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1 Introduction

Let us considered two distinct metric functions F(z,4) and F(z,#) be defined over an n-dimentional space F'n,
both of which satisfies the requisite conditions for a Finsler space. The corresponding two metric tensor g;;(x, &)
and g;;(x, ) resulting from these functions are called conformal. If there exist a factor of proportionality between
two metric tensors, Knebelman has proved that the factor of proportionality between them is at most a point
function. Thus we have

Fle, &) = ¢ F(x, &), (1.1)
gij(x, &) = € gyj(x, &), (1.2)
g (x, &) = e7*7g" (2, ), (1.3)
o =o(z). (1.4)

The space equipped with quantities F(z, ) and g(z, %) etcis called a conformal Finsler space, it is denoted by
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The following geometric entities of the conformal Finsler space are given by [5] and [6].

Gi(x,i) = G'(2,4) — om B™ (2, 7), (1-5)
é;k(‘r’ x) = G;k(xv x) - 8k8JBlm($, i)am’ (1.6)
G’ékh($7 1,‘) = Gé’kh(xv x) - 8hak8]Bzm(x’ j)am’ (1.7)
BJ(%CC):§F g7 —a'al. (1.8)

Where Gé wn (2, ) are the Berwald’s’s connection coefficients. They satisfy

0;Gi(w, &) = G, (1.9)
and the functions B% are homogeneous of the second degree in there directional arguments.
The tensor W,ﬁ and W,ﬁh transform under the conformal change as follow [2].

7 ) im A im -7 1 7 m 8 m -7
Wh = Wh — Um[2B(h) — (6hB )(r)l' — mdh{23€p) — (6po )(T)J’. }

)

{2n — 1)(0pB"™) 1) — (0 + 1)(OpB"™) () + 2(n — 2) B G?

n?—1 ph
—(n = 2)2" (00 B"™) () Y + O(ry@ {0 B™ — - i - 5% 9, BP™ (1.10)
—:27__2155’6,18,)3%} — O (2B — iZ: 1@-@6,,3%
+0mm{ %&;Bpm — nx_ lathm} + om0, [2B*" 0,0, BT
—(9,B*™)dsB™" — - i 15@{2Bsm3pasBW — (8,B5™)d,B""}
2 (4 18 BD B + (n— 2 B6,,6.57 ),
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o3

Win = Win = 20m[(0p.B™) ) — -7 {00k B™ )(n)

8 rm 1 ) 3 m
HORB™)G )+~ + (@O B™) g
—n(épom)(h)] — (3h]8pom)(T)iT + QBTmGZ}Tp}]

s

v : OO, B"™} (1.11)

n .

+20m[ {8h Blm

2
+— Tm(p)

= 5fk{5gpa'h]aTBrm—(n+1)3h]Bpm}

4200, (O B {005 BT — — -043,0:B""}

Lafk{@h]gsrn)a OB — (90u B0, B

Bsmah]a 9, B"].

n_

R. B. Mishra [2] have introduced to obtained the conformal transformation of projective curvature tensor
W, by differentiating (1.11) with respect to .

7Jikh = W;kh + 20m[(3[kBiT)GZ]Ljr - 8j(a[k:Bim)(h)]

’L

iO(Op BT Y} + = {Dp (O B (1.12)
—(0wB™) G} — M—El{naj(ah} BP™) ) = n;(0pBY™) ()

ot

. . m . . m k. . . . m
(9387 ) — O (B,BP™) 1} — 5 0{ O (DB

=0 (OpBP™) 1y }] + 20y k){ah](a'B )_maj(ah}apo )

2
ah]((? BP)} +

{0 (8 9, BP™)
s GBI} + Do B G BB

‘Z

{a Ok (0p B*™) 03 0s BY" + O3, (0, B™)0; (0 0s B™")
6j(3[k35m)3h}3p3sBpT + (O B*™)0; 01 (05 B")}

l

noi, . .
{8,(9,B*™) DB} + — — L850y B9, B

n+1
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— (930, B*™) 0105 B" + (04 B™™)0;0,05 B — (0, B™)9; 0y, 05 BP" }

+n25[f 0w (0B°™)0p0u B — Oy (0, B*™)0;0s B + (9; B0y p0s B
10O B*™) 0,0 B

—0;0n) (0 B*™) D05 B + 91 (01 B*™)0;0,05 B”" — 9y (9 B*™)0; 0,05 BY"
+0; (0 B*™) 1 (0p0s B”") — 0;(0pB™)Op) (0,05 BF") + (01 B*™)0;01,) 0p0s B”"

~(0,B*™) 00,05 B} +

VR 1
—(0pB )8]'8}43185317 H+ ]
2:'5,

n?—1

{0 (j)On (OpB"™) — Gy Oy (0;B7™)]

_l’_

{Um(l)éj (8h] a'pom) — Um(p)éjah] (8prm)}

2 Decomposition of conformal projective curvature tensor

We considered the decomposition of projective curvature tensor in the form

Wien = X Okn,

where X;ﬁ is non zero tensor and ¢, is skew symmetric decomposition tensor.
Transvecting (2.1) by y;, we get

yzWJZkh = )\jﬁbkh»

where

a) Yi = i“jgzj ;

We may choose another vector V7 such that
Vi) = 1.
Similar manner the decomposition of conformal projective curvature tensor I/T/]?k , in the form
g .
Wikn = X;0kn,
where X} is non zero conformal tensor and ¢y, is conformal decomposition tensor.

Transvecting (2.5) by 7;, we get

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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a) Ui = 7gij | (
Yi = 2794 2.7)
{ b) )\j = y,X;
Where ), is non zero vector and choose another vector V7 such that
‘_/j x]' =1. (28)
The projective recurrent conformal curvature tensor ij , is characterized by condition.
Wi = ViWjkn: (2.9)
where
W, # 0. (2.10)

The conformal covariant vector V; is called the conformal recurrence vector. The space equipped by such
conformal projective curvature tensor is called projective recurrent conformal Finsler space.

The conformal transformation of vector \;, V7 and tensor X;'» and the directional argument i/ may be written
as

a) g(; = e*"Xj’:,
b)  Aj=e fw . (2.11)
c) VIi=eV7,
dy a9 =il
The projective curvature tensor satisfy the identity[3].
W]?kh + leh] + W}ka — 0, (2.12)
and also satisfy the identity[7]
Winw + Wing + Wik = 0. (2.13)
Transvecting (2.6) by V7, we get
Okh = VIGiWi, (2.14)

using equation (1.12) in above equation and applying equations (2.7b), (2.11¢),(2.11d) (2.5), (1.2) and using the
symmetric property of the function G, and B"™, we obtain
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Thus we state

Pun

o ‘ o F2
e ijlW]Zkh‘FQe V]Um[7n+1

{0,(O B"™) ()} — {n3 (O B"™) () — 10;(0p B"™) (1)

3-5[k(5 BP™) () — ?Jiéj(é[kBim)(h)]

n+1
l/[k

+0n) (9 B"™) )y — O (5’p3pm)<j>1} - a {0 (OB”™) ()

. . m - . . y . m
=0 (0, BP™) 1y }] + 2e VJ[Um[(k){ah](ajB ")y — nJrlah](apo )}

Yk .« . -
Ao (9;3,B"™) = o

+n
n2 —

(9;0mB"™)}]
F2

m(p)

+20mUT€JVj [83(8[kB5m)8h]65B“” {8 ( Sm)a'h]é?pésBpr

+(OB™)0;0 0p(0s BT} —

P(a[thm)ak} 0B}

+nzﬂ{(ajah]Bsm)apasBm — (80, B5™) 80 BT}
+- Tk A0 (0,B™)0,0, B — 0y (8,B™)9,0, B

(astm)ah] Op0s B + &10;(0,B™ )0y (0,05 B")
—210;(0, B*™) 0y (010sB") + &' (0, B*™) 00100 BP"

GV]Z/[k

i (8,B°™)0; 8;48;8 BP"}] Hom( 8h] (9,BP™)

_Um(p)ah} (8ij )] :

(2.15)

Theorem 2.1. Under the decomposition (2.5), the conformal decomposition tensor ¢y, is expressed in the form

(2.15).

Theorem 2.2. Under the decomposition (2.5), the conformal decomposition tensor ¢y, Satisfy the condition

Q_Sk:h = _(Ehk: .

(2.16)

Proof. Interchanging the indices k£ and 5 in (2.15) and adding the equation thus obtained to (2.15), we obtain

Gih + bnk = "V yi(Whiy, + Wi,

using the relation W, = —W7,, [3].
we get the identity (2.16).

Differentiating (2.5) covariantly with respect to 2! in the sence of Berwald’s, we get

W;kh@) = X;(Z)¢kh + ¢kh([)X]7

applying (2.5) and (2.9) in the above equation, we find

(2.17)

(2.18)
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ViXjown = X bun + Xjbun (- (2.19)

Let us assume that the conformal tensor X} is covariant constant, then (2.19) reduces to

Qz’kh(l_) = Vidkn- (2.20)

Conversely, if the above equation is true, then equation yields

X iy®rn =0, (2.21)
since ¢y, is non zero conformal decomposition tensor, it implies
0= 0. (2.22)
which shows that X]i» is covariant constant in recurrent conformal Finsler space.
Thus we state:

X
J

Theorem 2.3. In projective recurrent conformal Finsler space, the necessary and sufficient condition for the
conformal decomposition tensor ¢y, to be recurrent is that the conformal tensor X} is covariant constant in the
sense of Berwald’s.

If we suppose o is constant, then the equation (2.15) reduces to

Oen = €"VIyiWiy,. (2.23)

The Berwald’s covariant derivative of equation (35) with respect to z! is given by

Srnty = € VIYyiWina)- (2.24)

Adding the equation obtained by the cyclic change of the indices &, h and / in equation (2.24) and using equation
(2.13), we obtain

Pkny) = 0. (2.25)

Theorem 2.4. Under the decompositon (2.5), If the mapping is homothetic then the conformal decompositon
tensor ¢y, satisfy the Bianchi identity (2.25).

Theorem 2.5. Under the Decomposition (2.5), the conformal projective curvature tensor satisfy the identity.

Proof. Applying equation (2.23), (2.11a), (2.3b) and (2.4) in equation (2.5), we obtain

When = Wi (2.27)

Addin the equation obtained by the cyclic change of the indices j, £ and / in equation (2.27), and using equation
(2.12), we get the identity (2.7). O
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3 Identities satisfied by the conformally changed Projective curvature tensor.

Transvecting (1.12) by g;,,, we get

Winiiu = € gqugkh+2€ om0 BTG5 — 0505 B™™) () (3.1)

Z

;0. (0pB"™ )y } +

{5 (O B"™) ()
A pr m 5Ek 3 A pm A A pm
—(Ow B )Gijpr} — 3 {n05 (O B ) ) — 10 (8, B ) )
. . a7,
+00) (03B ) = O (0B i1} =~ 03{0n (AB™™) )
. ) it
— O (0pB"™) ) }] + 2€%° Giu[O i {On) (9;B™) — maj(ah]apom)

C noy, .
L0 0B} + o (0,0,B7™)

—Um<p)(3‘3h} BP™)}] + 2% 930007 [0; (O B™) Oy Os B

(i (0p B™) 005 BP" + Oy (0, B*™)9; (0 0s B™")
+a-(a[kBsm)ah}a OsBP" + (O B*™)0;04) (9,05 BT )}

fL i

né
(0B 0BT} + il (0,00 B™™)9,0, B

—(ajaszm)ah]asBW (ah]Bsm)ajapasBW — (9, B°™);0,)0sB"}

ah 9; B5™)0,05 B — 01(0, B°™)0;05 BP"
] J\Fp j

5
+
n2

(8, B ™) 0p0s B — (8, B"™)0),0;0,B""}

x‘.lél . N . . . . . . . .

+03 (O B*™)0;0,0s B”" — 9y (0, B°™)0;0,05 B""
+0;(01B*™) 0y (0,05 B"") — 0;(9p B¥™) 0y (0,0sB™")
+(O,B*™)0; 01 0p0s B”" — (0, B™)0; 040,05 B" }]

2¢? gzu(s[k . -
T (000 (B B7™) — 0D ,7™)

+{$ Um 8 (8h]8 Bpr™ ) —x am(p)éjéh](éprm)}]

_l’_

where

Wiukh = Giu _;kh (3-2)

We have the following identities.
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Theorem 3.1. When F,, and F,, are in conformal correspondence, we have

2I/V[zj<l<:>h

2W[§‘<k>h] + 20, [é[j(a'h]Bim)(h)} - 5[j(5kBim)(h)] (3.3)
o 1050k (OB ) ) — 00w (0 B )iy }

[i 1{3p(3k3pm)( 1) — Op(On B ) 1) — (O BY) G

+ n2 hlpr

(O B )G} =~ (9 BP™) ) — (5,8
+0 (907 BP™) (p) — 3{h(3p3pm)<m} + 300y (O BP™) ()

7,

—ilé[jéh](apom)(l)}+ {na[h 1(0k B”™) ()

—ndj)(0pB"™) ) + 5k(3ﬂ3”m)<p> + 01,9, B”™

()

i 1)
x . . . m [
R 13[j(3h] (0, BP™) — 2 i

O (D, B7™)

5o
g 8 (@B}~ 20, (8 BT
i ———0, (O (9, BP™) — ia (9, B”™)
+1 ]]( k( 2 —1 k(Op
5[h N p— 5fh -
_nﬁﬁﬂ (8pB )} + 2’1’LO‘m(p){ 7 ﬁj](akB )
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5ik

=013 (On BT Y20m 0 01 (06 B ) O 05 BT

{6[]8k( Bsmah]ﬁ BP" — 8[h(8szm)8j]6kasBpT
a[j(akBsm)ah] Op0s BPT + (9, B™) O O (0, B™") }

o . .. . ..
(DD B DD, B — BB )0, B )

! - {nd;10 B*™) 0,05 B"" — 10;)(0,B°™) 01,05 B""
+1(0x B™™)0;10,0s B — n(0};0,.B°™) 9,05 BP"
+6k (6j]Bsm)8pésBp” — 6k (6szm)aj]8sBpr
+0;) B ™ 0,0p0s B — (0p B™™)040,;0s B"" — 3'0,)01,(01B*™) (0,05 B")
—i—d?l((:)j](?.k(a B*™)(8;0,B"") + g’clak(élBsm)a'_ﬂ (.ép.ésBpT)
— & 03, (0, B*™)0;1(0,0s BP") + ' 9;1 (0, B*™) Ok 0,05 B™")
—#0,)(0, B*™)0x0,05 BT ) — ' 04 (9,B"™)0; (0,105 B™")
+il6j] (8'lBsm)8k8pasBp”) —T aj}(aszm)ﬁkélésBpT)
+il(€')lBsm)c")ﬂ8'k3pésBm — il(f')szm)E')ﬂékélésBW}
Y . Ceme A . . sy A A -

fﬁfl{na[j(apB )(Op)0s BP") — 1 (0, B™)9;10,05 B
— 0 (0,B™)0;0sB”" — (O B™) 9y 005 BP" — 310y, (9,B°™)0;1(9,0sB")
+2! 0y, (0, B¥™)0;10,05 BP" — &' 0130, B™™ )94 0,05 B

A A e e e .
+3'0;(0p B*™) 04 (0,0s B” )} + 2[o iy { 52— — O (0, B™™)

Y 5
h . o h . . . . m
[ ak(a,,BP )+ ﬁ{am(p)ak(aﬂzap ) — @ am(l)a 1(0x0,BP™ )}

52" ...
—gt %Um(p)ah} (0,0, BP™)}

n

Proof. Interchanging the indices & and % in (1.12) and subtracting the equation thus obtained to (1.12) and using
the symmetric property of the function G “kn> We get the result (3.3). O

Theorem 3.2. When F,, and F,, are in conformal correspondence,we have

Wiwkh — Witka = € (Wjukh — Winku) + 262 00 iu[{(OxB™) hjr (3.4

—0p BTG, — 05(0kB™) 1y + 05(0n B™) )
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{3 Or(0pBP™ )iy} — 05011 (0, B"™) 1}

i

(5 . ..
j_l{ap(akBpm)( )] — 0p(0 B™) (1) — (04 B™") G

+ n2 h]pr

+(Op B GR2, b + {n5 (Do B"™) () — (900 B'™) ()
—Op)(0;B”™) () + 3h1 (3p3pm)(j> — 3'0;(On) (A B"™) )

)

h . . m
- {nd; (9B

+;t15j3h] (3pom)(l)} + 2
—n0;(0,B"™) (1) + (9, B"™) (1) — Ok (0pBP™) ()
+i'9; (04 (O BP™) () + &' 0;01(0, BP™) 1y }
o m ‘/L’l 3 A 2 m
+26% it [Tk {0 (0; B™) — majah](apo )
i 5t

. . m h
=00 (8,B"™) = n—"

1 0;(0pBP™)} — 0,1y {0k (0;B™)

E g 5 5B — 5.5 ) b (5 pom
_?Jk(p )_n2—1 k‘(p )_nn2—1 i(0p )}
not . . - néi .. -
~Omp) {370 (O B™) + — 0,0 B™))]

+2€2ggi[u0m0'r [8j(8k38m)3h]853ir - 6j (6h]Bsm)8késBir
it S oA e s A A A s s .
S OO0, B DB — 8,00(8, B 0D B
6,000, B ™Dy (D, B™) + 6,008, B°) (31D, B
+8j(5kBsm)6h]3pasBpr — 8j (6h]Bsm)3k3pésBpT
+(3kB5m)8'j6h]8p(6sBp’”) — (8h]Bsm)8j3k6p(3sBpr)}

i

1 {ap(ah]Bsm)akasBpr - 8p(ak;Bsm)8h] asBpr}

Ph (B BTN8,D B — nd(0,B7) 0,5
+103) (0, B™)9; 05 B — (0, B*™)0; 0y 0s B*"

+03) (0, B¥™) 005 BP" — Oj (0, B°™)0;0, BF"
+(9;B™) 0 0p0s BP" — (9, B°™) 9y 0;05 BP"

+' 0,00 (9 B*™) 0,0 BY" — i'9;0p) (9, B*™) 0,05 BY"
+3' 0 (9 B™) ;0,05 B"" — &' 0y (0, B*™)0;0,0, BP"
—10;04) (0, B™™) 9,05 BP" + 30y ((9,B°™) ;0,05 B*"
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(B0, BY + 0, (AB™) 0BT — #0;(3,B ) did B

i —{nd;(9 B9, B

i GBT0,0,8,0B — (8,87, 0087 —
ndy (8, B0, B

Proof. Interchanging the indices « and % in (3.1) and subtracting the equation thus obtained to (3.1), we obtain
the identity (3.4). O

Theorem 3.3. When F,, and F,, are in conformal correspondence, we have

Wiwkh + Wajnke = €2 (Wiukn + Wajnk) (3.5)
+4€7 010 [{ (O B") Gy, — 05y (05 B™) (n)
1900 B ><h>1+i{8( kB (h)

~(Op B )Gy = 5 {nd (O BP™) gy — 1) (3,7 )y
+0n (9 B"™) ) — On (0 B™) 3y + #'0; )8}4 (DB )
=05 04 (0pB”™) ) }] + 4€* 0191 l{On) (9 B™)

-7 )

— 0 (B — P (9,B")
néz .
to 1 1105 (0pBP™) = Gy (070 BP™) }

+46200marglu[{8 (O B*™) 0 0s B
—maj)a[k(aszm)ah}asBm + O (0, B*™) ;) (0 Os BP")
+05) (0 B¥™) Oy 0p0s B + (9, B¥™) 0501y 0p 05 B

20O B ™Iy d B + - {ndy) (3 B3, B

—ndj) (3, B ™)y 05 BT + 1Dy B™)0;) 9,05 B
—n(9,B*™) 0,005 B") + 0y (9, B*™) 0,0 BF"
34 (8,B"™)0,) 0B + (35 B ™)y 8,0, B
—(0p Bsm)ama )05 BP" + 20,0y (0 B*™) 0,05 B*"
—0;)0p) (0pB*™)0,0s B”" + Oy (9, B°™) 0 0p0s B”"
— 0O (0, B™)0; 0105 B¥" + 0,y (01 B*™) 0y, 0,05 B*"
—0)(0pB*™) 00105 BY" + (0, B°™)0;) 0y 0p0s B
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. sma A A A A " ng(u k
—~(8,B°™)0 0 O10s BT )}] + 4e* = ! {0 On (3,87

J
_Jm(p)a:h](a:j)Bpm)} + il{Um(l)éj)(ﬁh]apB ")
Tm(p)0y) (O B )}]

Proof. By interchanging the indices in each pair (j, «) and (k, h) in equation (3.1) and adding the equation thus
obtained from (3.1), we obtain the identity (3.5). O

Theorem 3.4. When F, and F,, are in conformal correspondence, we have

Wiukh + Winku + Winju + Weujn = €27 (Wjnku + Wiukh + Wiain + Winju) (3.6)
+4€*7 0109 [0 BT )G 51 — 050k B™ ) () + 915 (On) B™) iy

a;‘l . . . m . . . m N . . m
o1 10500 (BT )y — 10130 (0p B )(k>]}+i{3p(ak13p Jw)

—0p(OnyBP™) (ky) — (O BY )G, + (00 B )G} — {n 1O BP™) ()
. . . 52

=13 (8pB"™) 1)+ Oy (DB ) — Oy (DB} + g (s (B B )
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Proof. The proof follows in consequence of (3.1) and (3.4). d
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