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1 Introduction

Yao and Chen [?] introduced a new iteration for two average self mappings S and 7" on a closed convex subset C'
as follows

ro=x € C;

where

(ST)/ S ifi>j

T)7 §*3 T) T~ = o
(ST SV (ST) (ST)'Ti~" ifi < j.

(1.1)

By improving this idea, Jankaew et al. [2] considered the following iteration:

<.

n—

Tpntl1 = Oénf(l'n) + ann + 7”(71—{—1)2(71—%2) Z ((ST)]Sz_j V (ST)ITJ_l)Z‘n, (1.2)
=0 j=0

where {a, }, {60}, {7} € (0,1), @+ B+ = 1, f is a contraction mapping on C. They proved that the iteration
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process (1.2) converges strongly to common fixed point of the mapping S and 7" which solves some variational
inequality.
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In this paper, we consider and analyzed an iterative scheme for finding a common element of the set of solutions
of the general equilibrium problem system (GEPS) and the set of all common fixed points of two noncommutative
nonexpansive self mapping in the framework of a real Hilbert space. The results in the paper generalize and
improve some well-known results in Jankaew et al.[2] and many others.

We consider H be a real Hilbert space, I an identity mapping on H and C' a nonempty closed convex subset of
H. The strong (weak) convergence of {x,} to z is written by z,, — z(z,, — ) as n — oco. Moreover, H satisfies
the Opial’s condition [4], if for any sequence {z,,} with z,, — z, the inequality

lim inf||z,, — || < liminf||z, — y||,
n—oo n—oo

holds for every y € H with 2 # y.
A mapping T of H into itself is said to be nonexpansive if for all z,y € D(T),

[Tz =Tyl < llz -yl

F(T) denotes the set of fixed points of 7'.
Recall that f said to be weakly contractive [?] iff for all z,y € D(T),

1) = FWI < llz = yll = ¢l = wl),

Recall that a self mapping f : H — H is a contraction if there exists p € (0,1) such that || f(z) — f(v)] < pllz — y||
for each z,y € H.
The mapping A is a strongly positive linear bounded operator on H if there exists a constant 4 > 0 such that

(Az,z) > 7||z||?, forall z € H.

Moreover, B : C — H is called a—inverse strongly monotone if there exists a positive real number o > 0 such
that forall z,y € C
(Bx — By,z —y) > a||Bx — By||*.

2 GEP system

A typical problem is to minimize a quadratic function over the set of the fixed points of a nonexpansive mappings
on a real Hilbert space H:

min %(Ax,x} ~ ()

where A is strongly positive linear bounded operator and 4 is a potential function for + f, i. e., h’(x) = ~f for all
T € H.

Let A : H — H be an inverse strongly monoton mapping and F' : C' x C' — R be a bifunction. Then we consider
the following GEP:

Find z € C such that
F(z,y) + (Az,y — x) > 0, forally € C.
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The set of such z € C is denoted by GEP(F’; A), i.e.,
GEP(F,A)={z e C: F(z,y)+ (Az,y —x) > 0,Vy €}
To study the generalized equilibrium problem, we assume that the bifunction F satisfies the following conditions:
(A1) F(z,z)=0,forallz € C;
(A2) Fismonotone,i.e., F(z,y) + F(y,z) < 0forallz,y € C;
(A3) foreachz,y,z € C,limsup,_,,- F(tz+ (1 — t)z,y) < F(x,y);

(A4) foreachx € C'y — F(z,y) is convex and weakly lower semi-continuous.

Lemma 2.1. (/1]) Let C be a nonempty closed convex subset of H and F : C' x C' — R be a bifunction satisfying
(A1) — (A4). Then, for any r > 0 and x € H there exists = € C such that

1
F(z,y)+;<y—z,z—x) >0,Vy eC.

Further, define
1
Tiw={z€C: Flzy)+ (y—zz-2)20,Vy € C}

forallr > 0and x € H. Then

(a) T, is single-valued;

(b) T, is firmly nonexpansive, i.e., for any x,y € H

|Trx — TryH2 <(Tyx — Ty, x —y);

(¢) F(T;) = GEP(F);

(D | Tsx — Tra|| < 255 ||Tsw — x;

(e) GEP(F) is closed and convex.

Remark 2.1. It is clear that for any x € H and r > 0, by Lemma 2.1(a), there exists z € H such that

1
F(z,y)+ —(y—z,z—x) >0,Vy € H. (2.1)
r
Replacing x with x — rix in (2.1), we obtain
1
Lemma 2.2. ([7]) Assume {a,} is a sequence of nonnegative numbers such that
An+1 < (1 - an)an + 5717

where {«,} is a sequence in (0, 1) and {6, } is a sequence in real number such that
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() lima, =0, > an = oo,

n=1

5 o
.o 1- 7’]] < O 671 ,
(i1) 1msupa <O0or Z\ | < o0

n—00 n
n=1

Then lim a,, = 0.
n—o0

Lemma 2.3. (/2]) Let C be a nonempty bounded closed convex subset of a Hilbert space H, and let S, T be two
nonexpansive mappings of C into itself such that F(ST) = F(S)(F(T) # 0. Let {z,,} be a sequence defined as
follows:

9 n ni o o
n = Qp n ndn N7 AN/ oy T)’ S )17~ I3
and put
2 n on-t o o
ANp=——"7-——— STV S v (STYT? ") x,,.
(n+ 1)(n +2) &= & (5T) (STYT" )z

=0 j=0

Then,

limsup ||A,(z) — STA,(x)] = 0.

n—oo e’

3 GEPS for two noncommutative nonexpansive

In this section, we introduce an explicit viscosity iterative algorithm for finding a common element of the set of
solution for an equilibrium problem system involving a bifunction defined on a closed convex subset and the set
of fixed points for two noncommutative nonexpansive mappings.

Theorem 3.1. Let zy € C, {u,;} C C and C be a nonempty closed convex subset of a real Hilbert space
H, F\, F,, ..., Fy, be bifunctions from C' x C to R satisfying (Al) — (A4), ¥1, Vs, ..., U, be u;—inverse strongly
monotone mapping on C, f be a weakly contractive mapping with a function ¢ on H, A be a strongly positive
linear bounded operator with coefficient 5 such thaty < || A|| < 1, B be strongly positive linear bounded operator
on H with coefficient 3 € (0,1] such that ||B|| = 3, S, T be nonexpansive mappings on C, such that F(ST) =
F(TS)=F(T)F(S) # 0. Let {x,,} be a sequence generated in the following manner:

Fi(un1,y) + (Vizp, y — up1) + %(y — Up,1,Un1 — Tp) >0, forally e C
Fy(un2,y) + (Yo, y — un2) + %(y — Up2,Un2 — Tp) >0, forally e C

Fio(un g y) + (Vrn, y — Un k) + 75 (Y — Un g, Unp — xn) > 0, forally € C
Wn = % Zle un7i,

An = Gy Soio 2jmo((STY STV (ST)ITI ™ ),

Tnt+1 = Oén’Yf(xn) + BnBry, + ((1 - En)l — BuB — O‘nA)An-
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where {a,} C (0,1), {B,} and {e,} are the sequences in [0, 1) such that ¢,, < «, and {r,} C (0,00) is a real
sequence satisfying the following conditions:

(C1) 'r}l—>noloan =0, Zan = 00,

n=1
(C2) nh—)ngoﬂn = 0) Zzozl |ﬁn+1 - Bn| < o0,
(C3) >0 | |rny1 —rn] < 00 andlirginfrn >0and0<b<r, <a<2uforl<i<k,
(C4) 2720:1 |5n+1 - En’ < o0,
(€5 lim &% =0,
n—00 Oy,
Then
(i) the sequence {x,} is bounded.
(i) 7}1_)11010“1'n+1 —x,| = 0.
(it1) li_)m |2, — W™ = 0. forie {1,2,...,k}
(iv) lim ||z, — A,|| = 0.
n—oo

Proof. (i) Without loss of generality, we assume that o, < (1 — &, — 3,|/BJ)||Al| . Since A, B are two strongly
positive bounded linear operator on H, we have

[A[l = sup{[(Az, )| : x € H, [|lz|| = 1},

|B|| = sup{|[(Bz,z)| : € H, ||lz[| = 1}.
Also, (1 — e,)I — 3, B — o, A is positive. Indeed,

(1=ep)! = ppB—anA)r,z) = (1—¢n){z,x)— Bn(Bx,z) — ay(Az,x)
1= 0 — BallBll - aallA]] > 0.

v

Notic that

(1 —en)] — BB —anAll = sup{(((1 —en)] — BB — and)z,x) 1z € H, ||z| = 1}
sup{(1 — &,){x,x) — Bp(Bzx,z) — ap(Azx,x) : x € H, ||z|| = 1}
1_5n_5n5_04n'7

1= BuB — an?y.

ININ

Let Q = Pr(st)yncEP(F,v,)- Itis clear that Q(I — A + v f) is a contraction. Hence, there exists a unique element
z € Hsuchthat z =Q(I — A+ ~f)=z.
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Letz* € ﬂle F(ST)NGEP(F;,¥;). Foranyi =1,2,...,k, I —r,¥;is anonexpansive mapping and ||u, ; —z*|| <
|xn — 2*|. Also [|w, — z*|| < ||z, — 2*||. Thus

Jonst = 2% = llanvf(@a) + BaBn + (1 — )] = BuB — anA)An — 27|
< anlf(@a) — Aa*l| + Bal Bl 2w — 2|
+I((1 = en)] = BuB — anA)[|An — 2*I| + enlla”|
< anyllf(wn) = F@)| + anlvf(@*) = Az*| + BuBlln — 27|

1= Bl = ) = 2"+ aue”|
< awyllen = "l = 6len - %) + aullvf () = Az + BuBllan — o
1= B = ) = | + ane”|
(1= G = Mowllan = 2|+ anlllvf ") = Azl + ")
s - Ay
-7

IN

IN

max{ ||z, — z*||

By induction
Y=
and the sequence {z, } is bounded and also {f(z,)}, {w,} and {A,,} are bounded.

[ — 2| < max{jz, — 27|

(ii) Note that u,, ; can be written as u,; = T, ;(z, — rp;xy). It follows from Lemma 2.1 that

lunt1,i — Unill < |Xns1 — x|l + 2M;|rps1 — 7l (3.1)
T, (I —r,V))e, =T, (I—1r,V;)z
where M; = max{sup{H rupra(F = T %i)0n = T (I = i) n”,sup{”\llian}}}.
Tn+1
k
Let M = %Z2MZ < oo. Next, we estimate |wy,+1 — wn ||,
i=1
1k
lwnt1 — wall < %ZHU’”-’-L?: = Unll < |Tnt1 — wal| + M|rpg1 — 7l (3-2)
i=1
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Now, we prove that lim ||z,4+1 — z,| = 0. We observe that
n—oo

[Znt2 — Tni1l]

= lant17f (Tn+1) + But1Brnt1 + (1 — ent1)] — Bri1B — anp14)Anpa
—p17f(2n) = BaBxn — (1 —en)l — BB — an A)A,||

= (T = eny1)I = Bny1B — anp1A)(Any1 — Ay)
+H{(en — en+1)An + (Bn — Bnt1)BAn + (o, — ap1) AN}
+ont17(f(@nt1) = f(@n)) + (@1 — an)vf(@n) + Brt1 B(Tnt1 — o)
+(Bnt1 — Bn) By ||

< (X =ent1)I = Bus1B — a1 All[[Aps1 — Anll + llen — ensa [l An]|
+1Bn = Brs1ll| BllAn| + [an — g1 [[[AAG || + an 1y ([ f (@ns1) = f ()|
Flomsr — anlyllf (@n)ll + Brsr | Bllllents — 2nll + [Bnta = Balll Bll[[2n]]

< (1= Bus1B = anp1M) [ Ant1 = Aull + len = ensal[Anll + 18n — Bata] Bl Anl]
o — anp1|[|[AA | + ant17[|Znt1 — znll — anp17@(|Tn+1 — 20l])
Hans1 — anlyll f(@a)ll + Bas1Blznr1 — @nll + |Bat1 — BulBllznl

< (1= BB — anpiMNAns1 — Anll + len — enpalllAnll + [Bn = Bri1|BK

+K|an — ang1| + (@17 + Bnt18) |Tns1 — zall — ang170(|Tns1 — zall)

where K = sup{maz{||[An| + |znll, I/ (zn)[| + [|AAn[[}, ¥R = 0} < oo.
Let Ay, = || By — Brsa | BK + Ko — ngt| + len — ens|||An]], then

From [2], we conclude

(3-3)
||5L"n+2 - $n+1H < (1 - ﬁnHB - 04n+1’_Y)HAn+1 - An” + (Oén+17 + 5n+16)”$n+1 - 33n||
_an+17¢(“$n+l - JInH) + Am
4 « %
[Ant1 — Anll < flwns1 — wnll + —= llwn1 — 27| + (el (3.4)

n+3 n+3

Substituing (3.2) and (3.4) into (3.3), we arrive at

_ 4
|Tnt2 — Znt1ll < (1= Bnt1B — canr1¥){l|znt1 — nl| + M|rpe1 — o] + ——[|wng1 — 27|

n+3

g2} + (@1 + BusrB)llnsr = 2all = Ansryd(lznss — zal)

+An,
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for some positive constant M. It follows that

|Tni2 = zpp1l]l < (1 —anp1(¥ —vo)l|Zns1 — zall + M(1 - BnJrlB — 1Y) |Tnt1 — T

+(1 = Bny1B — any17) lwng1 — x| +

4
n+3
~ 4
1— 8, — pr1y) —||z* A,
(1= BuaB = ona?) "] +
By Lemma 2.2,
nlglgonn+1 —zn| = 0. (3-5)

(iii) For anyi € {1,2,...,k},

[un; —2** < [l(zn — 2%) = ra (Wi — Wiz™) |2
= |lzn — x*HQ — 2rp(xy — 2", Wz, — Uia*) + TTZLH\I/an — \Ilza:*H2
< ”$n—$*”2 _Tn(2ﬂi_rn)||‘ljixn_\I’ix*|’2a

from which it follows that

k
1
lwn — 2*||* = HZE(“M— )7 < ZHum z*||?
1=1

(3.6)
< lwn — 2 - %Zrn(% — ) | Wiy — Wiz™) %,
i=1
From (3.6), we see that
Jenss =22 = flan(rf(@n) — Ax*) + BoBlan —a*)

+((1 — ep)I = BuB — anA)(A, — %) — epz*||?

< ||an(7f(xn) - A‘T*) + BnB('rn - 17*)
+((1 = ep)l — BuB — anA)(wy — ) + 5n1‘*H2
< anllvflzn) — Az*|]* + Bul| B)?||an — 2|
+(1 = BnB — o) [ An — 2> + €5 |2*|?
< anllvflzn) — Az*|]? + BaB||wn — 2| + (1 = BnB — an¥)||lwn — 2*||°
+ed||lz*|?
< apl[vf(an) — Az + BuBllzn — 2|2+ (1 — Bnf — an){||zn — =¥
k
1 * *
—%Zrn@m — )| Wi, — W) [|*} + €522
=1
< anlyf(wn) — Az*? + an — 2%

—(1= BB — an?) Zrn (241 — 1) [ W — ™) |+ +2Ja"
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and hence i
(1= BuB—an¥) g Y _b2ui — a)||Tizy — Uiz*||?
i=1
< an|lyf(zn) — Az*|]? + lzn — ¥ = [[ong — 2*)° + e ||l2*]?
< anlvf(zn) — Az*|)? + [|2ng1 — 2l (lzn — 2*] = lzn — 2*))
+ eplle*|?.

Since «,, — 0 and ¢, < «a,, then g,, — 0 as n — oo. The inequality (3.5) implies that
le |2, — V2| =0,Vi=1,2,... k. (3.7)

(iv) It follows from Lemma 2.1 that

[tm,i — 2|1 < [z — &% = (|20 — wnll® + 2ral2n — wn il [ Wiz, — Tz (3.8)
and hence
k
lwp —2*]? = || Zikzl 7 (Uni — )2
< %Zi:l Hum —z* ’1’5 . (3.9)
< len — 2% = £ 3000 un — zall® 4 £ 200 2rallon — wn || Wiz, — @iz,
From (3.9), we see that
[#ns1 — 2*[> < anllvf(zn) — Az*||” + BuBllan — ¥ + (1 — Buf — an¥)|lwn — 2*|?

+enll=*||?

anllyf(@n) = Az*|® + BuBllan — 2| + (1 = Buf — any){llen — 2*|?

IN

k k
1 1 B .
—2 D i = w5 D 2rnllwn — wnilll[ Wi — T} + e "
i=1 j

=1

from which it follows that

k
_ 1 )
(1 - ﬁnﬁ - an’)/)% Zz; ||Un,z - xn”

< anllyf(an) — Ax*|P + llzn — 2| = e — 2"
k
+(1 = Baf — anﬁ)%zwn\lxn = tn | [ Wiz — Wiz + &g |2
1=1
< anllyf(an) = Az P + llznst — 2l (Jznsr — 27 = lon — 27])
k
+(1 = BB — an"y)% > 2rallen — unll [ izn — Wia|| + <5]|2" |
i=1
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From the condition (C1), (3.5) and (3.7), we get that

lim ||up; — 25| = 0. (3.10)
n— o0
It is easy to prove
lim ||w, — z,| = 0. (3.11)
n—oo

By definition of the sequence {x, }, we obtain

||$n - An” < ||$n+1 - fUnH + H$n+1 - AnH
< ||«Tn+1 - an + Han’}’f(xn) + /BnB$n + ((1 - 5n)] - BnB - anA)An - An“
< ||$n+1 - 5Un|| + O‘nH'Vf(:En) - AAnH + 5n5||xn - An” + 5n||An”
Then
1 an 511
Tn— Nl < ———lzna1 — an|| + ——— |7 f(zn) — AN, + = | A, |-
H I < gglemn = mall + T () - Aball + A
Thanks to the conditions(C'1) — (C2) and (3.5), we conclude that
lim ||z, — An]| = 0. (3.12)
n—oo
Also
”Wn - An” < lwn — an + |zn — An”>
hence
Tim [|wn — Ay|| = 0. (3.13)

O]

Theorem 3.2. Suppose all assumptions of Theorem 3.1 are holds. Then the sequence {x,,} converges strongly
to a point z, where z € ﬂle F(ST)GEP(F;,¥;) solves the variational inequality

(A=~f)z,7—) <0.

Equivalently, z = Frr pesmy neepE vy —A+7)(T).

Proof. Observe that P~ | F(ST)\GEP( Fi’q,i)(l — A + v f) is a contraction of H into itself. Since H is complete,

there exists a unique element z € H such that

z = Prp | psmynespEe)d —A+71)(@).

Next, we prove
limsup((A —~vf)z,z — Ayp) <0

n—oo
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Let =P | psrynerp(r,v,) Tl Set

— A%
E={geH:lp-3l < o -+ L2

Itis clear, F is nonempty closed bounded convex subset of C'and S(F) C E,T(E) C E. Without loss of generality,
we may assume S and T" are mappings of £ into itself. Since {A,,} C E is bounded, there is a subsequence {A,,, }
of {A,,} such that

limsup((A - 7). = A,) = lim (4 —7/)a.7 = Ay). (3.14)

n—00 —00

As {Ap, } isalso bounded, there exists a subsequence {A,,; } of {A,,; } suchthat A,,; — ¢. Withoutloss of generality,
let A,,, — €.
Now, we prove the following items:

(1) £€ F(ST)=F(T)F(S). Assume ¢ # F(ST). By Lemma 2.3 and Opial’s condition, we have
liminf|A,, — & < liminf]A,, — ST()]
Jj—00 j—00
im inf(|[An; — ST(An))[| + [ST(An;) — ST(E)I)
liminfj[A,, — €]
j—yo0

IN

IN

(i1) %Heﬂlfé SN Tl ﬁéﬂc@‘f’ pr g?f %Theorem 3.2 [5], we conclude that ¢ € GEP(F;,¥;), for all i =
1,2,...,k. Then¢ € ﬂk GEP(F;,V;) I\%ow in view of (3.14), we see

11msup<(A - ’Yf)j:-i' - An> = <(A - ’7f)j>j - §> <0

n—oo
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Finally, we show taht {z,,} converges strongly to z. As a matter of fact,

[

IN

IN

IN

IN

oy f(xn) + BuBxyn + (1 — ex)I — BB — an A)A, — Z||?

lan(vf(zn) — AZ) + BpB(xn — ) + (1 — en)] = BnB — ay A)(Ay, — T)
—en 7|2

|an (v f(2n) — AZ) + B B(zn — ) + (1 —en)] — BB — anA)(Ay, — T)
+enZ||?

|an (v f(@n) — AZ) + B B(zn — ) + (1 —en) — BB — anA)(Ay — j)HQ
+2en |lan (v f (zn) — AZ) + B B(xy — T)

(1 =)l = BuB — anA)(An — D) 2] + £7]|2]

18nB(xn — Z) + (1 — en)I = BnB — an A) (A — E)H2

+20, (1 —ep)I — BB — anA) (A, — T),vf(x,) — AZ)
+2en ||lan (v f (zn) — AZ) + B B(x, — T)

+((1 —en)l = BuB — anA)(An — z)| |2

+enl|Z)? + ap v f(zn) = AZ|? + 20080 (B(zy — 2),7f (2n) — AZ)

Bl Bllllzn = Z[| + 11 = en) = BuB — an All|An — [))?

+2any(An — 7, f(2n) — f(Z)) + 2enl|an(vf(zn) — AZ) + BpB(zn — T)
+((1—en)l = BaB — an A)(Ay — 2)|||Z[| + 3|21 + ||y f (24) — Az||?
+20, B (B(xp, — Z),vf(xp) — AZ) + 20 (A, — T, 7 f(2) — AT)

=20 {(end + BB + anA) (A — ), v f(xn) — AT)

(BuBllxn — [ + (1 = BB — anV) |0 — Z))? + 200y |l2s — 2|
+2en ||lan (v f (2n) — AZ) + B B(xy — T)

H((1 = en)] = BuB — an A)(An — D) 2] + &3 [|Z]|

+ap || f(wn) — AZ||* + 20080 (B(xn — T), 7 f (2n) — AZ)

+20a, (A, — 2,7 f(2n) — AZ) — 20 ((end + BB + anA)(Ay — ), v f(zn) — AZ)

(1 =203 = Van)llzn — 2l + i3 ||zn — Z)* + 2enlan(yf (z0) — AZ)
+BnB(xn — ) + (1 — ex)I = BuB — an A) (A, — B) |1 2] + &5 1212
+O‘121”’7f(xn) - Asz + 2000 (B(xn — 2),7f(2n) — AZ)

+2a, (A, — T,y f(20) — AZ) — 20 ((end + BB + anA) (A, — ),y f(zn) — AZ)

(1 - 2(’_}/ - V)O‘n)Hxn - jH2 + apty,
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where

= (—p)om,
On = an¥|len — 2| + 2l an (v f(2,) — AZ)
+60B(xn — ) + (1 — ea)I = BuB — an A) (A, — B)||1Z]| + a1 2]
+an|vf(@n) — AZ|* + 26,(B(xy — 2),7f(2n) — AZ)
+2an (A — 2,7 f(zn) — AZ) — 20, ((en] + B + anA)(Ay, — Z),vf(x) — AZ).

With respect to (C1), (C2) and (C5) we have

n=1
and 0
limsupg—n <0.

n

The lemma 2.2implies that the sequence {x,} strongly convergence to z. O

Remark 3.1. Ifweput F; =V, =0,Vie {1,2,...,k},A=B=1,v=7=1,
en =0, and w, = z,, ¢(t) = (1 — p)t in theorem 3.1 and 3.2, we get [2], Theorem 3.1

Remark 3.2. Let ST =TS, F;=V;=0,Vie {1,2,....k},A=B=I,y=7=1,f(y) =z,Vy € C,e, = 5, =0
and w,, = x,, ¢(t) = (1 — p)t in theorem 3.1 and 3.2, we get the desired [6], Theorem 1.

Remark 3.3. Taking S and T be average map of C into itselfand F; = V; = 0,Vi € {1,2,...,k},A = B =
I,y=5=1,¢e, =0and w, = x,, ¢(t) = (1 — p)t in theorem 3.1 and 3.2, we get [2], Corollary 3.4 easily.

4 Numerical Example

In this section, we give some examples and numerical results for supporting our main theorem. All the numerical
results have been produced in Matlab 2017 on a Linux workstation with a 3.8 GHZ Intel annex processor and 8
Gb of memory.

Example 4.1. Let H = R, the set of all real numbers, with the inner product defined by (z,y) = zy, Vz,y € R,
and induced usual norm | . |. Let C = [0,2];let F': C' x C' — R be defined by F(z,y) = (v — 4)(y — =), Vz,y € C}
let M,N : C — H be defined by M (z) = z and N(z) = 2z, Vz € C, such that @ = } and 3 = § respectively, and
let for each z € R, we define f(z) = tz, A(z) = 2z, B(z) = sz and

<z <
Ty — {:11:}, 0<z<1

Then there exist unique sequences {x,,} C R and {u,,} C C generated by the iterative schemes

Uy = Tfl (zn, — rn(M + N)xp); (4.1)
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1 1 1 1 1
Tpt1 = (% + W)xn + ((1 - m)l - ﬁB - EA)Z" (4.2)
where oy, = &, B, = -5, €, = 55— and r, = 1. Then {z,,} converges to {1} € Fix(T) N GEPP. It is easy to prove

that the bifunction F satisfy the Assumption ??. Further, f is contraction mapping with constant o = % and A
is a strongly positive bounded linear operator with constant 41 = 1 on R. Therefore, we can choose v = 1 which
satisfies 0 < v < 1 < v+ L. Furthermore, it is easy to observe that Fix(T) = [0, 1] and GEPP = {1}. Hence
Fix(T) N GEPP = {1} # (. After simplification, schemes (4.3) and (4.4) reduce to

Up = 2 — Xp,

~—

{2—2z,}, 0<u, <1 or(1<z,<2
Tu, = 1
54 l<u, <2 or(0<z,<1)

If z, = 2 — x, for x, € [1,2], we have

( L2 1 1 2
T = (— T T )
ntl 8n | 3n2 ' 2nZ —3

If 2, = § for z,, € [0,1), we have

PR S 1 12
Tt = g, T 32/t Ty '

Following the proof of Theorem ??, we obtain that {x,}, {uy,} converges strongly to w = {1} € Fix(T) N GEPP.
Figure 1 indicates the behavior of x,, with initial point 1 = 0.5, which converges to the same solution, that

is, w = {1} € Fix(S) N GEPP as a solution of this example.

=
—
|
|
1.5 | | .
= |
] |
a
= |
as 1 | | = oo =
= [l S——
P | S
(2 ] e
b |
I.'.
0.5 | g .
b
o ; ] 7 i : ;
] L5 10 15 =20 25 3 35

Iteration steps=30

Figure 1: The graph of {x,,} with initial value z; = 0.5.

Example 4.2. Let H = R, the set of all real numbers, with the inner product defined by (z,y) = zy, Vz,y € R,
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and induced usual norm | . |. Let C = [—1,3];let F : C' x C' — R be defined by F'(z,y) = z(y — x), Vz,y € C;let
M,N : C — H be defined by M (z) = 2z and N(z) = 3z, Vz € C, suchthat @ = } and 8 = 1 respectively, and let
for each z € R, we define f(z) = ¢z, A(z) = %, B(z) = 5z and

£ <
To— {5}, 0<x<3
{0}, -1<z<0

Then there exist unique sequences {x,,} C R and {u,} C C generated by the iterative schemes

Up =T (2 — (M + N)zp); (4.3)
1 1 2 1 1
Tpt1 = (3\/5 + 0(n 1 1)2)% + ((1 - E)I - mB - EA)Zn (4.4)

where o, = ﬁ, B = m, eén = 2 andr, = 1+ +. Then {x,,} converges to {0} € Fix(T) N GEPP. It is easy to

prove that the bifunction F satisfy the Assumption ??. Further, f is contraction mapping with constant o = %

and A is a strongly positive bounded linear operator with constant 7; = 1 on R. Therefore, we can choose v = 2
which satisfies 0 < v < < v+ 1. Furthermore, it is easy to observe that Fix(T') = {0} and GEPP = {0}. Hence

Fix(T) N GEPP = {0} # 0. After simplification, schemes (4.3) and (4.4) reduce to

(—4n— 5>
Uy = (——— )z
" an+1 7"

Tu. — {0}, —15<u, <0 or(0 <z, <3)

L {(1%1’1_25)33”}, 0<u, <2 or(-1<z,<0)
Ifz, = %ijnfor z, € [~1,0], we have
1 1 2 1 1 —4n —5
— 1— — .

n?2 10(n+1)2 2\/5)( 4n +2
If z,, = 0 for z,, € (0, 3], we have

1 1
Following the proof of Theorem ??, we obtain that {z,}, {uy,} converges strongly to w = {0} € Fix(T') " GEPP

. Figure 2 indicates the behavior of x,, with initial point x1 = 0.5, which converges to the same solution, that is,
w = {1} € Fix(S) N GEPP as a solution of this example.
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