = —pU

Sm+1,1%1 Sm+1,nXn ~ Sm+1,n+1X1 Sm+1,2n¥n = —DOm (8)

L L U U — U
LSZm,lxl + et SomnXn T S2mn+1X1 T T SomanXn = _bm

where s;; are determined as follows:
a;j 2 0= s;; = aij; Sitmj+n = Qij»
(9)
a;j < 0= Sjjin = —Qij; Sitm,j = —Aijy
And any s;; which is not determined by the above relation is zero. Using the matrix notation

(9), we get the following general system.

SX=»b
(10)
Where S = (Sij)Zm L, 20, (1 <i<2m;1<j < 2n),and also we have
X = (k. xk =V, . x¥)5and b = (bY, ..., bE, —bY, ..., —bY)t (1)
11

Asady (11) applied the least square approach and proved that the solution of the interval system

(8) can be computed as follows:
X =St(ssH1h
(12)

The following Lemma and Theorem from (11), are useful to detect the solution of the proposed
fuzzy linear system.
Lemma: The solution X of (8) is an interval vector for an arbitrary b if and only if St(SS*) "' is
nonnegative, i.e. (S(S$)™1);; 20, 1< i< 2m,1< j<2n.
Theorem: The solution X of (8) is an interval vector for arbitrary Y if the non-diagonal ele-
ments of (§S*)lare non-negative, i.e.

((85H™);;20,i#j, 1<i,j< 2m
Accordingly, the following definition describes the property of the interval solution for the

system (5).
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Definition 2 (Interval Solution): Let the set vector {x*,x,1 < i < n} is obtained by solv-
ing the system (8), then the interval vector X = {[%",%”],1 < i < n}, that is defined as (13) is
called the interval solution of (5).
#F = min{xt,x’}; 1 <i < nyand %7 = max{x’,x"}; 1 <i< n}
(13)
Remark: If ¥ = x* and ¥’ = x” (1 < i < n}), the solution X is called a strong interval solu-

tion. Otherwise, X is called a weak interval solution.

We should be noted that, the obtained interval solution is completely dependent to the function
f (). We know that, according to the form of the function f(«), the higher the cut level is, the
more important its weight is in determining the interval approximation of fuzzy numbers. Ob-
viously, the weighted interval approximation synthetically reflects the information on every

membership degree. Its advantage is that different a-cut set plays different roles.

3 Numerical Examples
In this section, we discuss the problems of solving fuzzy linear equation systems and calculate
their solution with the proposed method. In this regard, we consider the following two exam-

ples.

Example 1: Consider the following fuzzy linear system of equations with two equations and
two variables:
{7x1 —4x, =5
3x1 +5x, = 7
Where 5 = (3,5,6) and 7 = (5,7,11) are two triangular fuzzy numbers. We employ the
weighting function f(a) = (3a?,3a?). So, n = 3 and hence we have
. [3+15 1546

5= R = [4.5,5.25]
- 5421 21+11]_ c5a
N R = [6:58]

Then, we obtain the following interval system

{7751 — 4x, = [4.5,5.25]
3X1 + SXZ = [65,8]

)
2021, Volume 15, No.2 [70] LAy Theory of Approximation and Applications



Solving Fuzzy Linear System of Equations

Izadikhah and Zikller

In this regard, the extended matrix (8), is stated as follows:
7xk —4xy =45
3xk + 5xL = 6.5
4xk — 7xV = —5.25
\—3xY —5xY = -8

Where the matrix S and b are expressed as follows:

7 0 0 4 4.5
I3 5 0 0 - | 65
S=lo 4 7 o/ =] 555
0 0 3 5 -8
The solution of the system is computed as follows:

[*1 ] 711185

c_| ® |_| o589

|—xV| |-1.087

|—xv| 1-0948

This system has a weak interval solution as follows:

L — mi L, Uy = 1.087
icllj mm{le xlu} = %, = [1.087,1.185]
X7 = max{xy,x;} = 1.185
gL — s L xY} =0.589
{ %% = min{x%, x¥} = %, = [0.589,0.948]

%Y = max{x},xJ} = 0.948

Obviously, since ¥* # x} and %7 # x’ (1 < i < 2}), this solution is a weak solution.

Example 2: Consider the following 3 x 2 fuzzy linear system of equations:

2x; —3x, +x3 = 9
—x1+2X2—3x3 zg

Where 9 = (7,9,12) and 8 = (6,8,10) are two triangular fuzzy numbers. We employ the

weighting function f(a) = (4a3,4a3). So, n = 4 and hence we have

~_[7+36 36+12]_ 660
o T
. [643232+10

:[ L ]:[7.6,8.4]

Then, we obtain the following interval system
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{le - ?)XZ + X3 = [86,96]
—x1 + 2x2 - 3X3 = [76,84‘]

In this regard, the matrix S and b are expressed as follows:

o

[0 2 01
030201 ~9.6
1030 20 ~84

The solution of the system is computed as follows:

2 01 0 3 0 8.6
3and5= 7.6

[ 2.845 7
L
X2 —3.067
go| % |_|-5651
—xV| 1-2.987
_xV| | 2853
T 5.573

This system has a strong interval solution as follows:

~L : L .U
%L = min{xf, xV} = 2.845  _
= %, = [2.845,2.987
{55{’ = max{x},xV} = 2.987 [ ]
SLo— i ol 2 UY —
{xz = min{x3, x5 } 3.067 o %, = [3.067,—2.853]

%Y = max{x}, xJ} = —2.853

SLo_ sof Ll Uy
{x?’ = min{x3, x5} = =5.651 %, = [~5.651,—5.573]

%Y = max{x},xY} = —5.573

Obviously, since #F = x} and ¥’ = x (1 < i < 3}), this solution is a strong solution.

4 Conclusions

In this study, we developed a systematic approach for solving a fuzzy linear system of equations

consisting of m linear equations with n unknown variables and fuzzy right-hand sides. Our

proposed approach employed the nearest weighted approximation method of fuzzy numbers

to convert the considered fuzzy system into an interval linear system. Then, the obtained in-

terval system was solved using the least square method. Finally, two numerical examples illus-

trated the capabilities of the proposed approach. In this paper, the uncertainties were consid-

ered as triangular fuzzy numbers. For future study, one can use our method for other types of

fuzzy numbers such as trapezoidal, intuitionistic, type 2 of fuzzy numbers, etc.
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