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1 Introduction

The introduction of fixed point theorem in metric space and the Banach contraction principle has
played a significant role in the field of mathematical analysis and its applications [1]. Hence,
numerous theories have developed in extending its notion in many diverse ways. Accordingly, if
T is a contraction on a Banach space X, then T has a unique fixed point in X. Many researchers
studied the Banach fixed point theorem in diverse ways and show its generalizations and
applications. Among them, Bakhtin [2] introduced a very important generalization of the idea of
a metric space, which is later used by Czerwick [3-4] to present the findings of their work.

Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting. The
concept of fuzzy sets was initially introduced by Zadeh [8] in 1965. To use this concept in topology
and analysis, so many authors have extensively developed the theory of fuzzy sets and its
applications. One of the most significant and interesting work in fuzzy topology is to appropriately
find the definition of fuzzy metric space and its applications. It is well known that a fuzzy metric
space is an important generalization of the metric space. Many authors have considered this
problem and have introduced it in different ways as there remains considerable literature about
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fixed point properties for mappings defined on fuzzy metric spaces, which have been examined by
many researchers (see [9-12]).

Zhu and Xiao [7] and Hu [6] gave a coupled fixed point theorem for contractions in fuzzy metric
spaces, and Fang [5] proved some common fixed point theorems under ¢-contractions for
compatible and weakly compatible mappings on Menger probabilistic metric spaces. Moreover,
Elagan and Segi Rahmat [13] studied the existence of a fixed point in locally convex topology
generated by fuzzy n-normed spaces.

In this paper, our main aim is to generalize and extend the work done in [14] on fixed point
theorems in C*-algebra valued fuzzy metric spaces to coupled fixed point theorems in C*-algebra
valued fuzzy metric spaces with application. The main result proved further generalizes and
integrates results present in the literature.

2 Preliminaries

In this section, we will discuss few of the basic concepts of C*-algebra-valued metric space.

Definition 2.1 [14] Let X be an arbitrary nonempty set, A a continuous (-norm, and M a fuzzy set
on X? x (0, ). The 3-tuple (X, M, A) is called a fuzzy metric space if the following conditions are
satisfied V A, 1,6 € Xand (,¢ > 0,

D M@A,uw >0,

(i) M(A,u,0) =1ifandonlyif A=uVvi>0,

(i) M4, 1) = M(p,4,0),

Gv) M(A, u, )AM (u, 0, ¢p) < M(A,6,t+ p) Vi,¢ >0,

(v) M4, u,"):(0,0) - [0,1] is continuous,

(vi) Lllror})M(A,u,L) =1VALueX

Definition 2.2 [16] Let (X,M,A) be a fuzzy metric space. A sequence {A,},ey in X is said to
converge to A € Xif lim M(4,,u,t) =1V 1> 0.
L—>00

Lemma 2.1 [16] Let (X, M, A) be a fuzzy metric space and {1,,}, {#,,} are sequences in X such that
An = A, ty = uthen M(A,, u,, 1) > M(A, u, 1) for every continuity point ¢ of M(4, u,").

Definition 2.3 [15] Let X be a nonempty set. Suppose that the mapping §,:X? — A satisfies:

(1) Oa(4, 1) > 04,

(i) 6a(Lu) =04 ifand onlyif A = p,

(i) 844 p) = 6a(i, ),

(iv)  SA(4u) < 6,(A,0) + 020, ) V A, 1,6 €EX.
Definition 2.4 [15] Let (X, A, §,) be a C*-algebra-valued metric space. A mapping T:X — X is
called a C*-algebra-valued contraction mapping on X, if exists § € A with ||| < 1 such that

SA(TA, TR) < B 6L WP, Y 4,10 € X.
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3 Main Results

In this part of the research, firstly we defined the concepts of C*-algebra valued contraction
mapping (C*-AVCM) in metric and fuzzy metric spaces.

Definition 3.1 Let (X, A, §) be a C*-algebra valued metric space (C*-AVMS). A mapping ¥: X? —
X is a C*-algebra valued contraction mapping on X, if # € A with ||3|| < 1 such that

Sa(WA 1), W(1,A)) < B 8a(A, 0B, VL uEX.

Definition 3.2 Let X be a nonempty set and (X, A, F, A) be a FMS. A mapping ¥: X? — X is said
to be a C*-AVCM if there exists f € A with |||| < 1 such that

1 1
swansans =F oy # M
VAu€Xand: > 0.

Theorem 3.1 Let (X, A, F,,A) be a Cauchy FMS. A mapping ¥:X? - X is a C*-AVCM if ¥ has a
unique fixed point in X.

Proof. Suppose that 8 # 0,,
Let A, € X. Then, the sequence {4,,},> for 4,,; =¥, = ¥"; and going by C*-algebra if a;, a, €
A" and a; < a,, hence w*a;w < w*a,w V w € A. Then,

1 1

FaCdmen )+ FAM G ) PGt )
1

<k (FA(An_l,An, D 1) B

1
S (ﬁ )2 (FA(;{n—ZJ/ln—lrl) Bl 1) ﬁz

:1

<0 (gm0 1)

= (B")"FB", @

_r
Fa(20,41,1)
If n + 1 > m, and on applying triangular inequality of fuzzy metric spaces, we obtain

where F =
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1

l::A (Aml /1n+ 1, l)

-1

1 1 1
< ~1]+| — 1|+t -
[FA (Am' Am+1: L) FA (Am+1' Am+2: L) FA (An—l' Anr l)

1
" |:FA(lnlAn+1i L) - 1]
< (BOTRE™ + (BRI 4 e () FRT

Z BYFp

(B F'/2F 24

( Bl (F2p)

'M=§M=;

j=m
S s
j=m
1/2ﬁ1 T

IA
S

IA

Z ] 1P
<[5 Y. IsilPr
j=m

g1z

< IIIFII'I_—T—>0A, as m — oo.

Al
Then, {1, },s0 is a Cauchy sequence in X with respect to A. Then (X, F, A) is Cauchy and for 1 € X

such that lim Fy(1,,4,0) = 1,i.e., lim Fo(WA,_4,4,1) = 1.
n—oo n—oo
Then,

0p <

Fa(WA 1), 4,0

<lrwa u),lwn,un), 571+ [FAGP(A:,un),A, v R o R

1
e -1
]FA (An+ll /1' L)
< 04, as n - oo.
Hence, W(A, u) = A and similarly, ¥(u, 1) = y, that is, A and u are Coupled fixed point of W¥.
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At this point, we are going to show that A and yu are unique Coupled fixed point. If w; # 2 and w, #
u be Coupled fixed point of ¥, then ¥(w;, w,) # Y(4, 1) and ¥(w,, w;) # ¥Y(u, 1). Now, by the
contraction condition (1), we obtain,

1

1
Fa(on ) - [FA(M, ST 1]

<k []F (wl A L)_l]ﬂ
A 1,74
1

= [[FA(wl,A, D 1] pB

< [m— 1] gz

Similarly,
1

—————1s|—————1|IgI”

Fa(wz, u, 1) Fa(wz, 1, 1) d
Since ||B]|? < 1, it is a contradiction. Therefore, ¥ has unique coupled fixed point. This
completes the proof.

4 Applications

In this section, we apply the main results to the existence of the solution of integral equations.
Let X = L*(¢) and H = L*(¢) be a Hilbert space, where ¢ represent a set of Lebesque measurable.

For f,g € X, let Fo(f,g,1) =T__._, where IT,(1) = h.A V 1 € H. Suppose that F,: #* X R? > R
t+f-gl
there exists g: #* - R is a continuous function, then Sup [|g(¢;, w)|dw <1 and a € (0,1) for
Q1€

¢4, 9, € £ and for u, w € R we obtain

L L L L
— — _ < _ _
|£ + F(@p, @2,1) t+F(@q, @, a))| = |g((p1, $2) (L +u o+ w)|

Hence, the integral equation has A* as its unique solution.
Moy = 't[ F((PL ¢2:/1(§02))d¢2: @1 € 1. 3)

Proof. Let (X,L(H),F,A) be a Cauchy C*-AVFMS with respect to L(H). Suppose ¥:X? - X be a
mapping, we have

WA, W (py) = { F(@1, 92, A(92))de,, ¢, € ¢

Hence,

IFA(W(A, W), ¥, 1), 0|l = Sup (H ‘ h, h>
IRI=1\ (PP D)]

2022, Vol 6, No.2 S -
olume 1 ° [11] @ Theory of Approximation and Applications



C*-Algebra-Valued Fuzzy Metric Spaces in Coupled Fixed Point with Applications Aniki Samuel Adamariko

L L
=5 - do, | h(o ) h(p)do,

||hl||l£1{ <{ <l+ F(p1, 02, A(03)) t+F(oq, ¢2’H((p2))>| ¢ > (p)h(p1)de
< su [ (|1
llnll=1 ¢

A A
_ do. | 1h(e)|2d
? <t+F(<p1,<pz,/1(<pz)) l+F(<P1’(P2:H((P2))>‘ (p2>| ()l

< Sup [ <|f ag (., <,02)< d§02)|h((/’1)|2d(/’1
[[hll=1 ¢ M2
L

L+ A(pz)  t+plell

L L
+A(p) u(¢z))|
< aSup [ 19(ps, 92)ldgy - Sup [ Ih(ps)*des -

@€
A A
<ol
L+ Alp)  t+ ple)ll

< 1B IIIIFACA, Ol

and similarly,

IFA (Y (s, ), P4, 1), Ol < [IB1IIIFas, 4, O
Since, ||B1]l < 1 and ||B;]| < 1, hence A* € X and u* € X are the unique solutions of the integral
equation.
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