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Abstract
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1 Introduction

There are many examples of ODEs that have trivial Lie symmetries. In
2001, Muriel and Romero introduced A-symmetry to find general solu-
tions for such examples. Recently, they [8] presented techniques to ob-
tain first integral, integrating factor, A-symmetry of second-order ODEs
it = F(z,u,u) and the relationship between them.

In addition, the study of a A-symmetry method of the ODEs permit us
the determination of an integrating factor and reduce the order of the
ODEs and explain the reduction process of many ODEs that lack Lie
symmetries.

In this paper, first we will recall some of the foundational results about
symmetry and A\-symmetry rather briefly. we present some theorems
about an integrating factor, first integral and reduce the order of the
ODEs. second, we will calculate an integrating factor, first integral and re-
duce of third-order ODEs U = F(x, u, %, i), through A\-symmetry method.
Finally, we comparing Prelle-Singer (PS) method and A-symmetry method
for third-order differential equations.

2 Symmetries and \-Symmetries on ODEs

In this section we recall some of the foundational results about symmetry
and A-symmetry rather briefly [5,11].

Let v be a vector field defined on an open subset M C X x U. We
denote by M the corresponding jet space M™ C X x U™ forn € N.
their elements are (z,u™)) = (x,u,ui, ..., u,), where, for i = 1,2, ..., n,
u; denotes the derivative of order ¢ of u with respect to x. Suppose

Az, u™) =0, (2.1)

be an ODE defined over the total space M. The latter characterizes a Lie
symmetry of an ODE as a vector filed v = £(z,u)0/0x + n(x,u)d/du,

30



that satisfies

v [A(m, u("))} =0, it Az, u™) =0,

where v(® that called n — th prolongation of v is

0

ox

0 n ) )

+ (@ u) 5+ > 0D (z,u?)
ou =

where 70 (z, u®) = D, (6D, u=)) = D, (¢, u) us, and n© (z u) =

n(x,u), fori = 1,...,n, where D, denote the total derivative operator with

respect to x [11].

If an ODE does not have Lie point symmetry, then we using A-symmetry
method for reduce of order the ODE. A\-symmetry method is as follows[5]:

For every function A € C=(M®), we will define a new prolongation and
Lie symmetry of v in the following way:

Let v = &(x,u)0/0x + n(z,u)0/0u, be a vector field defined on M, and
let A € C>°(MW™) be an arbitrary function. The A-prolongation of order
n of v, denoted by vi&(™)! is the vector field defined on M by

VIOl = ¢, u) 5+ n(,u) 5y

+ Xt 0 (@, u?) 5

7

where p@l(z, u®) = (D, + A) (D) (z, D)) — (DA (¢, 1)) Ju;
and n™Ol(x, u) = n(z,u), fori =1,2,3, ..., n.

A vector field v is a A-symmetry of the Eq.(2.1), if there exists function
A€ C°(MW), such that

v )] [A(x,u("))} =0, if  Az,u™)=0.

Note. Suppose vector field v = 9/0u be a A-symmetry of the Eq.(2.1),
then
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0 0 0
Am-1] _ Y
v 8U+(DI+)\)( )au1 + (Ds + N (D, + A)(1 )au2 + ..
0
+(Dy 4+ M) (D + N)...(Dyp + N)(1) ,
aunfl

or equivalent

n—1
oD = ST (D, + M)i(1) 4 _ (2.2)
=0 Ou;

An integrating factor of the Eq.(2.1), is a function p(x,uY) such that
the equation u.A = 0 is an exact equation:

p(z, u™ V). Az, u™) = Dy (G(z,u" V).
Function G(z,u™Y), will be called a first integral of the Eq.(2.1), and
D (G(z,u"Y)) =0,
is a conserved form of the Eq.(2.1) [7].

Let
Uy = F(z,uY), (2.3)

be a nth-order ordinary differential equation, where F' is an analytic
function of its arguments. We denote by A = 9, + u10y + u20,1) + ... +
F(z,u™)0,m-1) the vector field associated with Eq.(2.3) [5].
Function I(z,u™1) is a first integral [8] of Eq.(2.3), such that A(I) 0
and an integrating factor of Eq.(2.3), is any function p(x,u™ 1) such
that

pw(z, u N (W™ — F(z,u"V)) = DI (z,u"™Y).

By using (2.2), It can be checked that the vector field v = 0, is a A-
symmetry of Eq.(2.3), if the function A(z,u®), for some k < n, is any
particular solution of the equation

(Do +0"(1) = (D + V()5 2.0



3 First integral, Integrating factor and A-symmetry for third-
order ODEs

For n = 3, the corresponding third-order ODEs can be written in explicit
form as particular

U= F(x,u,u,i). (3.1)
We denote by A = 9, + ud, + 10y + F(z,u, 4, i)0; the vector field asso-
ciated with Eq.(3.1). Function I(x,u,,4) is a first integral of Eq.(3.1)
such that A(I) = 0 and an integrating factor of Eq.(3.1) is any function
p(x,u, @, i) such that u(w — F(x,u,0,14)) = D,(I). By using (2.4), if
Az, u, 1, 1) be any particular solution of

D2X\ + DA% + AD A+ NP = Fy + AFy + (Do) + \) Fy,

then the vector field v = 9, is a A\-symmetry of Eq. (3.1).

Theorem 3.1 IfI(x,u,,i) is a first integral of Eq. (3.1), then p(x, u,u, ) =
Ii(z,u,a, i) is a integrating factor of (3.1).

Proof. If I(x,u,,) be a first integral of Eq. (3.1), then
0=A(I) =1, +ul, +il, + F(z,u, 0, i)l

therefore
I, +al, +il, = —F(x,u,q,i)l;,

and

D, I=1,+ul,+ul,+ Ul
= F(x,u,m, i)l + il
=1;(U — F(x,u,u,i)).

Hence u = I;. ONote(see [5]). If vM®l(a) = oMEI(B) = 0 where
a = a(r,u®), 8 = B(z,u®) € C°(M®) then

(k)] <Dxa) _o
D,
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Theorem 3.2 If I(x,u,u,i) is a first integral of Eq. (5.1), then the
vector field v = 0, is a A\-symmetry of Eq.(3.1) such that X is solution
I, + My + (Do) + X2)I; = 0 and oP@N(T) = 0.

Proof. Since for any function \(z,u, 1, i), we have v = u + \ou +
(DX + A\?)dii, therefore,

o) = I, + M + (DA + A2)1; = 0.

Since functions g(z,u, 1, i) = = and I(x, u, u, i) are first integral of v!*(2)]

D,I . : . .
then oM (ZE2) = oMON(D,T) = 0, i.e., D,I is an invariant of v™®)],

By applying v»G) to identity (i — F(x,u,u,1)) = D.(I), we obtain

oM (i = F) ) = OID,(1))
p* 3 (Iﬁ('u' — F)>

oON(T,) (u — F> + I ®) (u - F) =0.

0

Therefore ;MG (4 — F) = 0, when @ = F(x,u,1,1i), since I # 0,
hence the vector field v = 9, is a A-symmetry of Eq.(3.1). O
Theorem 3.3 If p(z,u,,i) is an integrating factor of Eq. (3.1), then

there is a first integral I(x,u,u, i) of Eq. (8.1), such that p(z,w,, i) =
Ii(x,u, 0, ).

Proof. If u(x,u,u, i) is an integrating factor of Eq. (3.1), then
plx,u,a, i) (U — Fx,u,u,1)) = Dy(I) = I, + 4l + ily, + U1,

for some function I(z,u,u,) then pu(x,u,u, i) = I(x,u, 0, i) also, we
have

uF = —IiF = I, +al, + al,,
therefore I, +ul,+ily+ F(x,u,u,i)l; = 0,1e. A(I) =0. OThe vector
field v = &(x,u)0; + n(x,u)d, is a A-symmetry of Eq. (3.1) if and only if
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[WA@1A] = \oM®) 4 7A where 7 = —(A + \)(&(z, u

)). When v = 9, is
a A-symmetry of Eq.(3.1) if and only if v A] = \v

M (see [5])

Theorem 3.4 Ifv = 0, is a A\-symmelry of Eq.(3.1) for some function
Az, u, 0, i), then there is a first integral I(x,u,u, i) of Eq.(5.1) such that
WP@I(T) = 0,

Proof. If v = 9, is a A-symmetry of Eq.(3.1) for some function A(z, u, @, i),
then
W@ 4] = A

Therefore {v™®)] A} is an involutive set of vector fields in M and there
is function I(x,u, 1w, ) such that v»(I) =0 and A(1) =0. O

Theorem 3.5 A system of the form

I, = (\Ilu — Hu — F)
I, = —pv
s (3.2)
I, = uH
I =p

where W = AH + D\ + A2, is compatibly for some function \(z,u, 1, i)
, p(x,u, 0, i) and H(x,u,, i), if and only if p is an integrating factor
of Eq.(3.1) and v = 0, is a A\-symmetry of Eq.(53.1). In this case I is a
first integral of Eq.(3.1).

Proof. If I be a first integral of Eq.(3.1) then p = I; is an integrating
factor of Eq.(3.1) and if v = 0, be a A\-symmetry of Eq.(3.1) then A(I) =
0 and v@N(1) =0, i.e.

L= —al, — il — FIy = —ul, —iily — Fp,
L= =My — (DA + X)L = =My — (DA + M)
If I, = uH, where H(z,u,u,i) is arbitrary function, then system (3.2)

is compatible. We are going to prove that, when (3.2) is compatible
necessarily v = 9, is a A-symmetry. Suppose (3.2) is compatible,i.e.,
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Lo = Lug Lyi = Luw,Loi = LiwsLua = Low Juwi = LiwsLua = Ly Obviously
that Ia:u = Iua: ,qu = ]uualuu = ]m'“ 1mphes that

po = (T)2 = (L) = pa( Wit — Hii = F ) + (Wi~ Hit — F) |

i

(li)u = (In)i = —pa¥ — p¥y, (3.3)
(Li)o = (L))o = paH + pHy.

The compatibility of system (3.2) , i.e. Iy = Lz, Lo = Liw, Tuw = Liw
and by using of (3.3) implies that

[,
Ha

AV)=+F,+ (F; + H)Y,
A(H)=-F,+ HF; + H* + ¥, (3.4)
A(p) = —pFy — pH.

By using (3.4) we have

0= M[A(AH b DA+ A2) — Fy — (Fa+ HYAH + Doh+ >\2)]

_ M[Di)\ 4 DuX? + ADA+ NP — Fy — AFy — (Do) + V)Fﬁ].

Hence,

M[Dgx + DuAZ £ ADA + N — Fy — AFy — (Do + A2)F4: 0,(3.5)
when p # 0, (3.5) implies that v = 9, is a A-symmetry. O
Corollary 3.1 A procedure to find an integrating factor u(x,u, u, i) and
consequently a first integral I(x,u, u, i) of Eq.(3.1), by A\-symmetry method,

1s as follows:

e First, we find a function \ of Eq.(3.1). The function \(x,u,u,) is
any particular solution of the equation

D2X 4+ Do A2 + AD A + A2 = Fy + AFy + (Do) + \) Fy, (3.6)
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e Second, we find an integrating factor p of Eq.(3.1). The integrating
factor p(x,u, 0, i) and function H(x,u,, i) are particular solutions
of the system

AW — F, — (F; + H)¥ =0
—AH)—Fy,+HF; + H*+ 9% =0 (3.7)
() + pFy +pH =0

s

where U = \H + D )\ + \2.
o Finally, we find a first integral I of Eq.(3.1). The first integral I(z,u,, i)
s any particular solution of the system

I, = ,u<\Ifu — Hi — F>
I, = —pv
a (3.8)
]u = [,LH
Therefor, we have p(U — F) = D,(I).
Example Consider the third-order differential equation
2z 32
I — i — =0 3.9
YT 1Y 2 ’ (39)

2¢ . 3z?
i
2?2 +1 2?2 +1
arguments. It can be checked that A\ = — is a particular solution of (3.6).
x

Substituting F'( 1, 11) 2 i+ 3° d A L to (3.7) and

ubstitutin Tou, U, i) = i and A = — into (3.7) an
& T 2 +1 x2+1 x

solving them, we obtain H = 0 and u = 2 + 1. Therefore, by using of

where F'(z,u,u,i) =

is an analytic function of its
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system (3.8), we have

I, = —uF = 2xii + 32°
I, =0

(3.10)
Ij=p=a>+1.

A solution of this system is I(x,u,u, i) = (2 4+ 1)i + 2. Therefore, by

using of (2.2), i.e (x2+1)('u' 20 i 3a° > - D (($2+1)a+$3>
s B 2+1 2241) 7° ’
2x Ry

. _0
x2—|—1u 2 +1

implies that, we reduce the order of equation u —

to the equation (22 + 1)i + 2 = 0.

4 The Prelle-Singer (PS) method

The PS procedure has many attractive features. For a large class of inte-
grable systems, this procedure provides the integrals of motion/general
solution in a straightforward way. In fact this is true for any order. The PS
method not only gives the first integrals but also the underlying integrat-
ing factors. Further, like Lie-symmetry analysis and Noether’s theorem
the PS method can also used to solve linear as well as nonlinear ODEs.
In addition to the above, the PS procedure is applicable to deal with
both Hamiltonian and non-Hamiltonian systems.

Prelle and Singer introduced construct a method to integrating factor of
first-order ODEs and higher-order ODEs (see [2],[3]). The main charac-
teristic its as follows:

Let us consider a class of third order ODEs of the form

. Pla,u, i)
v= Q(x,u, 1, )’ (4.1)

where over dot denotes differentiation with respect to z and P and () are
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polynomials in x, u, % and i. Let us assume that the ODE (4.1) admits a
first integral I(z,u, @, i) = ¢, such that ¢ constant on the solutions ODEs
(4.1), so that the total differential gives

dl = Ldx + Idu + Lydi + Iydii = 0. (4.2)

where subscript denotes partial differentiation with respect to that vari-
able. Rewriting equation (4.1) of the form

Smp%wzo. (4.3)

The existence of the functions S;(x, u, u, ), i = 1,2, such that

S1(x,u, u, i)udr — Sy(x,u,u,i)du = 0,
So(x,u, u, i)idr — Ss(x,u,u, i)du = 0.

(4.4)
By adding terms (4.3) and (4.4), we obtain the 1—form
P . . . .
&ﬁﬂw+&QM—&M—&M—mza (4.5)
Multiplying (4.5) by some function R(z,u,, ), we have that
ﬂ:ﬂ@ﬂﬂﬂ+&@®—&@—&@—w}ﬁ. (4.6)

P
where F' = o Comparing equation (4.2) and (4.6), we have the system

]z = R(F + Slu + SQU)
I, =—RS
! (4.7)
I, = —RS,
I; = —R.
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The compatibility of system (4.7), I, = lLuz, Lo = Liw, Loi = lLix,
Lo = Lo, 1ui = L, Lus = L , implies that, we obtain the conditions

A(S1)=—F, + S1(F3 + S3),
A(Sg) = —Fu + SQ(FU + Sg) - Sl, (48)
A(R) = —R(Fi + 53),

&——mﬁuﬁm+$@—3@wsm+$@,

Ru = Rusl + R(Sl)u s
Ru = RuSQ + R(Sg)u

Corollary 4.1 A procedure to find an integrating factor R(x,u,, ) and
consequently a first integral I(x,u,u,4) of Eq.(3.1), by the PS method,
s as follows:

o Flirst, we find an integrating factor R of Eq.(3.1). The integrating fac-
tor R(z,u,, i) and functions Sy(z,wu, 0, i) and Se(x,w,u, i) are par-
ticular solutions of the system

A(S)) + F, — Si(Fy + S5) =0,
A(Sy) 4 Fy — Sy(Fi + S2) + 51 = 0, (4.9)
A(R) + R(F;i + S3) = 0.

e Finally, we find a first integral I of Eq.(3.1). The first integral I(x, u, t, )
15 any particular solution of the system

@:R@wﬂm+$@

I = _

u= 15 (4.10)
I, — —RS,

I, = —R.




5 Comparing A\-symmetry method and The PS method

As a consequence of section 3 and 4, by comparing A-symmetry method
and Prelle-Singer (PS) method for third-order differential equations, we
have the following corollary:

Corollary 5.1 If R = —u, S1 = —V and Sy = H where V. = AH+D \+
A\? then the systems (3.7) and (3.8) are equivalent to systems (4.9) and

(4.10).
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