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In the current paper, we study an special type of Cyclic Codes called skew Cyclic 

codes over the ring 𝑅 =
ி೛[௩]

(௩మೖ
ିଵ)

 , where 𝑝 is a prime number. This sets of codes are 

the result of module (or ring) structure of the skew polynomial ring 

𝑅[𝑥, 𝜃] where 𝑣ଶೖ
= 1 and  is an 𝐹௣ -automorphism such that𝜃(𝑣) = 𝑣ଶೖିଵ . We 

show that when n is even these codes are principal and if n is odd these code. Look 

like a module and proof some properties. 

 

 

1. Introduction 

Cyclic codes are an important class of codes from both a theoretical and practical viewpoint. 

Traditionally, cyclic codes have been studied over finite fields. Polynomial rings and their ideals 

are essential to the construction and understanding of cyclic codes. These codes are applicable 

because they are easy to design and can detect or correct in an efficient index. They are used in a 

lot of applications like wireless sensor networks, steganography, burst errors, etc. There are a lot 

of works about cyclic codes over rings in [2,3,7,14,15,18]. This is because of the fact that 

polynomials over rings have more divisors and the length of the code has less limitation over the 

ring. These codes can propose a lot of optimum linear codes. Also, the algebraic structure of these 

codes are very easy to study, because the cyclic codes over the ring R  with length n  correspond 

with the submodules of the module 
 

1n

R x

x 
 . These advantages lead the researchers to study 

different classes of cyclic code category. One of the interesting types of generalizing of the notion 
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of cyclic codes is skew cyclic codes which were proposed by Boucher in [4]. For the first time in 

[6] non commutative skew polynomial rings have been used to construct (a generalization of) 

cyclic codes. These non-commutative rings are of the category of Ore rings. Recall that a skew 

cyclic code over an arbitrary ring S with an endomorphism    is a linear code C such that, when 

 0 1 1, ,.........., nc c c C   it implies that       1 0 2, ,..........,n nc c c C      . 

For a given automorphism   of R, the set  ,R x    consisting of polynomials 

1
0 1 1... n

nf a a x a x 
     , with ia R  forms a ring under usual addition of polynomials and 

multiplication defined by the rule      i j i i jax bx a b x   for each ,a b R  , and is called the skew 

polynomial ring over R. Boucher also introduced different types of skew cyclic codes in [5,6]. Then 

in the papers [11], [12], and [16], the skew cyclic codes over different rings are proposed. Skew 

cyclic codes with length n over the ring R are the submodules of 
 

1n

R x

x 
 . The module 

 
1n

R x

x 
 is 

not necessarily a ring, unless  1nx Center R   . The main reason of usefulness of these codes is 

that these codes usually are not unique factorization domains and have even more divisors than 

their similar cyclic structures. 

In this paper, we study the skew cyclic codes over the ring 
 

 2 1
k

pF v
R

v



 where 2 1

k

v   . 

we will find the structure of the ideals of  ,R x    where   is an  pF  -automorphism such that 

  2 1k

v v   ,  2. ., 1i e   . Then we try to show the cases a skew cyclic code is a quasi-cyclic code. 

We also give some information about the case that the module 
 ,

1n

R x

x




  is not a ring. We show 

that skew cyclic codes are submodules of the mentioned module. If F is a field, it is proved that 
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codes are in fact the submodules of 
 ,

1n

F x

x




 . We prove the same result for skew cyclic code over 

 
 2 1

k

pF v
R

v



 . Also for each ring R, 

 ,

1n

R x

x




 is a ring if and only if   1 ,nx Center R x     

2. The structure of ideals of the ring 
,

1n

R x

x

  


 

Let p be a prime number and pF   be a finite field. Then consider a ring 
 

 2 1
k

pF v
R

v



 where . To 

produce a skew polynomial version of this ring, we need the following. 

Theorem 2.1. Let :R R   with  2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v a a v av  
 

       . Then   is a ring 

automorphism. 

Proof. First, we prove that   is linear. To do this, let 

2 1 2 1
0 1 0 12 1 2 1

... , ...
k k

k ka av a v b bv b v R 
 

        .  Then 

   2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v b bv b v  
 

          

     2 1 2 1 2 1
0 1 0 1 0 0 1 12 1 2 1 2 1 2 1

... ... ...
k k k

k k k ka a v av b b v bv a b a b v a b v  
   

              

      0 0 1 1 2 1 2 1
... k ka b a b v a b

 
        . 

So    is additive. 

One can see that the following equations hold for each  , 0 2 1k
i i pa b F i     : 

                           2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v b bv b v  
 

        

            2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v b bv b v 
 

         



Skew Cyclic Codes Of Arbitrary Length Over 𝑅 =
ி೛[௩]

௩మೖ
ିଵ

 
A. Soleimani  

 

 

2022, Volume 16, No.1  

[24] 
 

Theory of Approximation and Applications 
 

 

              2 1
0 0 1 2 1 0 1 1 02 1 2 2 2 1

... ... ....
k

k k ka b a b a b ab a b ab v 
  

           

      2 1
0 0 1 2 1 0 1 1 0 0 02 1 2 2 2 1 2 1 2 1

... ... ... ...
k

k k k k ka b a b a b a b a b ab v a b a b v 
    

             

   2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v b bv b v  
 

        

Also, for each  2 1
0 1 2 1

...
k

ka av a v 


    , we have  2 1 2 1
0 1 0 12 1 2 1

... ...
k k

k ka av a v a av a v  
 

        

Moreover,  2 1
0 1 2 1

... 0
k

ka av a v 


     if and only if  0 0 2 1k
i ia b i      .           

Throughout this paper, R will denote the ring 
 

 2 1
k

pF v

v 
 and S the ring  ,R x  , and nS   will denote 

 ,

1n

R x

x




 . 

Properties of skew cyclic codes are closely related to properties of  ,R x  . The ring  ,R x    is a 

left and right euclidean ring whose left and right ideals are principal. Here right division means 

that for      1 2, ,P x P x R x   which are non zero, there exist unique polynomials 

     , ,Q x R x R x   such that 

                                                       1 2.P x Q x P x R x   

If   0R x    then  2P x  is a right divisor of  1P x  in  ,R x  .  The definition of left divisor in 

 ,R x   is similar using the left euclidean division. 

In particular central elements of  ,R x   are the generators of two-sided ideals in  ,R x  . 

Therefore, if      divides n, then    1 ,nx R x     is a two-sided ideal. 

Lemma 2.1     1 ,nx Z R x     if and only if m n|   where    ,Z R x  is the center of  ,R x   

and m is a order of   . 
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Proof. Assume m n|  and let    ,f x R x  , say 

                                                  0 1 ... r
rf x a a x a x      

Since m n| ,  n a a   gor any a R .  Hence 

                                2 1
0 1 2 1

1 * 1 * ...
k

k

n nx f x x a av a v 


        

                                    0 1* * .... *n n n r
rx a x a x x a x f x       

                                          0 1 . .... .n n n n n n r
ra x a x x a x x f x         

                                    0 1 . .... .n n r n
ra x a x x a x x f x       

                                      0 1 ... *r n
ra a x a x x f x      

                                      * 1nf x x     

Hence     1 ,nx Z R x   . 

Conversely, suppose     1 ,nx Z R x   .  Then 1nx  commutes with every element of  ,R x 

. In particular,    1 * * 1n m m nx ax ax x   , for any a R .  Now    1 *n m n n m mx ax a x ax    , 

and  * 1m n n m max x ax ax   ,  This implies that  n a a   for all a R , hence m n|  .    

Lemma 2.2. Let R  be a ring   an automorphism of R and n an integer divisible by the order 

   of  .  The ring 
 ,

1n

R x

x




 is a principal left ideal domain in which left ideals are generated G 

where G is a right divisor of 1nx   in  ,R x  . 

Proof.  The proof is an exact copy of the commutative case only taking care of left and right. Let I 

be a left ideal of 
 ,

1n

R x

x




 . if  0I   then  0I    Otherwise denote G I  a monic non zero 
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polynomial of minimal degree in I. Let p I   be an arbitrary element of I. Performing a right 

division of P by G in  ,R x    we get 

                                                       
.

 where deg(R) < deg(G)

P Q G R 
  

from which we get .P QG R I     By minimality of the degree of G  we must have 0R   , showing 

that .P Q G  , and thus  I G . 

For a second part let I be a left ideal of 
 ,

1n

R x

x




 and denote G I  a monic non zero polynomial of 

minimal degree in I. we now that 1nx   is a zero of 
 ,

1n

R x

x




 now we Performing a right division 

of 1nx   by G in  ,R x   we get 

                                                   
1 .

 where deg(R) < deg(G)

nx P G R  
  

from which we get 1 .nx P G R I     By minimality of the degree of G  we must have 0R  , 

showing that 1 .nx P G  , and thus G is a right divisor of 1nx   in  ,R x   .   

Definition. A subset C of  nR   is called a skew cyclic code of length n if C satisfies the following 

conditions: 

(1) C is a submodule of nR   

(2) If 0 1 n-1 c = (c ,c ,...,c ) C   then the skew cyclic shift 

n-1 0 n-2( (c ), (c ),..., (c )) C      

The next theorems gives a characterization of those codes which are skew cyclic: 
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Theorem 2.2   Let R  be a ring   an automorphism of R and C be a linear code over R of length 

n. If    the order of θ, divides n, then the code C is skew cyclic code if and only if C is a left ideal 

of 
 ,

1n

R x

x




 . 

Above theorem when work    the order of θ, divides n, but for the general case the following 

theorem is presented. 

Theorem 2.3 The code C is a skew cyclic code with length n over R if and only if C is a nS  -

submodule of 
 ,

1
n n

R x
S

x





 . 

Proof. Let C be a skew cyclic code over R. Let   i
i

i

h x h x C   and   i
i n

i

g x g x S  . Then 

                                                      i
i

i

gh x g x h x    

Since C is cyclic  ix h x C ,  and as C is linear we ge     i
i

i

gh x g x h x C   . so gh C .  Also 

since C is linear, if 1 2 h ,h C  we have 1 2h h C  . 

Now assume that C is a submodule of nS . Then C is closed under addition (i.e., C is a linear code). 

Also since C is an ideal, xC C . So C is a skew cyclic code.                               

Definition. set C of n-tuples over a ring R is a quasi cyclic code with index d and length n, if C is 

a linear code and whenever 0,1 0,d 1,1 1,d n-1,1 n-1,d(c ,...,c ,c ,...,c ,..., c ,...,c ) C , then 

n-1,1 n-1,d 0,1 0,d n-2,1 n-2,d(c ,...,c ,c ,...,c ,...,c ,..., c ) C  . 

This is in fact the submodules of 
 

1

d

n

R x

x

 
  

 . 
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We also show a relationship between the skew cyclic codes over R and the quasi cyclic codes of R. 

This is important since we show a relationship between two extensive categories of cyclic codes 

over R. In this way, we could exploit the properties of quasi cyclic codes in the skew cyclic code. 

Theorem 2.4  Let C be a skew cyclic code with length an even number n. Then C can be 

considered as a quasi cyclic code of length n with index 2. 

Proof.  Let 2n N  and assume that 0,0 0,1 N-1,0 N-1,1c = (c ,c ,...,c ,c ) C  . Then by two times shifting we 

get 2 2 2 2
N-1,0 N-1,1 N-2,0 N-2,1( (c ), (c ),..., (c ), (c )) C      . Since 2

Rid   we then have 

N-1,0 N-1,1 N-2,0 N-2,1 (c ,c ,...,c ,c ) C  . So C is a quasi cyclic code with index 2.                                         

Since the number of the quasi cyclic codes are the number of submodule of  
 

2

1N

R x

x

 
 
  

, we can 

compute the number of skew cyclic codes as follows: 

Corollary 2.1. Let n be even. Then the number of distinct skew cyclic codes of length n over R is 

equal to the number of  
 

1N

R x

x 
-submodules of 

 
2

1N

R x

x

 
 
  

,  where 
2

n
N   

In the proofs of the following theorems, we will use the following fact from elementary number 

theory. Let d be the greatest common divisors of the integers a and b (denoted by  ,a b d .  Then 

there exist integers x and y such that 

                                                             .ax by d    

This representation is not unique. In fact, if we let 
 0 ,

b
x x k

a b
  , and 

 0 ,

a
y y k

a b
  , for some 

integer k, then 

                                        
   0 0 , ,

ab ba
ax by ax k by

a b a b
              1   

                                                             ax by d      
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Theorem 2.5   Let n be odd and C be an skew cyclic code of length n. Then C is equivalent to a 

cyclic code of length n over R. 

Proof.  Let   C g x   be a skew cyclic code of length n such that  2, 1n   . We know that there 

exist integers 1 2,    such that 

                                                          1 22 1n      

By Equation 1 we may assume that 2   is a negative integer, so we can write 12 1 Dn     where 

0D > .  Let n-1
0 1 n-1c(x) = c  +c x+...+c x C . To show that C is a cyclic code it is suffices to show that 

2 n-2
n-1 0 1 n-2c  + c x + c x  + ... + c x C.  Consider 

 12 *x c x   

    1+Dn n-1
0 1 n-1 x  * c  + c x + ... + c x     

        1 1 1 1 2 1 1 1
0 2 1....Dn Dn Dn Dn n Dn Dn n

n nc x c x c x           
       

        1 1 12 2 21 1
0 2 1....Dn Dn n Dn n

n nc x c x c x       
       

Note that in the ring 
 ,

1n

R x

x




,  we have 1nx   and  2 a a   for any a R . This implies that 

 12 2 n-2
n-1 0 1 n-2* c  + c x + c x  + ... + c x C. x c x   Thus, C is a cyclic code of length n.                                        

   

This theorem yields the following corollary. 

Corollary 2.2  For  2, 1n   if f(x) is a factor of 1nx   in  ,R x  , then f(x) is also a factor of  

1nx   in the usual polynomial ring   R x . 

Theorem 2.6  Let   C g x  be a skew cyclic code of length n and let   be an automorphism 

of R with 2   . If  2,n d   then C is equivalent to a QC code of length n and index d. 

Proof   Let n = ds and 
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 0,0 0,1 0,d-1 1,0 1,1 1,d-1 s-1,0 s-1,1 s-1,d-1c = c ,c ,...,c ,c ,c ,...,c ,...,c ,c ,...,c C . Since  2,n d  we may write 12 d Jn     

for some nonnegative integer J. Consider 

 0,0 0,1 0,d-1 1,0 1,1 1,d-1 s-1,0 s-1,1 s-1,d-1c ,c ,...,c ,c ,c ,...,c ,...,c ,c ,...,cd Jn    

d+Jn d+Jn d+Jn d+Jn
s-1,0 s-1,1 s-1,d-1 0,0

d+Jn d+Jn d+Jn d+Jn
0,d-1 s-2,0 s-2,1 s-2,d-1

  (c ),  (c ),...,  (c ),  (c ),...
 

,  (c ),...,  (c ),  (c ),...,  (c )

   

   

 
   
 

  

   12d+Jn a a a    for anya R . This implies that 

                  0,0 0,1 0,d-1 1,0 1,1 1,d-1 s-1,0 s-1,1 s-1,d-1c ,c ,...,c ,c ,c ,...,c ,...,c ,c ,...,cd Jn    

                     s-1,0 s-1,1 s-1,d-1 0,0 0,d-1 s-2,0 s-2,1 s-2,d-1c ,c ,...,c , c ,...,c ,...,c ,c ,...,c C    

Therefore, C is equivalent to a QC code of length n and index d.                                          

 

3.   Conclusion 

In this paper, we investigated the structure of skew cyclic codes of an arbitrary length n, 

where the generator polynomial of a skew cyclic code comes from the non-commutative 

ring  ,R x    where   is an automorphism of R with 2    We have shown that if  2, 1n    then 

the polynomial generated by  1nx    is not a two-sided ideal and hence the set 
 ,

1
n n

R x
S

x





 fails 

to be a ring. Under this condition skew cyclic codes can not be identified with ideals in nS .  

Considering nS  as a left  ,R x  --module, we have shown that a skew cyclic code is either 

equivalent to a usual cyclic code (the case (m,n) = 1), or a quasi-cyclic code of index d (case (m,n) 

= d). 
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