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1 Introduction

As a counter part to best approximation, a kind of approximation called best coapproximation was introduced
in normed linear spaces by C. Franchetti and M. Furi [3] to study some characteristic properties of real Hilbert
spaces. Subsequently, this theory has been developed to a large extent in normed linear spaces and in Hilbert
spaces by C. Franchetti and M. Furi, H. Mazaheri, P.L. Papini and I. Singer, Geetha S. Rao and by many others
(seee.g. [3, 5, 6, 12, 13] and references cited therein). In a series of papers, G. Albinus, G.G. Lorentz, T.D. Narang,
G. Pantelidis, K. Schnatz, A.I. Vasilev and others (see e.g. [1,4, 7, 11, 14, 16, 19] and references cited therein) have
tried to extend various results on best approximation available in normed linear spaces to metric linear spaces.
The situation in case of best coapproximation is somewhat different. Whereas some attempts have been made to
discuss best coapproximation in metric linear spaces (see e.g. [9, 10]) but still in these spaces this theory is less
developed as compared to the theory of best approximation. The present paper is also a step in this direction. The
paper mainly deals with some results on the existence and uniqueness of best coapproximation in quotient spaces
when the underlying spaces are metric linear spaces. We also show how coproximinality is transmitted to and
from quotient spaces. The results proved in the paper extend and generalize various known results on the subject.

Let (X, |.||) be a normed linear space, W a non-empty subset of X. A point yy € W is said to be a best
coapproximation point for x € X, if

ly —voll < |lz—yll,

Suppose g € W, we set
Ry={z € X :|ly—g| <z -yl forye W)},
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Let (X, ||.]|) be a normed linear space, W a non-empty subset of X, z € X and 0 € W. We set
Ry (x) = {g0 € W [ly — goll < llz =yl forally € W}.

The set W is coproximinal if for all z € X, Ry (x) is non-empty. The set W is cochebyshev if for all z € X,
Ry () is singelton.
Suppose = € X, we set
H,, =W + B[0,d,],

and
HY =W P B0, da],

where P means that the sum decomposition of each element = € X is unique, for x € X, d, = dist(z, W) :=
infyew || —g|land forr > 0andz € X, B0,r] = {z € X : ||z — 2| <r}.
Let X be a normed linear space and W a bounded non-empty subset of X. A point ¢q(z) € W is said to be a
farthest point for =z € X, if
|z —q(@)|| = |z —yll,

for each y € W. For each = € X, put

Fy(z) ={yo € W |lz — yol| = 6(x, W) := sup ||l — y[| = 6}
yeW

For each x € X, if Fjy(z) is non-empty (a singleton), we say that IV is remotal (uniquely remotal).
Suppose g € W, we set
Fy={zxeX: gec Fy()},

If for » € X, there exists an unique g € W, we set Fy instead by F°.
Suppose = € X, we set
K5, =W + B€[0, d,],

and
K{ =w & B0, 4],
where @ means that the sum decomposition of each element » € X is unique, for» > 0 and =z € X, B[0,r] =
{zeX: ||lx—z]>r}.
Let (X, ||.||) be anormed linear space, W a non-empty subset of X. A pointy, € W is said to be a best cofarthest
point for z € X, if
ly = woll = llz — yll,

for each y € W. For each x € X, put
Gw(z) ={yo € W: |ly —woll = [z — yl| for ally € W}.

For each z € X, if Gyy () is non-empty (a singleton), we say that W is coremotal (uniquely coremotal). Sup-
poseg € W,weset G, = {z € X : g € Gw(x)}. If for x € X, there exists an unique g € W, we set GG, instead by
GY. (see [4,5,7,9,10,11,14,15,16,20,21]).
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Example 1.1. Let X = R? with euclidean norm, W = {(z,z,z) : z € R,0 < x < 2} a subset of X and (x,y, z) €
X\W. then » = (¥tytz Ttyte o442y c R (x,y,2) and z = (— 242 otyte | 24942y o Guo(x,y, ). Becasue

forw = (a,a,a) € W we have
B B (r—a)+(y—a)+(z—a
Jw==z2] = I 7
(x—a)+y—a)+(z—a (:c—a)—l—(y—a)—i—(z—a)n
’ V3 ’ V3
< |(@—a)+(y—a)+(z—a)
< (z,y,2) — (a,a,a)].
Therefore (”\%“Z, ”\;’;Z, ””J:?//;Z) € Ry (z,y, z) and supose x,y, z > 0, then
B o (r=a)+(~y—a)+(-z—a
lw==z2] = I 7
(o-a)t(y—a)+(-zma (w-at(y-at(z-a
’ V3 ’ V3
= |[(z+a)+ (y+a)+ (2+a)
> (z4+a)+(y+a)+(z+a)
> (z—a)+(y—a)+(z—a)

I(z,y,2) = (a, a, a)[].

Therefore (”\%2, ”\zgz, ”f//;z) € Gw(z,y, 2)

Definition 1.1. Let X be a normed linear space, W a subset of X.
(i) W is called gqremotal if for every = € X, the set (x — W) N Fy is a non-empty compact subset of X.
(i) W is call gcoproximinal if for every « € X, the set (x — W) N Ry is a non-empty compact subset of X.

2 BEST COAPPROXIMATION BY CLOSED UNITE BALLS
In this section we obtain some results on best coapproximation and worst approximation by closed unite balls.

Theorem 2.1. Let (X, ||.||) be a normed space and W a subspace of X. Then
(i) The set W is a coproximinal, if and only if for x € X

W () Hipu.

weW
(ii) The set W is a cochebysheuv, if for x € X
@
WS () Huy
weW

Proof. (i) Suppose W is coproximminal and = € X, then there exists gy € W such that gy € Ry (x) Therefore for
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allw € W [|go —w|| < |lz — wl, and forallw € W s.t. w € H),_,. It is follows that

We () Hppu-
weWw

conversely, if forz € X and W C (s H|jz—y|- Then for z € X and 2 € W, we show that z € Ry (), For all
w € W, thatis [[w — z|| < ||z — w|| w € N,ew Hjz—w| and

w € Hyjg—u)-

For some v’ € W, [jw — w'|| < || — w]||, then w’ € Ry (x), that W is coproximinal. (ii) Suppose W is cochebyshev,
and z € X, then W is coprximinal, from (i) we have

We () Hppu-
weWw

and there exists an unique go € W such that gy € Ry}, (z) Therefore for allw € W ||go — w|| < ||z — w||, and for all
weW st we HﬁB |- It is follows that

z—w|

ge m Hlﬁ—wu'

weW
conversely, if foro € X and W C N,y H, - Forz € X andw € W, w € ey H},_, » it follows
&
w € H”:E_w”.
For an unique w’ € W, [jw — w'|| < || — w||, then w’" € Ry, (z), that W is cochebyshev. O

Theorem 2.2. Let (X, |.||) be a normed space. Then
(1) the set W' is coproximinal if and only if X = e Ry;
(i) the set W is cochebyshev if and only if X = ey Ry .

Proof. (i) If W is coproximnal,
ueX <= dgeWs.tge Ry(u)

< dgecWstucR,

<~ uec U Ry.
geW

conversely, if X = sew By and z € X. There exsists a gy € W such that z € Ry, and gy € Ry (z). It follows
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that W is coproximinal. (ii)

ue X Alg € Ws.t.g € Ry (u)
dlg e Ws.tu € R,

dgeWstue | ) RS

geWwW
xX=U gy
geW

1ot

conversely, if X = gew g and = € X. There exsists an unique go € W such that z € Ry, and go € Ry (). It
follows that W is cochebyshev. O

Theorem 2.3. Let (X, ||.||) be a normed space and W a coproximinal subspace of X. The set W is qcoproximinal
if and only if for for all x € X and for allw € W, the sequence {z,,}n>1 € H|,_,, has a convergent subsequence.

Proof. Suppose x € X, we must show that the set (x — W) N Ry is a non-empty compact subset of X. If {y,, },>1
is a sequence in (x — W) N Ry, then {z — y,}n>1 € W and {yn}n>1 € Rp. Foralln > landw e W,z —y, —w €
B[O, |z —wl]]. ,wehavex —y, = w+z -y, —w € W+ B[0, |z —wl|] = H;_,)- That is the sequence {z — y, }n>1
has a convergent subsequence. It is follows that W is qcoproximinal.

Suppose W is qcoproximinal, z € X, for all w € W and {z,},>1 is any sequence in H,_,,. There exists a
sequece {gn, — w}p,>1 € Wand forw € W, ||g, — w| < ||z — w|| and g, € (0 — W) N Ry. It follows that the
sequence {g, },>1 has a convergent subsequence and by relation ||z,, — y,|| < ||z — w||. the sequence {z,, },,>1 has
a convergent subsequence. O

Definition 2.1. Let X be a normed space. The set X is said to have the sequential Kadec-Klee property if weak
and norm sequential convergence coincideon Sx = {z € X : ||z| = 1}.

Theorem 2.4. Let X be a normed linear space, X is a reflexive space and has the Kadec-Klee property. Then
in every closed linear subspace of W of X is qcoproximinal.

Proof. Suppose x € X \ W and ||z|| = 1, we must show that the set (x — W) N Ry is a non-empty compact subset of
X. Since X isreflexive, the closed unit ball Bx is weakly compact., Consider the sequence {x,,},>1 C (x—W)NRy.
then {z — z,},>1 € W and {x,,},>1 C Ry. Foralln > 1. Therefore z,, € Bx, because

[znll < lzn —wl]
< lzn — (x - xn)”
< |z
< 1.

there exists a subsequence {z,, },>1 and zy € Bx such that z,, — x¢. Since X has Kadec-Klee property, z,, —
xo.Then W is qcoproximinal.
OJ

Conclusion 2.1. Let X be a reflexive normed linear space, closed linear subspace of W of X has Kadec-Klee
property, Then W is qcoproximinal.
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3 Birkhoff orthogonality and farthest orthogonality in best coapproxima-
tion and worst approximation

In this section we show that Birkhoff orthogonality in best coapproximationy by closed unite balls.

Definition 3.1. [10] Let X be a normed linear space, W a subspace of X and x € X. We say that x is Birkhoff
orthogonality with W and denoted by x| PW if and only if | z|| < ||x + ay|| for every y € W and for every scaler
.

Definition 3.2. [10] Let X be a normed linear space, W a subspace of X, x € X and ¢ > 0. We say that x L PW
if and only if |z|| < ||z + ayl| + € for every y € W and for every scaler .

It was observed in [15] that
go € Rw(w) <~ Wlilx — go.

Definition 3.3. [11] A finite or infinite sequence {x, },c1 in a Banach space X is said to be farthest orthogonal
if
lzoll > 11> (=1)"2al.

neL

Denoted by zo L " {x,}ner. Where L .= {0,1,2,...,N},or L :={0,1,2,,...}.
Note that for x,y € X, z 1"y ifand only if ||z| > ||z — v
Let X be a normed linear space, W a subset of X, It should be noted that if 0 € W, then

0 € Fiy(zg) <= zoLlfW

Corollary 3.1. Let X be a normed linear space, W a linear subspace of X and x € X.

t1BW — =z e B[0,|z +w||]Yw e W.

Corollary 3.2. Let X be a normed linear space, W a linear subspace of X, x € X and ¢ > 0.
r1BW «— z € B0, |z +w| + ¢ Yw e W.
Let (X, ||.]|) be a normed linear space, W a non-empty subset of X, z € X and 0 € W. We set
Rw,e(z) ={90 € W: |ly — gol| < |lz — yll + € forall y € W}.
Corollary 3.3. Let X be a normed linear space, W a subspace of X, x € X and ¢ > 0. Then
9o € Rw(z) <= WJ_fx — go.

Corollary 3.4. Let X be a normed linear space, W a bounded subset of X, x € X and 0 € W.

z1FW < € B[0,6,].
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Proof.

rlfW — 0¢ Fy(z)

— |z|| =
< 1z € B0,0,].

4 Worst approximationsion by closed unit balls

In this section we obtain some results on worst approximationsion by closed unit balls.

Theorem 4.1. Let (X, |.||) be a normed space and W a subset of X.
(i) The set W is a remotal, if and only if

X=U N Ejag-

zeX geW

(ii) The set W is a uniquely remotal, if and only if

X=U N &g

zeX geW

(ii1) The set W is a coremotal, if and only if

X=U N Ejg-al

acW geW

(iv) The set W is a uniquely coremotal, if and only if

x=U N Ki

acW geW

Proof. (i) Since W is remtal, for x € X, there exists a a € W such that a € Fyy ().

reX <—

—
—
<~

Ja e Wyg e W [lz —al| > |z — ¢
da € WYg e W s.t.  —a € B0, |z — g¢]
VgeW sit. € K||xfg||

ve (J () Kjo-g)-

zeX geW

2022, Vol.16, No.2

Page 61 of 65

@ Theory of Approximation and Applications



Best Co-approximation and Worst Approximation by Closed Unit Balls H.M. Tehrani

(ii) Since W is uniquely remotal, for x € X, there exists an unique a € W such that a € Fy (z).

reX la e WVg e W |z —al > |z — g
dla e WVg e W s.it. x —a € B0, ||z — g]]

o
Vge W sit. x € KH»’L‘—QH

e lJ ) KLy

zeX geW

111

(iii) Since W is coremtal, for x € X, for z € X, there exists a a € W such that a € Gy ().

reX Jae WvgeW |g—al = [z —g|
da e W¥Yg e W s.t. x —g € B0, ||lg — all]
JaeWVgeW st. xe K”g,a”

ze |J ) Kjg-al-

acW geW

rree

(iv) Since W is uniquely coremtal, for = € X, there exists an unique a € W such that a € Fyy ().

reX dlace WVgeW |g—al > |z —g|
dla € WV¥g e W s.t. x — g € B0, ||g — all]
Jla € WVg e W s.t. x € Kplus|y_q

T e U ﬂ Kﬁeg_a”.

aceW geW

reee

Theorem 4.2. Let (X, ||.||) be a normed space. Then
(1) The set W is remotal if and only if X = U,y Iy and for all a € W and for all x € X, we have

Ugew Kja—g = W+ Nyew B0, [lz — gll];
(i1) The set W' is uniquely remotal if and only if X = ey F and for all a € W and for all x € X, we have

Ugew Kﬁ‘i—g” =Wd ﬂgEW Be0, [z — glll;
(it)) The set W is coremotal if and only if X = J ey Gy ;5
(iv) The set W' is remotal if and only if X = Gy.

Proof. (i)

W Yisremotal <= Yu € X <> 3Jg € Ws.t.g € Fyy(u)
& VYue X << dgeWstuckF,

= YueXsoue | F,
geWwW

2022, Vol.16, No.2 Page 62 of 65 @ Theory of Approximation and Applications



Best Co-approximation and Worst Approximation by Closed Unit Balls H.M. Tehrani

andforallz € X

x € U K||m—g\| <~ dgeW st xe Kl\z—g”
gewW
< dgeW3heW st xz—he B0,z —gl]
< dheW3geW st. x—he B0,z —g|]
< 3heW st.z—he [ B, |z —gl]
gew
= zeW+ ) B, |z —gll

geW
(ii)

W ‘is uniquely remotal <= Yu € X < 3lg € Ws.t.g € Fyy(u)

= VYueX < dlge Ws.tueF,
®

= WweXeouce |]F,
geW

andforallz € X

D
ve U Ky
geWw

dlgeW sit. x € KHx—gll

dlge WAlh e W s.t. x —h € B0, ||z — ¢]|]
Ahe W3lge W s.t. © —h € B0, ||z — g]]

IheW st.x—he () B0, |z —gl]
geWw

ze W& () B, = - gll.

geEwW

[ A

(iii)
W is coremotal <= VYu € X <> 3g € Ws.t.g € Gw(u)
& Yue X< dgeWstued,
= VueXwue ]G,
geW

(iv)

W is uniquely coremotal <= Yu € X <» 3lg € Ws.t.g € Gy (u)
= VYueX < dlge Wstue Gy

<— YueX+uce U G;e.
geW
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O]

Theorem 4.3. Let (X, ||.||) be a normed space and W a remotall subspace of X. If for x € X and for allw € W,
the sequence {z,}n>1 C Uuew Nyew K|g—a| has a convergent subsequence. W is gremtal if and only

Proof. Suppose = € X, we must show that the set (x — W) N Fy is a non-empty compact subset of X. If {y,,},,>1 is
asequence in (x — W) N Ro, then {x — y, }n>1 € W and {y, }n>1 C Fy. Foralln > 1,z —y,, € B°[0, ||z — w]|]. Since
{Yntn>1 C Fy, therefore for all w € W, we have [[w]| > ||y, — w||. It follows that ||z — y,|| < [lyn — (z —yn —w)|| =
|z — wl|. Forn > 1 and for all w € W, we have 0 + z — y,, € W + B0, ||z — w||] = K|,_,- That is the sequence
{z — yn}n>1 has a convergent subsequence. It is follows that " is qcoremotal. O
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