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1 Introduction

Approximation theory, which mainly consists of theory of nearest points (best approximation) and theory of far-
thest points (worst approximation), is an old and rich branch of analysis. The theory is as old as Mathematics
itself. Starting in 1853, a Russian mathematician P.L. Chebyshev made significant contributions in the theory of
best approximation. The Weierstrass approximation theorem of 1885 by K. Weierstrass is well known.The study
was followed in the first half of the 20th Century by L.N.H. Bunt (1934) , T.S . Motzkin (1935) and B. Jessen
(1940). B. Jessen was the first to make significant contributions in the theory of farthest points. This theory is
less developed as compared to the theory of best approximation .

Let (X, ||.]|) be a normed linear space, W a non-empty subset of X. A point yo € W is said to be a best
approximation point (nearest point) for z € X, if

[l = woll < llz =yl
for each y € W. For each x € X, put

Py (z) ={yo € W: [lz — yol| = d(W,2) = inf ||z — y][}.
yeW

For each z € X, if Py (x) is non-empty (a singleton), we say that W is proximinal (Chebyshev). For each
x € X\W,if Py (z) = 0, we say that W is anti-proximinal (see [2, 5, 10, 17]).
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Let X be a normed linear space and W a bounded non-empty subset of X. A point ¢(z) € W is said to be a
farthest point for z € X, if

[z —q(x)|| = llz —yl,
for each y € W. For each z € X, put

Fw(z) ={yo € W: ||z — yol| = 6(W,z) = sup [lz — yl[}.
yeW

For each = € X, if Fjy(x) is non-empty (a singleton), we say that ¥ is remotal (uniquely remotal). For each
x € X, if Fy (z) = 0, we say that W is anti-remotal. (see[3,4,6,7,9,10, 13, 14]).
Let (X, |.||) be a normed space, W C X a non-empty subset of X and g € W. We set:

6(W) = Inf 5(W, ),

EW) = {zeX:6(W,z)=456W)},
Py = {zeX\W:ge Py(x)}
F, = {zeX\W:geFy(x)}.

Forz € X \ W,we set:

Rw(z) ={g90€ W :|lgo — gl| < ||z —g|| Vge W},

and
Ry={z e X\W:g€ Rw(x)}.

If c € E(W), we say that c is a Chebyshev center of W, We denote by ¢y and §(W) is called Chebyshev radius of
w.

Definition 1.1. Let (X, ||.||) be a normed space, W a Chebyshev subset in X and x € X. W is called sun set if
x ¢ W,y = Py(x), then
Py(Ax+ (1= X)g) =g, forevery A > 0.

Definition 1.2. Let (X, ||.||) be a normed space, W is a uniquely remotal setin X and x € X. W is called sunrise
setifz ¢ W, g = Fyw(z), then
Fyw(Az + (1 —X)g) =g, forevery A > 1.

In the sequel, we will present some known lemmas which are needed in the main results.

Lemma 1.1. Let (X, ||.||) be a normed linear space, W a subspace of X, x € X \ W and go € W. Then the
following statements are equivalent:

1) go € Pw(x),

2) there exists a f € X* such that ||f|| =1, f(z — go) = ||z — goll, flw = 0.

Lemma 1.2. Let (X, |.||) be a normed space, W a bounded subset of X,z € X \ W and go € W. Then the
following statements are equivalent:
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1) go € Fw (),

2) there exists a f € X* such that |f(go — )| = supgew [lg — ||
and

[flgo—2)| = |flg—2)l, geW

Lemma 1.3. Let (X, ||.||) be a normed space, W a subset of X, z € X \ W and g € W.Then the following state-
ments are equivalent:

1) go € RW(-T),
2) for every g € W there exists f9 € X* such that || f9|| = 1, f9(x — go) = 0 and f9(x — go) = ||z — gol|-

2 Chebyshev centers
In this section we obtain some results on Chebyshev centers.

Theorem 2.1. Let (X, ||.||) be a normed space, W a subspace of X and g € W .Then the following conditions are
equivalent:

1)z € Py,

2) thereexistsa f € X*s.t. ||f|| =1, f(x —g) =|lz—gl|, flw =0.

Proof. 1) = 2). Suppose = € P, then g € Py (). From Lemma 1.1, thereexistsa f € X*s.t. ||f|| =1, f(z—g) =
2) = 1) If thereexistsa f € X*s.t. ||f|| =1, f(x —g) = ||z — ¢||, flw = 0. From Lemma 1.1, ¢ € Py (x), and
xr € P, O

Theorem 2.2. Let (X, |.||) be a normed space , W a bounded subset of X and g € W .Then the following
condition are equivant:

1) g € Fy,

2)thereexistsa f € X*s.t||f|| =1,|f(g — )| = sup,ew ||w — ||
and

[flg—a)| > |f(w—2z), weW.

Theorem 2.3. Let (X, ||.||) be a normed space , W a subset of X and g € W .Then the following condition are
equivent:

L)g € Ry,

2) for every w € W there exists f* € X*s.t||f*|| =0and f*|, =0

Lemma 2.1. Let (X, ||.||) be a normed space, W = {z € X : ||z|| = 1} a subset of X and z € X\W. Then
1) d(W.z) = |1 — ],
2) nearest point (z) =
3) farthest point (z) =
D3, 2) = |1+ ],
5)ew =0,
6) (W) = 1.

B

fl|

x
x|

I 8

)
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Proof. Itis clear. O

Theorem 2.4. Let (X, ||.|) be a normed space and W = {z € X : ||z — z¢|| = 1}. Then
1) CWw = X and 5(W) =1,
2) (W, z — ) =1+ ||z — cw||
3)dW,x —x9) =1— ||z — ew]|,

4) nearest point (x — zo) = ;=32
5) farthest point (x) = — =2,

Example 2.1. Let (X, ||.||) be a normed space, W = {z € X : ||z|| = 1} and x € X. We show that W is sun and
sunrise set.

If g € W, put x = —\g for every A > 1. Therefore ¢(z) = g and x € Fj,.
If x € Fy, since ¢(z) = —L' = g. Therefore x = —||z||g and ||z|| > 1. It follows that

[E3
Fy={-Xg: X>1},

Put x = \g, for every A > 0. Therefore nearest point (z) = g and z € P,.
If z € P,, since nearest point (z) = Ty =9 and ||z|| > 1. Therefore z = ||z||g and ||z|| > 1. .It follows that

Py={\g: A >1}.
Suppose g = Fyy(x), then = € F,. Therefore for some Ay > 1: z = —\og.

A+ (1—=XN)g = —Aog+9g—XNg
= —(=1+X+X\o)g,

Note that —1 + X + Ao > 1. Therefore
Fw(\e + (1 A)g) = g.

and W is a sunrise set.
Suppose g = Py (x), then = € P,. Therefore for some Ay > 1 we have z = \yg.
For A > 0, we have

A+ (1=XN)g = Mog+9g—MNg
= (AMo—A+1)g.

Note that A\g — A + 1 > 0. Therefore
Pw(Aa + (1 - N)g) = g.
and W is a sun set in X.

Theorem 2.5. Let (X, ||.||) be a normed space and W an uniquely remotal convex subset of X. Then W is a
sunrise set.
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Proof. Suppose x ¢ W, Fyy(x) = yand Fiy(Az + (1 — N)y) =w #y forevery A > 1.If z = Az + (1 — Ny, for

every v € W. We put

since W is convex, w € W and

Iz =yl

Vv

Therefore

[Az) + (1 =Ny -y

[Az — Ayll
Allz =y
Allz =yl
| Ax — Aw||

[A(z) —w = (A= 1)yl
[Az) + (1= Ny —ull

Iz = .

Iz =yl >[Iz =l

Fy(z2) =y.

Theorem 2.6. Let (X, ||.||) be a normed space and W a Chebyshev convex set in X.Then W is a sun set.

Proof. Supposexz € X \ W,g € W and g = Py (x).

Ifz=X+(1-XNy for 0 < A < 1. Then

e =2 = JAze+ (1 =Xz -z — (1= Ny
= [[A=X( -9l
(1 =Nz =gl

Iz =gl = All(z = gl

x

I
(2
= I

)
9)
)

x

gl = [(Az = Ag)|
= 1(Az+ (1 =A)g—Ag = (1 =gl
Al =11z =9l

Since g = Py (z), we have ||z — g|| < ||z — y|| for every g € W. Therefore

lz—gll = lz—gll -z -z
<z =gl
< =z -yl (g€ W).
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It follows that g = Py (2). If A > 1, for every u € W. We put

w= %u%—(l—%)g.

Suppose W is convex, then w € W and
lz=gll = lIXz)+ 1 -=Ng—ydll

= Az = Agll

= Az -4l

< Allz =yl

= |[Ax — Aul|

= A —u—(A-1)g|

= |[M+u—(1—-X)g—ul

= |lz =, (u e W).
Therefore Py (z) = g. O

3 Remotal centers

In this section we define remotal center and remotal radius a set in normed spaces.

Definition 3.1. Let (X, ||.|) be a normed space, W a subset of X. We set

d(W) = sup d(z, W),
zeX

and we call remotal radius of W. If there exists a x € X such that
d(z, W) = d(W),
we call x a remotal center of W.

Example 3.1. Let (X, ||.||) be a normed space and W = {z € X : ||z|| = 1}. Then

Theorem 3.1. Let (X, ||.||) be a normed space, W a subset of X, cy is a Chebyshev center of W, d(W) <
d(ew, W),d(W) = 5(W) and g € W.If | — cw || = 6(W), then

g € Pw(x)

Proof. We have
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dew, W) = yienvlffﬂcw—yﬂ,

< lew —gll,
d(W),
= d(Cw,W).

Therefore

d(CW7W) = ||CW - .gH7

and
g € PW (l’)

Theorem 3.2. Let (X, ||.||) be a normed space, W a subset of X, cy is a chebyshev center of W. 6(W) >
S(ew, W), 0(W) = d(W) and g € W. If |g — ew || = d(W), then

g € Fyy(x).
Proof. We have
5(CW7W) = Sup HCW - y”v
yeW
lew —gll;
= aw),
= (W),
> 5(CW7 W)
Therefore
S(cw, W) = llew — gll,
and
g < Pw<a?)
O
Theorem 3.3. Let (X, |.||) be a normed space and W a compact subset of X. Then there exists a remotal center
of W.
Proof. We know that d(W, .) is conttinous on X. The proof is trival. O
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