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ABSTRACT

The present work is aimed at analyzing the thermoelastic disturbances in a circular
plate of finite thickness and infinite extent subjected to constant initial temperature
and axisymmetric heat supply. Integral transform technique is used. Analytic
solutions for temperature, displacement and stresses are derived within the context
of unified system of equations in generalized thermoelasticity in the Laplace
transform domain using potential functions. Inversion of Laplace transforms is done
by employing a numerical scheme. Temperature, displacement and stresses
developed in the thick circular plate are obtained and illustrated graphically for
copper (pure) material. © 2016 IAU, Arak Branch.All rights reserved.
Keywords : Generalized; Thermoelasticity; Axisymmetric; Circular; Laplace.

1 INTRODUCTION

HE theory of thermoelasticity has seen a swift development in the past decade, affected by many different
engineering sciences. The theory of thermoelasticity can be broadly classified as uncoupled and coupled
thermoelasticity. The heat conduction equation in classical uncoupled theory is independent of elastic terms which
contradict the fact that elastic changes and heat changes affect each other. The heat conduction equation is parabolic
thus predicting infinite speeds of propagation for heat waves. Thus, the Classical uncoupled theory is found to be
incompatible with physical observations. The theory of coupled thermoelasticity was introduced by Biot [1] by
introducing the elastic terms in the heat conduction equation, eliminating the first paradox of the classical theory.
This theory still predicted infinite speed of heat propagation which is contrary to the actual phenomena.
Modifications to the coupled theory were later introduced, thus paving way for the generalized thermoelasticity
theories. The first modification was due to Lord and Shulman [2]. They introduced one relaxation parameter in the
Fourier’s heat equation to obtain a hyperbolic heat conduction equation. The heat equation of Lord-Shulman theory
is of wave type, hyperbolic in nature, thus predicting finite speeds of heat and elastic wave propagation. The second
generalization was due to Green and Lindsay [3] who obtained the equations of generalized thermoelasticity with
two relaxation parameters. Later on, Suhubi [4] also obtained these equations independently. Dhaliwal and Sherief
[5] extended the Lord-Shulman theory of generalized thermoelasticity to homogeneous anisotropic materials.
Chandrasekariah [6] studied the thermal disturbances with second sound. A review article comparing various
theories of generalized thermoelasticity was given by Hetnarski and Ignaczak [7].
Sherief and Anwar [8] have discussed a problem of heat conduction in Lord-Shulman theory for a thermoelastic
cylindrical medium composed of two different materials. Maghraby and Abdel Halim [9] studied a problem of
generalized thermoelasticity in Lord-Shulman theory for a half space subjected to a known axisymmetric
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temperature distribution. Othman and Abbas [10] discussed a thermal shock problem of generalized thermoelasticity
for a non homogeneous isotropic hollow cylinder using finite element method. Youssef [11] studied two
dimensional generalized thermoelastic problem for a half space subjected to ramp type heating. Awad [12] wrote a
note on the spatial decay estimates in non-classical linear thermoelastic semi-cylindrical bounded domains.
Mukhopadhyay and Kumar [13] discussed thermoelastic interactions on two-temperature generalized
thermoelasticity in an infinite medium with a cylindrical cavity. Tripathi et.al [14] solved a problem of semi-infinite
cylinder with heat sources in the context of Lord-Shulman theory and Classical coupled thermoelasticity. Mallik and
Kanoria [15] studied the two dimensional problem in generalized thermoelasticity of thermoelastic interaction for a
transversely isotropic thick plate having heat source. These problems are solved using eigenvalue approach. Bagri
and Eslami [16] have got the unified generalized thermoelastic solution for cylinders and spheres. A two
dimensional problem for a half space and for a thick circular plate with heat sources have been solved by El-
Maghraby [17, 18]. Youssef [19] studied the problem of a generalized thermoelastic medium subjected to moving
heat source and ramp type heating using state —space approach. Recently, Tripathi et al. [20] studied a problem of
generalized thermoelastic diffusion in thick circular plate.

The present work is aimed at analyzing the effects of phase lags on wave propagation under axisymmetric
distributions and to investigate the nature of distributions of different fields in a thick circular plate under
axisymmetric temperature distribution in the context of unified system of theories of generalized thermoelasticity
(i.e. L-S and G-L). The classical coupled (CT) theory is recovered as a special case. The exact expressions for
temperature distribution, displacement components and the stress are obtained in the Laplace transform domain.
Numerical inversion of Laplace transforms are performed using Gaver-Stehfast algorithm [21, 22, 23] which is
considerably more stable and computationally efficient than inversion using the discrete Fourier transform [24] and
all integrals were evaluated using Romberg’s integration technique [25] with variable step size. The results
presented here will be useful in many engineering problems like thick-walled pressure vessels, such as a nuclear
containment vessel, a cylindrical roller, such as a roller bearing, etc.

2 FORMULATION OF THE PROBLEM

The present paper deals with the thick plate of thickness2b occupying the space D defined by
0<r <oo,—b <z <b. Let the plate be subjected to a transient axisymmetric temperature field dependent on the

radial and axial directions of the cylindrical co-ordinate system. The thick circular plate is initially held a constant
temperature 7, and a heat flux QF (r) is prescribed on the upper and lower boundary surfaces. Under these

conditions, the thermoelastic quantities in a thick circular plate of infinite extent are required to be determined. We
also assume that the heat source and body forces are absent.
All the field equations for isotropic media in the absence of heat source and body forces are formulated in a
unified system [11] as,
(i) Equation of motion

. 0 .
H; +(A+p) Ui —;/(1+rl EJT’I' = pii, (1)

(i1) Equation of heat conduction

KT, = pCq| 2 O Vi1 9, 5
i = PLE 5"‘70? + _H)Toa oV Ui (2)

(iii) The constitutive relations
o =,u(uu +uj’i)+(/1uiyi —7/(T +11T))5ij 3)

Eqgs. (8)-(10) reduce to Eqs. (1)-(3) (CCTE) whenv=1,7) =7, =0. Putting v=1, 7, =0and 7,>0, the
equations reduce to (1), (4) and (3) for the ETE model, while when v =0, 7, > 7, > 0, the equations reduce to (5)-
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(7) for the TRDTE model.
The dilatation € is given by

1
e.=—(u. .+u.. )ande:e..
1] 2 L) )l 11

4)

where 4 and p are Lame’s constants, 7,and 7, are relaxation times, y is a material constant given by

y=0BA+2u)a, -, is the coefficient of linear thermal expansion, T,is the reference temperature chosen such

that (T —T,)/T,| <<1.

Egs. (1)-(4) give the complete set of unified system of field equations in the context of generalized
thermoelasticity. We take the axis of symmetry as the z axis and the origin of the system of co-ordinates at the
middle plane between the upper and lower faces of the plate. The problem is studied using the cylindrical polar co-
ordinates (r,¢,z). Due to the rotational symmetry about the z axis of the problem, all quantities are independent of

the co-ordinate ¢ . The displacement vector, thus, has the form & = (u,0,w ).

The equations of motion can be written as:

oe o\ aT o°u
Vu-Eurr S -1+, 2 |C = p2
H Ut o 7( Tlatjé’r P o
oe 0 \oT o*w
VW+ A+ p) = -y 1+7,— |—=
H A7, 7( Tlatjaz P o

The generalized equation of heat conduction has the form

0 ol 0 o
kVT =pC,| —+1,— |T +T,y| —+v1,—
o E[at "aﬁj Oy(at "aﬁ]e

where 7 is the absolute temperature and e is the dilatation given by the relation

u Ou Ow 10 ow
e=—+— =—— u +—
0z

r O 8z ror

where the Laplacian operator is given by

, & 108 &
=——4+-——+

or* ror 0z°

The following constitutive relations supplement the above equations

u or
oy =2u—+Ae—y|T-Ty+7,—
P /Ur 7( 0T h 8’[)

ou oT
O-n.zzluar'F/le—]/(T—ToJrTlatj

ow oT
o, =2u—+Ae—y|T-T +7,—
2z :uaz 7( 0 latj

)

(6)

(7

®)

)

(10)

(11
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o =2 oW

= (12)
=0,,=0 (13)
We shall use the following non-dimensional variables

r'=vr,z'=vz, u=vu ,w=ow,t =cut, 7y =c,v7,, 7/ =c,07,, O, =—

Toou T (A+2w)

Cy . . . L ’ 2 . .
where v = ’OC}C £ is the dimensionless characteristic length, ¢, = /1+_,u’ ¢, is the speed of propagation of
P

longitudinal wave.
Using the above non-dimensional variables, the governing Eqgs. (5)-(13) take the form,

1 Oe 0 \oo ou
Vi ——u+(E ) =& 1+, — | =2 T8
u- el b 5( Tl@tj@r e (14
Oe 0 )06 ow
Vw +(E -1)— =& 1+7,— |— =&
W (E ) g’[ rlatjaz £ (1s)
0 o 0 0?
V29=[5+T0¥j9+8(5+w'0¥je (16)
_ Ou ) ) 0
UW_25+(§ —2)6—5 (14—2'15}9 (17)
o :2Z+(§2—2)e—§2 1+z'2 o
=2 F 1s)
ow ) ) 0
o.. =2a—z+(§ ~2)e—¢ [1+z’1 Eje (19)
_2 8_”4.%
9= = 0z Or (20)
2
where & :(l+2’u),s: L5 .
u pCp(A+2u)

Using Helmholtz decomposition theorem, we seek the displacement components » and w in the form,

06 Oy

= — 4 —

! or 0Oroz 21
op (0w 10y

= —_—— + ——

har= [6}’2 r or 22)

where the potential functions ¢ and i are the Lame’s potentials representing irrotational and rotational parts of the
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displacement vector # respectively.
From Egs. (4), (21) and (22), we obtain
e=V'¢ (23)

Using Eq. (21)-(23), the Eqgs. (14)-(16) become,

0’ 0
Vie— |¢—|l+7,— |6=0
(-5 o-{re ) o
Vz_ézé_z _0
ar )V .
o & 0 o
(Vz—a—TOW]9—5[§+VTOat—ZJVZ¢:O (26)

Eq. (25) for the function i/ represents a wave equation with wave velocity v =1/¢ . This represents a transverse
wave and it has no effect on temperature. Eq.(26) represents a longitudinal thermal wave moving with velocity
v, =1/47,.

We shall assume that the initial state of the medium is quiescent. The boundary conditions of the problem are
taken as:

00
a—ZZiQF(V,Z) N z =1b (27)

and the traction free surface stress functions,

o.=0_=0, z=1b (28)

3 ANALYTICAL SOLUTION

Applying the Laplace transform defined by the relation,

0

f"(r,z,p):L[f(r,z,t)]:je-“f (r,z,t)dt

0

and the Hankel transform of order zero with respect to I of a function f_ (r,z,s) defined by the relation,

[T.z.p)=H[] (r,z,p)]=T'(r,z,mrJo(nr)dr

where J is the Bessel function of the first kind of order zero.
The inverse Hankel transform is given by the relation

[ z.p)=H"[f".2.p) |= [ (1,2.p) nJ,(1r)dn

Taking the Laplace and Hankel transform of both sides of Egs. (24)-(26), we get,
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(D2 - —pz)gz* —(l4+7,p)0" =0

(Dz_nz_gzpz)lp* =0

(D2 - —p—z’opz)é* —gp(1+vz'0p)(D

where D=0/8z . On eliminating 6" between Egs. (29) and (31), we get,

(P -a’)(D*-a") 6 =

where to, and ¢, are the roots of the characteristic equation given by,
~(f (p)+27°) &+ (f (p)+1")+ p*(1+7,p)=0

where £ (p)=p’ +p(l+7, p)+&p(+vr,p)(1+7,p) . The solution of Eq. (32) can be written in the form,

where ¢.” is a solution of the Eq. (35).

(D -a}) g =0, i=1,2.

The solution of the above equation can be written in the form

¢ =C(n.p)cosh(az) , i=1,2

Using Eq. (36) in Eq. (34), we get,

¢ = ZC[ (n,p)cosh(e;z )

Solving Egs. (29) and (30), we get the solutions i7" and 0" in the form,

" =D(,p)sinh(az)
where a’ = +&p*.

2

i=

On using Egs. (21), (22) in Egs. (12) and (13), the stress components &

& =(&p +2n’ )4 +21°
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0z
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€3]

(32)

(33)

(34)

(35)

(36)

(37
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(39)
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& =H 3[20%(21)2 —§2p2)l/7:|
=H A (41)

where H represents the Hankel transform.
Applying the Laplace and Hankel transforms to the boundary conditions (27) and (28), we get,

00" —
o CHOF (m,z) ,z=3b (42)
6. =6.=0 ,z =1b (43)

Here we have considered the function F'(r,z ) which falls off exponentially as one moves away from the centre
of the plate in the radial direction and increases symmetrically along the axial direction given by,

F(r,z)=z¢"" ,0>0
Thus on applying Laplace and Hankel transforms, we get,

z w

Fnz) =
(n,2) p(a)2+772)3/2

(44)

Making use of the values of 6, 6., and 6 in the boundary conditions (42), (43) and with the aid of Eq. (44), we

get,

2 C, (ai2—772—p2)aisinh(aib) o

Z (1+7,p) = P77 (45)

i=l 1P p(a) +7 )
2

(§2p2 +2772)2Ci cosh (a,b)+21°a D cosh(ab) =0 (46)
i=1

2
2) aC, sinh(aib)+(2a2—772p2)D cosh(ab) =0 (47)

i=1

Eqs. (45)-(47) is a system of linear equations with C,,C, and D as unknown parameters. The solution of this
system of linear equations is given by

(1+7,p)(4a,an’ tanh(ba,) +x (7" p* - 2))

C = 9(:
pcosh(ba,)Y

B (1+7,p)(4cran’ tanh(bey) +x (7" p* - 2)) o

2 pcosh(ba, )Y 0
b 2x (1+7,p)(«, tanh(be,) -, tanh(ba,)) o

- p cosh(ab)Y !

2
where 8, =0 (2[?—0)2)3/2’ =(§2p2 +2772),k =(a’+n’p*)andm, :(al.z - —pz),i =1,2.
@ +n

Y = {xk (m,a, tanh(be,) —m,a, tanh(ba, ) ) —4acya,n” tanh(b ey ) tanh(b e, )(m, — ml)}
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3.1 Inversion of Hankel transform

Taking inverse Hankel transform of Eq. (37), we obtain,

_ 0 2 a.2_ 2 _ 2
0(r.z.p)=| {Z'”—”C,- (7.p)cosh(a, z )}nJo(m)dU (48)
o LiTt I+7,p

Using Eqgs. (37)-(39) in (21)-(22) and taking inverse Hankel transform, yields the solution for displacement
components in Laplace transform domain,

u(r,z,p)= f—nz {ZC,- (1, p)cosh(e;z)+D (1, p)cosh(az )}Jl (nr)dn (49)

0 i=1

W (r,z,p) =I{ZO@- C, (n,p)sinh(e;z)+D (17, p) 1" sinh(az )}7-10 (nr)dn (50)

oLi=l

Applying Laplace transform to both sides of Egs. (17)-(19) and using the solutions given in Egs. (48)-(50), we
obtain the stress components in the Laplace transform domain,

2
o\ 1y () D (E P +21° =2a,)C, (17, p) cosh, (@2 )

i=1

0 +2773 [LJI (nr)—JO (U”)]{ZZ:Q (17,p)coshe,z +D(n,p)a cosh(az )
nr

i=l1

5W(V’Zsp):

} dn G2

w |1 (77r)|:2(§2p2 +2772 _2a[2)ci (17, p)cosh, (aiz):|
G, (rz,p)= e i=l dn (52)
0 ——{ZC[ (7,p)cosh(a,z)+D(n,p)a cosh(az)}ﬁ]1 (nr)

i=1

5. (r,z,p)=[(&p’ +2772){Z C, (n,p)cosh, (,z)+217°D (1, p) cosh(az )}ﬂo (nr)dn (53)

Egs. (48)-(53) present the complete set of variables in the Laplace transform domain.

4 INVERSION OF DOUBLE TRANSFORMS

Due to the complexity of the solution in the Laplace transform domain, the inverse of the Laplace transform is
obtained using the Gaver-Stehfast algorithm. Gaver [21] and Stehfast [22, 23] derived the formula given below. By

this method the inverse f (¢) of the Laplace transform f_ (s) is approximated by,

F©O="23Dp(.K)F (j h;—zj (s4)

t 5
with
min(j ,M ) nM(2n)'

bu.K)=D" Zm (M —n)!nl(n - —n)i2n — j)!

(55)

where K is an even integer, whose value depends on the word length of the computer used. M =K /2and m is the
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integer part of the (j +1)/2. The optimal value of K was chosen as described in Gaver-Stehfast algorithm, for the

fast convergence of results with the desired accuracy. The Romberg numerical integration technique with variable
step size was used to evaluate the integrals involved. All the programs were made in mathematical software Matlab.

5 NUMERICAL RESULTS AND DISCUSSION

Mathematical model is prepared with Copper material for purposes of numerical computations. The material
constants of the problem are given below [11]

T,=293K ,p=8954 kgm™ ,7,=0.02,7,=0.08, k =386JK 'm™'s™',a, =1.78x10°K ',C,, =383.1m°K ,
14=386x10"Nm™> , 1=7.76x10"" Nm ™ )

Using these values, it was found that 7 =8886.73ms>,&=0.0168 , 8> =4 . It should be noted that a unit of

non-dimensional time corresponds to 6.5x10 s , while a unit of non-dimensional length is equal to 2.7x10 " m .
We consider a thick circular plate of height b =1m and the constants in the problem are taken as b =1m and

O =1. The computations were carried out for three values of time ¢ = {0.1,0.5,1.2} .

Fig.1
1 2 3 s s s 7 s Temperature distribution € in the middle plane.

0.007

a
LT TII cervnrnees L§

—---al

0.006
0.005
0.004

5 0.003

0.002 t=0.5s

0.001 ="

Fig.2
-0.001 ’ Radial displacement U distribution in the middle plane.

Fig.3
Axial stress component o, along the radial direction in the

middle plane.
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0.001

a

\ 0.0009 T Y

Fig.4
Temperature distribution € in axial direction at » =0.1m .

Fig.5
Axial stress component ¢ along the axial direction

atr =0.1m .

The numerical values for temperature &, the radial displacement component u, and the axial stress component
o,, have been calculated at the middle of the plane (z =0) for different time instants # =0.1,0.5,1.2s along the
radial direction and are displayed graphically for Classical Coupled Thermoelasticity (CT theory) , Lord-Shulman
theory (L-S theory) and Green-Lindsay theory of generalized thermoelasticity and as shown in Figs. 1, 2 and 3
respectively. The graphs of the stress component o, and o, are very much similar to the axial stress component

and hence are not taken up for discussion. Since the displacement function w is an odd function of z, its value on the
middle plane is always zero and it is omitted here.

Fig.1 depicts the non-dimensional temperature distribution 8, Fig.2 depicts the radial component of displacement
u and Fig.3 represents axial stress component o along the radial direction at the middle plane (z =0) at different
time instants £ =0.1,0.5,1.2s respectively. Classical Coupled Theory of thermoelasticity (CT) predicts an infinite

speed of wave propagation, whereas the Lord-Shulman (LS) model and Green-Lindsay (GL) model of generalized
thermoelasticity involves the introduction of one relaxation time 7z, and two relaxation times 7,7, respectively. The
heat conduction equation is hyperbolic in nature thus the heat wave assumes finite propagation speeds. It is clearly
observed from Fig.1, Fig.2 and Fig.3 that at small times the CT, LS and GL theory show different results. In CT, the
heat is transmitted throughout the medium instantaneously and hence the solution is not zero. On the other hand, LS
and GL theories predict finite speed of heat propagation. Hence, for short time the heating effect is not seen in the
plate, the radial displacement is identically zero and the stresses are negligible. For large time, the heat wave reaches
all points in the medium even with finite speed of propagation. Hence, for large times the three theories are in
somewhat agreement. It is also observed that the non-dimensional temperature 6 drops gradually along the radial
direction. It is further observed from Fig.3 that the axial stress o is compressive till » =5m and after that
becomes tensile in nature.

Fig.4 shows the plot of non-dimensional temperature 8 in the axial direction i.e. along the z axis at » =0.1m .
From the graphs, it can be observed that the temperature at the upper and lower face is more as compared to the rest
of the thick plate. Thus, the heating takes place at the faces of the plate. It is also seen that at small times CT, LS and
GL theories predict different results whereas at large times the three theories predict a similar result.

Fig. 5 depicts the plot of axial stress o, in the axial direction i.e. along the z axis at » =0.1m . It is observed

that the stress is tensile at the lower edge of the plate till z = —0.1m and then becomes compressive thereafter.
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6 CONCLUSIONS

In this problem, we have used the generalized theories of thermoelasticity LS and GL models to solve the problem
for thick circular plate of infinite extent with axisymmetric heat supply and compared the models with CT. From the
graphs, it can be clearly seen that for LS and GL theories, the temperature, displacement and stress distributions are
identically zero if not absolutely zero for small time whereas for CT theory the temperature, displacement and stress
distributions are non zero. This may be because the heat wave is transmitted throughout the medium instantaneously
for CT theory for small time. As generalized theories (i.e. LS and GL models) involve a hyperbolic wave equation,
predicting finite speeds of heat propagation whereas the CT model involves a parabolic heat equation, thus
predicting infinite speeds of heat wave propagation. As a special case, we have constructed a mathematical model
for copper plate with axisymmetric heat supply and the results are compared in CT, LS and GL theories. We may
also conclude that the system of equations in this paper may prove to be useful in studying the thermal
characteristics of various bodies in important engineering problems using the more realistic generalized models of
thermoelasticity instead of Classical Coupled theory.
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