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Coupled fixed point has been a major area of research interest in the field of 

fixed point theory. This work establishes coupled fixed point for C*-algebra-

valued contractions in fuzzy metric spaces. Also, application in integral 

equations to back up our claim was given. The results of our findings are an 

improvement to some existing works in the literature. 

 

1 Introduction 

The introduction of fixed point theorem in metric space and the Banach contraction principle has 
played a significant role in the field of mathematical analysis and its applications [1]. Hence, 
numerous theories have developed in extending its notion in many diverse ways. Accordingly, if 
Τ is a contraction on a Banach space Χ, then Τ has a unique fixed point in Χ. Many researchers 
studied the Banach fixed point theorem in diverse ways and show its generalizations and 
applications. Among them, Bakhtin [2] introduced a very important generalization of the idea of 
a metric space, which is later used by Czerwick [3-4] to present the findings of their work. 

Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting. The 
concept of fuzzy sets was initially introduced by Zadeh [8] in 1965. To use this concept in topology 
and analysis, so many authors have extensively developed the theory of fuzzy sets and its 
applications. One of the most significant and interesting work in fuzzy topology is to appropriately 
find the definition of fuzzy metric space and its applications. It is well known that a fuzzy metric 
space is an important generalization of the metric space. Many authors have considered this 
problem and have introduced it in different ways as there remains considerable literature about 
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fixed point properties for mappings defined on fuzzy metric spaces, which have been examined by 
many researchers (see [9-12]). 

Zhu and Xiao [7] and Hu [6] gave a coupled fixed point theorem for contractions in fuzzy metric 
spaces, and Fang [5] proved some common fixed point theorems under 𝜙-contractions for 
compatible and weakly compatible mappings on Menger probabilistic metric spaces. Moreover, 
Elagan and Segi Rahmat [13] studied the existence of a fixed point in locally convex topology 
generated by fuzzy 𝑛-normed spaces. 

In this paper, our main aim is to generalize and extend the work done in [14] on fixed point 
theorems in 𝐶∗-algebra valued fuzzy metric spaces to coupled fixed point theorems in 𝐶∗-algebra 
valued fuzzy metric spaces with application. The main result proved further generalizes and 
integrates results present in the literature. 
 
2 Preliminaries 

In this section, we will discuss few of the basic concepts of 𝐶∗-algebra-valued metric space. 

Definition 2.1 [14] Let Χ be an arbitrary nonempty set, ∆ a continuous 𝜄-norm, and 𝑀 a fuzzy set 
on Χଶ × (0, ∞). The 3-tuple (Χ, M, ∆) is called a fuzzy metric space if the following conditions are 
satisfied ∀ 𝜆, 𝜇, 𝜃 ∈ Χ and 𝜄, 𝜙 > 0, 

(i) 𝑀(𝜆, 𝜇, 𝜄) > 0, 
(ii) 𝑀(𝜆, 𝜇, 𝜄) = 1 if and only if  𝜆 = 𝜇 ∀ 𝜄 > 0, 
(iii) 𝑀(𝜆, 𝜇, 𝜄) =  𝑀(𝜇, 𝜆, 𝜄), 
(iv) 𝑀(𝜆, 𝜇, 𝜄)∆𝑀(𝜇, 𝜃, 𝜙) ≤ 𝑀(𝜆, 𝜃, 𝜄 + 𝜙) ∀ 𝜄, 𝜙 > 0, 
(v) 𝑀(𝜆, 𝜇,∙): (0, ∞) → [0,1] is continuous, 
(vi) lim

ఐ→ஶ
𝑀(𝜆, 𝜇, 𝜄) = 1 ∀ 𝜆, 𝜇 ∈ Χ. 

Definition 2.2 [16] Let (Χ, M, ∆) be a fuzzy metric space. A sequence {𝜆௡}௡∈ℕ in Χ is said to 
converge to 𝜆 ∈ Χ if  lim

ఐ→ஶ
𝑀(𝜆௡, 𝜇, 𝜄) = 1 ∀ 𝜄 > 0. 

Lemma 2.1 [16] Let (Χ, M, ∆) be a fuzzy metric space and {𝜆௡}, {𝜇௡} are sequences in Χ such that 
𝜆௡ → 𝜆, 𝜇௡ → 𝜇 then 𝑀(𝜆௡, 𝜇௡, 𝜄) → 𝑀(𝜆, 𝜇, 𝜄) for every continuity point 𝜄 of 𝑀(𝜆, 𝜇,∙). 

Definition 2.3 [15] Let Χ be a nonempty set. Suppose that the mapping 𝛿୅: Χଶ → 𝔸 satisfies: 
(i) 𝛿୅(𝜆, 𝜇) > 0୅, 
(ii) 𝛿୅(𝜆, 𝜇) = 0୅ if and only if 𝜆 = 𝜇, 
(iii) 𝛿୅(𝜆, 𝜇) = 𝛿୅(𝜇, 𝜆), 
(iv) 𝛿୅(𝜆, 𝜇) ≤ 𝛿୅(𝜆, 𝜃) + 𝛿୅(𝜃, 𝜇) ∀ 𝜆, 𝜇, 𝜃 ∈ Χ. 

Definition 2.4 [15] Let (Χ, 𝔸, 𝛿୅) be a C*-algebra-valued metric space.  A mapping Τ: Χ → Χ is 
called a C*-algebra-valued contraction mapping on Χ, if exists 𝛽 ∈ 𝔸 with ‖𝛽‖ < 1 such that 

𝛿୅(Τ𝜆, Τ𝜇) ≤ 𝛽∗𝛿୅(𝜆, 𝜇)𝛽, ∀ 𝜆, 𝜇, 𝜃 ∈ Χ. 
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3 Main Results 

In this part of the research, firstly we defined the concepts of 𝐶∗-algebra valued contraction 
mapping (𝐶∗-AVCM) in metric and fuzzy metric spaces. 

Definition 3.1 Let (Χ, 𝔸, δ) be a 𝐶∗-algebra valued metric space (𝐶∗-AVMS). A mapping Ψ: Χଶ →

Χ is a 𝐶∗-algebra valued contraction mapping on Χ, if 𝛽 ∈ 𝔸 with ‖𝛽‖ < 1 such that 

δ𝔸൫Ψ(𝜆, 𝜇), Ψ(𝜇, 𝜆)൯ ≤ 𝛽∗δ୅(𝜆, 𝜇)𝛽,   ∀ 𝜆, 𝜇 ∈ Χ. 

Definition 3.2 Let Χ be a nonempty set and (Χ, 𝔸, F୅, ∆) be a FMS. A mapping Ψ: Χଶ → Χ is said 
to be a 𝐶∗-AVCM if there exists 𝛽 ∈ 𝔸 with ‖𝛽‖ < 1 such that 

1

F୅(Ψ(𝜆, 𝜇), Ψ(𝜇, 𝜆), 𝜄)
− 1 ≤ 𝛽∗ ൬

1

F୅(𝜆, 𝜇, 𝜄)
− 1൰ 𝛽                                                   (1) 

∀ 𝜆, 𝜇 ∈ Χ and 𝜄 > 0. 

Theorem 3.1 Let (Χ, 𝔸, F୅, ∆) be a Cauchy FMS. A mapping Ψ: Χଶ → Χ is a 𝐶∗-AVCM if Ψ has a 
unique fixed point in Χ. 

Proof. Suppose that 𝛽 ≠ 0୅, 
Let 𝜆଴ ∈ Χ. Then, the sequence {𝜆௡}௡ஹ଴ for 𝜆௡ାଵ = Ψఒ೙

= Ψ୬
ఒబ

 and going by 𝐶∗-algebra if 𝛼ଵ, 𝛼ଶ ∈

𝔸ା and 𝛼ଵ ≤ 𝛼ଶ, hence 𝜔∗𝛼ଵ𝜔 ≤ 𝜔∗𝛼ଶ𝜔   ∀  𝜔 ∈ 𝔸. Then, 
1

F୅(𝜆௡, 𝜆௡ାଵ, 𝜄)
− 1 =

1

F୅(Ψ(𝜆௡ିଵ, 𝜇௡ିଵ), Ψ(𝜆௡, 𝜇௡), 𝜄)
− 1 

≤ 𝛽∗ ൬
1

F୅(𝜆௡ିଵ, 𝜆௡, 𝜄)
− 1൰ 𝛽 

≤ (𝛽∗)ଶ ൬
1

F୅(𝜆௡ିଶ, 𝜆௡ିଵ, 𝜄)
− 1൰ 𝛽ଶ 

⋮ 

≤ (𝛽∗)௡ ൬
1

F୅(𝜆଴, 𝜆ଵ, 𝜄)
− 1൰ 𝛽௡ 

= (𝛽∗)௡𝔽𝛽௡,                                                                                       (2) 

where 𝔽 =
ଵ

୊ఽ(ఒబ,ఒభ,ఐ)
− 1. 

If 𝑛 + 1 > 𝑚, and on applying triangular inequality of fuzzy metric spaces, we obtain 
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1

F୅(𝜆௠, 𝜆௡ାଵ, 𝜄)
− 1

≤ ൤
1

F୅(𝜆௠, 𝜆௠ାଵ, 𝜄)
− 1൨ + ൤

1

F୅(𝜆௠ାଵ, 𝜆௠ାଶ, 𝜄)
− 1൨ + ⋯ + ൤

1

F୅(𝜆௡ିଵ, 𝜆௡, 𝜄)
− 1൨

+ ൤
1

F୅(𝜆௡, 𝜆௡ାଵ, 𝜄)
− 1൨ 

≤ (𝛽∗)௠𝔽𝛽௠ + (𝛽∗)௠ାଵ𝔽𝛽௠ାଵ + ⋯ + (𝛽∗)௡𝔽𝛽௡ 

= ෍ (𝛽∗)௝𝔽𝛽௝

௡

௝ୀ௠

 

              = ෍(𝛽∗)௝𝔽
ଵ

ଶൗ 𝔽
ଵ

ଶൗ 𝛽௝

௡

௝ୀ௠

 

                    = ෍ ቀ𝔽
ଵ

ଶൗ 𝛽௝ቁ
∗

ቀ𝔽
ଵ

ଶൗ 𝛽௝ቁ

௡

௝ୀ௠

 

= ෍ ቚ𝔽
ଵ

ଶൗ 𝛽௝ቚ
ଶ

௡

௝ୀ௠

 

≤ ቯ෍ ቚ𝔽
ଵ

ଶൗ 𝛽௝ቚ
ଶ

௡

௝ୀ௠

ቯ Τ 

       ≤ ෍ ቛ𝔽
ଵ

ଶൗ ቛ
ଶ

∙ ฮ𝛽௝ฮ
ଶ

Τ

௡

௝ୀ௠

 

    ≤ ቛ𝔽
ଵ

ଶൗ ቛ
ଶ

෍ฮ𝛽௝ฮ
ଶ

Τ

௡

௝ୀ௠

 

                                         ≤ ‖𝔽‖ ∙
‖𝛽‖ଶ௠

1 − ‖𝛽‖
𝑇 ⟶ 0஺, 𝑎𝑠   𝑚 → ∞. 

Then, {𝜆௡}௡ஹ଴ is a Cauchy sequence in Χ with respect to 𝔸. Then (Χ, 𝔽, ∆) is Cauchy and for 𝜆 ∈ Χ 
such that lim

௡→ஶ
𝔽୅(𝜆௡, 𝜆, 𝜄) = 1, i.e., lim

௡→ஶ
𝔽୅(Ψ𝜆௡ିଵ, 𝜆, 𝜄) = 1. 

Then, 

0୅ ≤
1

𝔽୅(Ψ(𝜆, 𝜇), 𝜆, 𝜄)
− 1

≤ ൤
1

𝔽୅(Ψ(𝜆, 𝜇), Ψ(𝜆௡, 𝜇௡), 𝜄)
− 1൨ + ൤

1

𝔽୅(Ψ(𝜆௡, 𝜇௡), 𝜆, 𝜄)
− 1൨ + 𝛽∗ ൤

1

𝔽୅(𝜆, 𝜆௡, 𝜄)
− 1൨ 𝛽

+ ൤
1

𝔽୅(𝜆௡ାଵ, 𝜆, 𝜄)
− 1൨ 

≤ 0୅,   𝑎𝑠  𝑛 → ∞. 
Hence, Ψ(𝜆, 𝜇) = 𝜆 and similarly, Ψ(𝜇, 𝜆) = 𝜇, that is, 𝜆 and 𝜇 are Coupled fixed point of Ψ. 
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At this point, we are going to show that 𝜆 and 𝜇 are unique Coupled fixed point. If 𝜔ଵ ≠ 𝜆 and 𝜔ଶ ≠

𝜇 be Coupled fixed point of Ψ, then Ψ(𝜔ଵ, 𝜔ଶ) ≠ Ψ(𝜆, 𝜇) and Ψ(𝜔ଶ, 𝜔ଵ) ≠ Ψ(𝜇, 𝜆). Now, by the 
contraction condition (1), we obtain, 

1

𝔽୅(𝜔ଵ, 𝜆, 𝜄)
− 1 ≤ ൤

1

𝔽୅(Ψ(𝜔ଵ, 𝜔ଶ), Ψ(𝜆, 𝜇), 𝜄)
− 1൨ 

              ≤ 𝛽∗ ൤
1

𝔽୅(𝜔ଵ, 𝜆, 𝜄)
− 1൨ 𝛽 

             ≤ ൤
1

𝔽୅(𝜔ଵ, 𝜆, 𝜄)
− 1൨ 𝛽∗𝛽 

                ≤ ൤
1

𝔽୅(𝜔ଵ, 𝜆, 𝜄)
− 1൨ ‖𝛽‖ଶ. 

Similarly,  
1

𝔽୅(𝜔ଶ, 𝜇, 𝜄)
− 1 ≤ ൤

1

𝔽୅(𝜔ଶ, 𝜇, 𝜄)
− 1൨ ‖𝛽‖ଶ. 

Since ‖𝛽‖ଶ < 1, it is a contradiction. Therefore, Ψ has unique coupled fixed point. This 
completes the proof. 

 

4 Applications 

In this section, we apply the main results to the existence of the solution of integral equations. 
Let Χ = Lஶ(ℓ) and Η = Lஶ(ℓ) be a Hilbert space, where ℓ represent a set of Lebesque measurable. 
For 𝑓, 𝑔 ∈ Χ, let Fത୅(𝑓, 𝑔, 𝜄) = Π ഈ

ഈశ|೑ష೒|
, where Π௛(𝜆) = ℎ. 𝜆 ∀ 𝜆 ∈ Η. Suppose that Fത୅: ℓସ × ℝଶ → ℝ 

there exists 𝑔: ℓସ → ℝ is a continuous function, then Sup
ఝభ∈ℓ

∫|𝑔(𝜑ଵ, 𝜔)|𝑑𝜔 ≤ 1 and 𝛼 ∈ (0,1) for 

𝜑ଵ, 𝜑ଶ ∈ ℓ and for 𝜇, 𝜔 ∈ ℝ we obtain 

ฬ
𝜄

𝜄 + Fത(𝜑ଵ, 𝜑ଶ, 𝜇)
−

𝜄

𝜄 + Fത(𝜑ଵ, 𝜑ଶ, 𝜔)
ฬ ≤ 𝛼 ฬ𝑔(𝜑ଵ, 𝜑ଶ) ൬

𝜄

𝜄 + 𝜇
−

𝜄

𝜄 + 𝜔
൰ฬ. 

Hence, the integral equation has 𝜆∗ as its unique solution. 

 𝜆(𝜑ଵ) = ∫
ℓ

Fത൫𝜑ଵ, 𝜑ଶ, 𝜆(𝜑ଶ)൯𝑑𝜑ଶ,   𝜑ଵ ∈ ℓ.                                                                            (3) 

Proof. Let (Χ, L(Η), F, ∆) be a Cauchy 𝐶∗-AVFMS with respect to L(Η). Suppose Ψ: Χଶ → Χ be a 
mapping, we have 

Ψ(𝜆, 𝜇)(𝜑ଵ) = ∫
ℓ

Fത൫𝜑ଵ, 𝜑ଶ, 𝜆(𝜑ଶ)൯𝑑𝜑ଶ,   𝜑ଵ ∈ ℓ 

Hence, 

‖𝔽୅(Ψ(𝜆, 𝜇), Ψ(𝜇, 𝜆), 𝜄)‖ = Sup
‖௛‖ୀଵ

ቆΠ ఐ

ఐାห൫ஏ(ఒ,ఓ),ஏ(ఓ,ఒ)൯ห
ℎ, ℎቇ 
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= Sup
‖௛‖ୀଵ

∫
ℓ

ቆቤ∫
ℓ

ቆ
𝜄

𝜄 + F൫𝜑ଵ, 𝜑ଶ, 𝜆(𝜑ଶ)൯
−

𝜄

𝜄 + F൫𝜑ଵ, 𝜑ଶ, 𝜇(𝜑ଶ)൯
ቇቤ 𝑑𝜑ଶቇ ℎ(𝜑ଵ)ℎ(𝜑ଵ)തതതതതതതത𝑑𝜑ଵ 

≤ Sup
‖௛‖ୀଵ

∫
ℓ

ቆቤ∫
ℓ

ቆ
𝜄

𝜄 + F൫𝜑ଵ, 𝜑ଶ, 𝜆(𝜑ଶ)൯
−

𝜄

𝜄 + F൫𝜑ଵ, 𝜑ଶ, 𝜇(𝜑ଶ)൯
ቇቤ 𝑑𝜑ଶቇ |ℎ(𝜑ଵ)|ଶ𝑑𝜑ଵ 

≤ Sup
‖௛‖ୀଵ

∫
ℓ

൬ฬ∫
ℓ

𝛼𝑔(𝜑ଵ, 𝜑ଶ) ൬
𝜄

𝜄 + 𝜆(𝜑ଶ)
−

𝜄

𝜄 + 𝜇(𝜑ଶ)
൰ฬ 𝑑𝜑ଶ൰ |ℎ(𝜑ଵ)|ଶ𝑑𝜑ଵ 

≤ 𝛼 Sup
ఝభ∈ℓ

∫
ℓ

|𝑔(𝜑ଵ, 𝜑ଶ)|𝑑𝜑ଶ ∙ Sup
‖௛‖ୀଵ

∫
ℓ

|ℎ(𝜑ଵ)|ଶ𝑑𝜑ଵ ∙ ฯ
𝜄

𝜄 + 𝜆(𝜑ଶ)
−

𝜄

𝜄 + 𝜇(𝜑ଶ)
ฯ

ஶ

 

≤ 𝛼 ฯ
𝜄

𝜄 + 𝜆(𝜑ଶ)
−

𝜄

𝜄 + 𝜇(𝜑ଶ)
ฯ

ஶ

 

≤ ‖𝛽ଵ‖‖F୅(𝜆, 𝜇, 𝜄)‖ 
and similarly, 

‖𝔽୅(Ψ(𝜇, 𝜆), Ψ(𝜆, 𝜇), 𝜄)‖ ≤ ‖𝛽ଶ‖‖F୅(𝜇, 𝜆, 𝜄)‖. 
Since, ‖𝛽ଵ‖ < 1 and ‖𝛽ଶ‖ < 1, hence 𝜆∗ ∈ Χ and 𝜇∗ ∈ Χ are the unique solutions of the integral 
equation. 
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