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The population growth, is increase in the number of individuals in population and it depends
on some random environment effects. There are several different mathematical models for
population growth. These models are suitable tool to predict future population growth. One
of these models is logistic model. In this paper, by using Feynman-Kac formula, the Ado-
mian decomposition method is applied to compute the moments for the solution of logistic

stochastic differential equation.
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1 Introduction

The population growth is the increase in number of individual over time. Let assume that a population contains
N(t) individuals at time ¢. In deterministic exponential growth model [2] (suggested by Thomas Robert Malthus
(1766-1834)) it is supposed that the number of births and deaths are fractions of total population. Let the number
of births and deaths in time interval [¢,¢ + 1] are « and g respectively. Therefore, we can write the increase in
population for time interval [¢, ¢ + 1] in terms of N(¢), o, and /3 as follows

N({t+1)—=N(t) = aN(t)—BN(t)
= N(t)(a—p5). (1.1)

Now by using given initial condition N (0) = Ny, we get

N(t)=No(1+a—-pB)!=NR', R=1+a-p. (1.2)

Above relation can be written in differential equation as

with exact solution

d]\;t(t): rN(t), r=InR,
(1.3)
N(O) - N07
N(t) = Noe'™. (1.4)
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In deterministic logistic model (suggested by Pierre Francois Verhust in nineteen century (1804-1849)), the
population will not increase forever (for example because of insufficient resourses) and has environment limiting
N (i.e. tlim N(t) = N) and given by

—00

dN(t) N(t)
ekl L7 1- ). .
pm rN(t) < N (1.5)
In this model the rate of growth decrease as the limiting population (i.e. N) is approached and for N(¢) << N,

deterministic logistic model is similar to exponential growth model. The model can be solved by separation of

variables as
N

- 1 4 (N]Qé\/b) e—k‘t'
There are a great number of different deterministic population model in the literature (for instance, Von Berta-

lanffy growth model, Richard growth model, Blumberg growth model, Gompertz growth model, Generic growth
model, generalized logistic model). In general, population growth models have the following form

N(t) (1.6)

AN (t)

= N@OF (@ N ). (1.7)

Since the growth rate at time ¢ is not exactly definite, aforesaid models can be improved by considering some
random environment effects [3]. Therefore population models can be improved by considering both deterministic

and stochastic terms as
dW (t)

dt

dN(t) = f(t,N(t))dt + g(t, N(t))

W (t)

Feynman-Kac formula named after Richard Feynman and Mark Kac, expresses a close connection between
the expectations for solutions of SDEs and partial differential equations (PDEs) [4,5]. Let { X (¢) };>0 be a solution
of the SDE

dt, (1.8)

where dWV (t) is the differential of Brownian motion and called withe noise.

dX (1) = a(t, X(£))dt + o(t, X (£))dW (¢). (1.9)

Assume that f and p be given functions. Fix a final time 7" > 0 and define a new function V' (¢, z) for ¢ € [0,T] by
V(t,z) = e Ji POMEF(X (T X () = 2] (1.10)

Assume that V (¢, 2) < oo for all (¢, ). Then V = V (¢, z) solves the following boundary value problem

oV (t,x)  o*(t,x)0*V(t,x) ov(t,x)
o 2 o2+ alt,) oxr POV, (1.11)
V(T,x) = f(x).

Consequently, by solving the boundary value problem (11), the expectations for solutions of SDEs can be easily
computed.

The paper is organized as follows. In section 2, some preliminary in stochastic calculus are reviewed. In
section 3, for convenience of the reader, a short review of the ADM is presented. In section 4, the moments for
solution of the logistic stochastic differential equation are obtained. In section 5, two examples are presented.
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The convergence of the proposed method in consider for examples. Finally, in section 5, a short conclusion is
expressed.

2 Preliminaries to stochastic calculus and stochastic logistic model

In this section, some preliminaries to stochastic calculus are presented. For more details see [4,5] and references
therein.

Definition 2.1. The normal distribution N (u,c?), is the probability distribution defined by the following den-

sity function
)2
exp<w>, —00 < x < 00.

1
g(w;p,0) = V2ro 252
Remark 1 If z is N (u, 0%) then E[z] = pand Var(z) = o2.

Definition 2.2. The lognormal distribution LN (j1, 0?) is the distribution of y = ¢%, where x is N(u,0?). The
probability distribution function of y is given by

_ 1 (Inz — u)?
flyim,0) = yo/an P <—202 ) :

Remark 2 If y is LN (p1, 0%) then E[y] = e"+27% and Varly] = e+’ (602 - 1).

Definition 2.3. Brownian motion is a stochastic process {W (t)|t € [0, co]} with the following properties:

1. W(0) = 0.

2. It has a continuous path.

3. For all non-overlapping time intervals [t1, t2], and [t3, t4] the random variables W (t2) — W (t1) and W (t4) —
W (t3) are independent (i.e. W (ta) — W (t1) LW (t4) — W (t3)).

4. The increment W (t2) — W (t1) is a normal variable, with zero mean and variance ty —t; (i.e. W (ta) — W (t1) ~
N(0,tg — t1)).

Theorem 2.1. Let X (t) be an It6 process given by
dX (t) = udt + vdW (). (2.1)

Let g(t,z) € C?([0,00) x R). Then Y (t) = g(t, X (t)) is again an It6 process, and

_ O9(t, X(1)) . Og(t, X(1)) 10%g(t, X(t)) 2
Y (t) = 5 dt + o dX(t) + 5 52 (dX(t))*, (2.2)
where (dX (t))? = (dX (t)).(dX (t)) is computed according to the rules
dt.dt = dt.dW(t) = dW (t).dt = 0, and dW (t).dW (t) = dt. Proof: see [4,5].
Remark 3 By using theorem 1, for ¢(¢,z) = In z, we get
dIn N() = ——dN(t) + - —L_(an(1))? (2.3)
T NQ) 2 N2(1) ' 3
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On the other hand, using properties dt.dW (t) = dW (t).dt = dt.dt = 0, and
dW (t).dW (t) = dt then (dN(t))? can be written as

(AN (t))* = B2dt.
Now (14) becomes

1
N(t)

Consequently, integrating both sides of (16) on [0, ¢] gives us

dInN(t) = dN(t) — %5%&.

YdN(s)
o N(s)

52
=InN(t) —InNo + ?t.

(2.4)

(2.5)

(2.6)

Definition 2.4. The logistic model can be improved by considering some environment effects or a noise as

AN(t) = rN(t)(K — N(t))dt + BN (£)dW (t).

Theorem 2.2. Let

{ AN (t) = rN(t)(K — N(t))dt + BN (£)dW (1),

N(0) = No.

Then the exact solution to equation (19) is given by

(1) Noexp ((K - 38%)t+ BW())
Nt) = ( > L+ No Jyexp ((K — 362) s+ W (s)) ds

Proof: The equation (19) changes to the following form

dN (t)
N(t)

= r(K — N(t))dt + BdW (¢).

Integrating both sides of (21) on [0, t] and using (17) gives us

ln< N(O)> 522 _ r/OtN(s)ds+BW(t)+th,
In <]jv(§> +r/ N(s)ds = BW(t) +rKt— 52275,
In <%§ > N(s)ds = BW(t)+ (rK— 5;) ,

N(t) exp ( / N(s > = exp <5W(t) + <TK - ﬁ;

))

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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Now integrating both sides of (22) on |0, t| result in

(2.12)

Therefore, we get

exp <r /OtN(u)du> = 1+4+rNp /Ot exp <ﬁW(s) + <7"K — B;) 5> ds,

t 1 t BZ
/ N(u)du = -In (1 + rNo/ exp <ﬁW(s) + (T‘K — > s) ds) . (2.13)
0 r 0 2

Finally, by differentiating (24), (20) is obtained.

3 The Adomian Decomposition Method (ADM)

Consider the following differential equation
Lu+ Ru+ Nu =g, (3.1

where L is the highest order derivative which assumed to be easily invertible, R is a linear differential operator
of less order than L, Nu represents the nonlinear terms, and g is source term. Applying L~! to both side of the
relation (25) and using initial conditions results in

u=f— L Y(Ru) — L™ (Nu), (3.2)

where the function f represents the terms arising from integrating the source term g and from using the given
conditions. Letu = > ; u,. In this method, the components g, u1, ug, - - - are determined recursively as follows

[1,6-14]
ug = f,
{ wp = —L~N(Ruj1) — L™ (Nug_1), k € N. (3:3)

In the next section, by using the Feynman-Kac formula, the ADM is applied to obtained an explicit formula for
the moments of the square-root diffusion process.

2020, Volume 14, No. 2 51 @ Theory of Approximation and Applications



Application of semi-analytic method to compute the moments for solution of logistic model M. A. Jafari

4 Main results

By using Feynman-Kac formula, to compute the n-moment for the solution of logistic stochstic differential equa-
tion, the following PDE is achieved

{ (t$)+_1 2 23 V(t$) +z(a Blﬁ tx) =0,

V(T.x) = f(z) = 2", 4.1

Let L = 2, R = 1o%? 6612 + z(a — Bz)Z, and N = g = 0. Integrating both sides of the relation (28) on [¢, 7]

results in . o .
oV (s, x) 1455 0V (s, x) B ov(s,x) ,

Therefore, by using initial condition V (T, x) = f(z) = 2™, the relation (29) simplifies as

B 122/TWV@J) B /deam
V(t,x) =2a" 4+ zo°x T ds + z(a — fx) 0 ds. (4-3)

2 t
Let V(t,x) = >_.7, Vu(t, ). According to the relation (27), the components Vy (¢, ), Vi (¢, z),
Va(t,z),- - - are determined as follows

{ e b - (4.4)

Vit ) = 1o%a? [T OVl gs (- o) [T ealomgy | e N,

Subsequently, the n-term approximate can be used to approximate the solution.
The following program, written by Maple, generates all of the components , Vi (¢, z),
Va(t,z),- - - in the relation (31) for any given n, a, b, ¢, t and 7. In this program, it is supposed that alpha = 1,

beta =1, sigma =1, T = 1,t = 0,n = 15, and Vy(¢, z) = 2* which can easily changed by the user.
alpha:=1;

beta:=1;
sigma:=1;

v[0] :=x*x%2;

v[0] :=unapply(v[0],x);

for i from 1 to n do

v[i] :=simplify (sigma**2*xx**2xdiff (v[i-1] (x),x,x)*((-1)**ik(T-t)**(i-1)/(i-1)!)
+(alpha-beta*x)*diff (v[i-1] (x) ,x)* ((~1)**ix (T-t)**(i-1)/(i-1)!));

v[i] :=unapply(v[i],x);

od;

approximate:=add(v[i] (x),i=0..n);
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5 Numerical examples

Example 5.1. As a first example, consider the following stochastic differential equation

{ AN (t) = N(t)(1 — N(¢))dt + N(£)dW (1), -

X0)=2z>0

According to the relation (28), to compute the second moment of N (t), the following partial differential equation
is considered

oV (t,x) 9%V (t,x) oV (tx)
ot T gy + (1 - 7)== =0, (5.2)
V(T,r) = x?
Let T = 1. Thus, the first few components, calculated by the formula (31), are as follows
_ .2
Vo = 27,
V1 = 2.7}3 — 4.7}2,
Vo = —62* + 2623 — 1622,
Vs = —122° + 872* — 13323 + 3222,
Vi =102% — 108z° + 2Tt — 120155 4 852, (6.2)
_ 5.7 75,6 4 6495  10813,.4 , 116053 _ 32, 2 5.3
Ve = 2317; 21§9 g 15529 4818:5?9 . 1414843213 ’ x165469 16
_ 7.8, 139 7 6 5_ 4 3_ 16 .2
Vo= 48796 9+ 481:;1 g 0 50;99Jr SSRTTIEEN th 6191;_ 51728(1)0%759 125:]6 ’
V7 = 3207 + 35607 — 172807 T 10368% — 384007 T 13824007
053317 3 4 4,
12441600 6075%
L :

Finally, the series have been obtained is convergent because the ratio of ||Vi||oc to ||Vi—1||eo fori =1,2,3, -
decrease to zero [14]. Below, these ratios for the first few are expressed

¢ [Villoo
5(1) = = 4.0,
T2l = 6.5,
e = 5115384615,
ilee = 2244360902,
ol (5.4)
T2 = 0.7546761586,
Te= = 0.1833841980,
Ve = 0.03903245192,
6||oco
Example 5.2. As a second example, consider the following stochastic differential equation
dN(t) = N(t)(10 — 2N(t))dt + 4N (t)dW (t), (5.5)
X(0) =z > 0. 59

According to the relation (28), to compute the third moment of X (t), the following partial differential equation
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1s considered

WD) 41628702 1 (10 — 20) 242 — g, 5.6)
V(T, r) =23
Let T = 2. Thus, the first few components, calculated by the formula (31), are as follows
(Vo =27,

Vi = 62 — 12623,

Vo = —482° + 2148z* — 158723,

Vs = —2402% + 174722° — 2967962 + 100018823,

Vi = 4802 — 507202° + 147316825 — 124763002,

80610320 377565661
Vs = 280z° — 40200z" + 175502025 — 3 z° + 3 xt — 11027072723,
—~112 20902 91230890 4105792961 44790053219
Ve = I - 28— 492407227 + - 46 = 24 o " (5.7)

23156%5267 3

QP4 10+29596 o 2388211 o 163613479 , 28738133261 5 67030145917

,
= 135 270 ¢ 3240 ¢ T 1350

5258%%9675613 162097915'8r’69 .
64800 @t 800

Finally, the series have been obtained is convergent because the ratio of ||Vi||« to ||Vi-1||c fori = 1,2,3,---
decrease to zero [14]. Below, these ratios for the first few are expressed

( V1loo
= 126.0
Volloo ’
Val|oo
—126.0
Vi|oo ’
Va|loo
— 63.0
Val|oo ’
Valloo _ 21.0,
53 o0 (5.8)
ol _ 5.091979238,
Vi|oo
Volloo _ 1.977141896,
Vs ||oo
Vlloo _ 0.3260997884,
Ve loo

6 Conclusions

In this paper, by using the Feynman-Kac formula, the ADM is applied to compute the moments for solution of
logistic stochastic differential equation. In this method, the solution is found in the form of a convergent series and
usually converges to the exact solution. Moreover, the terms of the series can be computed easily. similarly, other
semi-analytic methods such as homotopy perturbation method, and homotopy analysis method can be applied to
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compute the moments for solution of logistic differential equation.
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