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ABSTRACT

In this paper, the quality factor of thermo-elastic damping in an electro-statically deflected
micro-beam resonator has been investigated. The thermo-elastic coupled equations for the
deflected micro-beam have been derived using variational and Hamilton principles based on
modified couple stress theory and hyperbolic heat conduction model. The thermo-elastic
damping has been obtained discretizing the governing equations over spatial domain and
applying complex frequency approach. The effects of the applied bias DC voltage, playing
simultaneously role of an external force and softening parameter, on the quality factor have
been studied. The obtained results of the modified couple stress and classic theories are
compared and the effects of the material internal length-scale parameter on the differences
between results of two theories have been discussed. In addition, the effects of different
parameters such as beam length and ambient temperature on the quality factor have been
studied.
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1 INTRODUCTION

ECENTLY the development of micro-electro-mechanical systems (MEMS) by engineering and scientific
communities has led to tremendous achievements. Advanced tools that have emerged on the basis of modern
science, the resonators [1], micro mirrors [2], micro switches [3], micro phones [4, 5] and micro pumps [6]are
examples of this approach. One of the vital issues are the increasing the sensitivity of these instruments and
increasing quality factor (QF). Therefore, it is important to understand the mechanisms of energy dissipation.
Thermo-elastic damping (TED) in intrinsic losses is simply not manageable.
Zener [7, 8] was the first that identified the Thermo-elastic damping as a significant dissipation mechanism and
he presented an analytical solution for the energy dissipation based on micro-beam properties. Then Rozshart [9]
used Zener’s model and experimentally showed that the TED decreases the QF of micro-beams. Landau and Lifshitz
[10] introduced an exact expression for the attenuation coefficient of thermo-elastic vibration. Evoy et al. [11] and
Duwel et al. [12] experimentally showed that TED is a dominant source of damping in MEMS and NEMS devices.
Lifshitz and Roukes [13] took an analytical expression for the quality factor of TED in micro-beams. Guo and
Rogerson [14] investigated frequency shift ratio by considering two dimensional parabolic (TDP) heat conduction
model. Sun et al. [15] studied the TED with two dimensional hyperbolic (TDH) heat conduction model with one
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relaxation time. Nayfeh and Younis [16] introduced an analytical expression for the QF of micro plates. Sun et al.
[17-19] and Sharma et al. [20] established the equation of coupled thermo-elastic case for studying TED in circular
micro plates. Rezazadeh et al. [21] studied the QF of TED in a capacitive micro-beam resonator. Vahdat et al. [22]
studied the effect of axial and residual stresses on TED in capacitive micro-beam resonators.

Nowadays the capacitive actuators such as micro-beams, rectangular micro plates and circular micro plates are
used widely in order to increase the QF of resonators. Recent studies show that the materials deformation behaviors
have close relation to size dependence. This specific behavior appears when the characteristic size of the micro-
beam is close to the internal length-scale parameter of materials [23]. Due to lack of length-scale parameter in the
theories of classical mechanics, these theories can’t predict and analyze the micro-beam behaviors near the internal
length-scale parameter of materials [24]. Because of that the classical couple stress theory has been introduced to
eliminate these difficulties [25-27]. For the classical couple stress theory, the length-scale parameter of materials
was determined by experiments and it’s difficult to calculate. Because of that Yang et al. [28] has developed a
modified couple stress theory, in which the couple stress tensor is symmetric and only a single internal length-scale
parameter get involved instead of two classical Lame’s constants. Recently, an analytical expression for quality
factor in an un-deflected micro-beam was introduced based on the modified couple stress theory (MCST) and classic
heat conduction model by Rezazadeh et al. [29]. Capacitive micro-beam resonators usually addition to an AC
voltage is subjected to a bias DC voltage which makes the micro-beam initially deflected and decreases equivalent
stiffness and fundamental frequency of the micro-beam. Now we use the thermo-elasticity equation with one
relaxation time TDH and electrostatic actuating. Electrostatic actuating is a fast response and simple voltage feeding
actuating method. Gold and nickel micro-beam, which have a considerable length—scale parameter are considered as
case studies. We consider a variable length-scale parameter for gold and nickel micro-beams as reported by Cao and
Shrotriya et al. [30, 31]. For solving the dynamic equation, a step by step linearization method (SSLM) is used and
Galerkin based reduced order model is provided to investigate the dynamic behaviors of micro-beams. By
considering different thickness to length-scale ratios, differences between the results of the modified couple stress
theory and classical theory are studied. Furthermore, the effects of the beam length and temperature change on the
convergence of these two theories are studied.

2 MODEL DESCRIPTION

We consider an isotropic elastic prism beam as shown in Fig. 1 and both ends of the micro-beam are clamped .The

length of beam shown by L (0 < x <L) and width shown by b (_—b <y SE) and thickness is h (_—h <z sﬂ). Because of
2 2 2 2

the large ratio of L b shear deformation can be neglected [32] and the beam can be considered as an Euler Bernoulli

beam. The dielectric coefficient of air shown by &, DC applied voltage shown by V and ¢,is the initial gap
between the upper and lower (ground) electrodes. w(x,t)Is the beam deflection and the positive value is defined

when it is downward.

As thermal boundary conditions both ends of the micro-beam are considered isothermal and the outer surfaces of
the micro-beam are adiabatic. The effect of the axial stresses appears when the applied DC voltage is close to the
pull-in voltage and in dynamic analysis we apply DC voltage lower than the pull-in voltage because of that we
neglect the axial stress on formulation [22].

v

X

f z Jo .
U Fig. 1
v -- I - '8

- Schematic view of the micro-beam with both ends
clamped.
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3 MATHEMATICAL EQUATION
3.1 Stress and strain fields

When a deformable body subjected to temperature changes the total strain field can be decomposed into the sum of
thermal and mechanical components as follows [33]:

M T
e =™ +e;T (1)

Considering =T —T, as the temperature variation with respect to reference temperature T, the thermal and

mechanical strains for a linear, isotropic and homogenous solid can be expressed as [33]:

(™)

I+v v
e ") = £ Ci _Eo-kk(sij 2

In this formulation, the thermal expansion coefficient & , the stress tensor ij > the kronecker delta 5ij s
modulus E and Poisson’s ratio V were indicated. The total strain field can be extracted from Egs. (1) and (2) in
term of temperature changes and stress components as following:

Young’s

I+v 14
eij = TO'” +((Z6—E0kkj5i- (3)

Inverting Eq. (3), the total stress field can be expressed as:
In which 4 and g are Lame’s constant and shear modulus that can be defined in terms of Young’s modulus and

Poisson’s ratio as follows [33]:

4 Ev _ E
Tdro-200 O YT+ )

For plane stress conditions, when the thickness (in z direction) and the width (in y direction) of the beam are
small enough in comparison to the length (in Xdirection) of it, the stress tensor components in z and y directions
are considered zero [33]. (0, =0y, =0, =0,0,, =0, =0, =0). Therefore ,the strain components for the plane
stress condition can be simplified as following:

e, =21 q0 e, =—ve, +(1+v)ab

E (6)

X y

e, =-ve, +(1+v)al &y =€ =8, =0

Stress tensor considering plane stress conditions has only following nonzero components in X direction, which
can be expressed in terms of strain and temperature changes using Eq. (6) as:

o, =Ee,—Eab (7)

The infinitesimal components of the strain are related to the displacement gradient field by the following
equation:
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1
& :E(Ui,j +Uj;)

®)

3.2 Equation of motion

The strain energy density for infinitesimal deformation is written based on the modified couple stress theory as [34]:

)

~ 1 .
U 25 (O-”e” +minij)I , )= 1,2,3

where m;; and X;; is the deviatoric part of the couple stress tensor and the symmetric curvature tensor respectively.

The constitutive equation relating the deviatoric part of the couple stress tensor to the symmetric curvature tensor is
[34]:

where, | is the material length-scale parameter. The symmetric curvature tensor in terms of rotations gradient can be
written as:

1
Xij =5(3.,j +395i) (11)

The rotation vector 4 is related to the infinitesimal displacement vector as following:

|
4 =7 i j (12)

Applying the Euler-Bernoulli beam assumptions and denoting displacements in X, y and z directions by U, V
and W respectively and choosing the origin of coordinates at the middle of the beam (U, =0) longitudinal
displacement u =U(X,z,t) can be written in term of transversal deflection wW(x,t) as following:

ow

U=-t (13)

By using Egs. (6-8) and (13), the nonzero components of the strain and stress tensors in the plane stress
condition can be expressed in terms of displacement field as:

ou o’w

o*w
e, =vi—-—+a(l+v)0
y o2

2w (14)
e, =vi—+a(l+v)d
Z axz ( )
o*w
o, =—Ez———-Ead
X ox?

The non-zero components of m; and X; are extracted by substituting Eq. (13) into Egs. (10-12) as follows [35]:
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The total strain energy of the deflected beam takes the following form:

L
u :%Io jA(aXeX + Xy Myy + xyxmyx)dAdx

2

h 2
_1 L 2 =_2 2 0w ~ 0°W B
U _ZJ.O I_g[(EZ + ul )( OXZJ +Ea,bz 6)(2:|bdzdx_

2
- %IOL(EI + yAIZ)[ZZW] dx +;—J0szzbéat92 O*W 4, dx

x 2 ox?

An electrostatic pressure that created by a DC voltage can be represented as following [32]:

£,bV?
qw,V)=—""———
2(gy —w(x,t))>

The variation of the work done by the external flexural forces per unit length ¢ (X ,t) can be written as:

L
W =J. g(x,t)ow (x,t)dx
0

Vibration of the beam makes a kinetic energy that can be expressed as following:

Now Hamilton principle can be applied to determine the equation of motion:
t2

5J (T -U +W)dt =0
G

By substituting Egs. (17, 19 and 20) into Eq. (21) the equation of motion will be taken as:

o'w  0*My A o*w £ybV?

(El + uAIP)—+ +p =
xt o ax? ot®  2(gy —w(xt))’

(15)

(16)

7)

(18)

19)

(20)

1)

(22)

For the plane stress condition, the effective modulus E is equal to Young’s modulus (E) and for a wide beam

(b>5h) the effective modulus E can be approximated by the plate modulus ( -
-U
3

the moment of inertia is equal to I = o the cross-section area is A=Dbh and the thermal moment is:

h
M; = bJ'i Ea, 020z
2

). In the equation of motion

(23)
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Deflection of the beam consists of two static and dynamic components. The dynamic deflection defines the
vibration amplitude of the beam about its static stable equilibrium position due to the applying the DC voltage lower
than the pull-in voltage.

w(x,t) = w, (X)+wg (x,t) (24)

The dynamic deflection of micro-beam in comparison to the static deflection is too low (Wy{({W;) . By using the

Calculus of Variation Theory and Taylor series expansions the nonlinear electrostatic force will take the following
form [32]:

£,bV? £,bV?2
AWV )= ——— 25)
2(90 _Ws) (90 _Ws)

3.2.1 Static equation of motion

Substituting Egs. (24 and 25) into Eq. (22) static deflection equation and dynamic deflection equation can be obtain.
Eliminating the inertial terms the static equation of motion takes the following form:

4 2
~ W, bv
(Bl + ity Z Yl B 26)
OX 2(90 — W )
3.2.2 Dynamic equation of motion
By substituting Eqgs. (24 and 25) into Eq. (22) the dynamic equation of motion takes the following form:
. 'wy  0°M o%w, bv?
(El + puAl?)—2 T a0 wy =0 27)

+
xt At (go-w )’

3.2.3 Generalized thermo-elasticity equation

The coupled heat conduction equation for a thermo-elastic isotropic body with one relaxation time is given as [36]:

00 Ea, _ o0& %0 Eo, _ &%e;
ini :'OCVE—FI_ZIVTOE“_FTO'OCV?—FTO 1_2IVTOat_2”

(28)

Thermal conductivity shown by K, specific heat at constant volume shown by C, and 7, is the relaxation time.
The trace of the strain tensor for the plane stress condition can be written as:

2

& :—(l—Zv)[ZZ—\;V]+2(l+v)at6’ (29)
X

For plane stress condition Y is defined as:

v 2(1+V)
C(1-2v) (30)

Neglecting the heat conduction in y direction and substituting Egs. (29 and 30) into Equation of heat conduction
Eq. (28) takes the following form:
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ot ox?

o*0 %o
OX 0z

2 2
=(eC, +Eat2T0Y)%+ 7(pC, +EatzTOY)Q—ZTOEat O oW |_
ot ot? (31)

o [ 0*wy
Zz,ToEa — |~
o0 tatz[ax2

In order to transform governing equations into non-dimensional forms, the Following Parameters are defined:

WS:_,Wd:_,)’Z:l,Z:£552£7le*7 *:L\/Zi,MT:,. B (32)
do h L h To t E Ebh

Applying non-dimensional parameters, static equation of deflection Eq. (26) takes the following form:

d*w, v?
1+C) ~45 =C, — (33)
dx (1-w,)
and equations of dynamic deflection and heat conductions take the following forms respectively:
oW, 0*M 0> W, 2w,V ?
(1+C)—L+C Tyc,—4-C - 4
Yot T o Tat? Ta-w)’ =
o’ 0%0 20 o [ %W %0 0% [ ™
—+D,—-D,—+Dy7—| —*|-D,—-D;7— =0 35
ok lerr ot { o ) ot et o® %)
where the appeared coefficients in these equations are:
1241 6L 1212 L L(oC, +Ea’T,Y) [E
CIZ ~lu 5C2:~80 5C3:_ s Dlz_’ D2: (pv at 0 ) )
Eh? Eh’g,’ h? h? k P
(36)

~ = = 2 = ~
ah’E |E TO(PCV+E0‘t TOY)E r,04E*h?
SR P o ERrFT
2

4 PROBLEM SOLUTION
4.1 Static deflection

Due to the nonlinearity of the equation governing the static deflection the beams, it is better to linearize it. The
linearization with respect to initial gap position may cause significant errors. Therefore to decrease these errors, the

SSLM method is used [32]. Based on this method, increasing the applied voltage V| to V| +6V leads to a small
variation (OW) in the beam deflection. Using Taylor’s series expansion and truncating higher order terms the
nonlinear electrostatic force can be linearized about Wsk . The variation of the deflection (OW) based on Hilbert

space can be expressed in terms of basis function (& (X)) as following:

WS =W oW, Sw=) ad () (37)
i=1

where, ¢ (X) is the basis function of the Hilbert space. To determine the unknown @; coefficients the summation

series is truncated to a finite number, N
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N
Sw= > aih (%) (38)

i=1

The equation of the static deflection at (K +1)th can be rewritten as following:

e Vi, 2 30
s +
1+ )=CZ((1_WM)] (39)

By substituting Eqs. (37 and 38) into Eq. (39), using the linear terms of the Taylor’s series expansion of the
electrostatic force and subtracting Eq.(33) from Eq. (39) leads to following equation:

(1+C)Za¢'v(x) c, (1—w Za¢ -c, (IZYKWT/ ~ R (3) (40)

By choosing the suitable shape function, which satisfied the boundary conditions, we can solve Eq. (40) by
applying Galerkin-Bobnov weighted residual method.

1
J‘Oqﬁle(f()df(:O i=1,...,N @)

This leads to following set of N algebraic equations.
N

D (KR —KSa = Fj (V) j=1..N (42)
i=1

where the elements of the mechanical and electrical stiffness matrices and the forcing vector respectively are as
following:

1 _ 1 i
K :(1+C1)j0¢j¢llldx K5 :ZCZVKZI —

° (1—\rvsk)3

By solving the obtained set of N algebraic equations, the unknown coefficients (& ) are calculated at the each

L gi(%)

&k F =200V | L 43)
1_Ws (X))

step and by repeating these calculations the deflection of the beam for a given applied electrostatic force is
determined:

4.2 Dynamic deflection coupled with Thermo-elastic equation
To solve the dynamic and heat conduction equations, which are coupled, a Galerkin based reduced order model is

used. This method reduces the order of equations and then the equations can be approximated in terms of linear
combination of finite number of suitable shape functions with time dependent coefficient.

N
Wy (%) = > g, () (%) (44)

r=1
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O(%.2,0)= Z §Oa Oy (2) (45)

i=1 j=I
where ¢, (X) are the shape functions for the beam defection, where ¢, (X) and j(2) are the shape functions for the
temperature variation along X and Z directions respectively. Using Eq. (45) the non-dimensional thermal moment

equation can represent as:

1

~ M T L T nm B - E
My (00 ==L =°?ﬂ [ sz2=°?ﬁZZui,- O )| [2v; @2z (46)
2 i=l j=1

2

Substituting Egs. (44-46) into Eqs. (34) and (35) leads to following equations:

1
(1+C)qu(t)¢r”(x>+c W ZZu., ”(x)[jiw,-(Z)de}
r=1 i=l j=I1 2
47)
Zq ()¢, (%)
g (H)-2C,v2 =L — =R
3Zq () (0~ AT
n m n m
D> u(f)a" (%) +DIZZUU (v (2)-D, 3> o (R)w; (2)y () -
i=1 j=I i=1 j=I i=1 j=I
N N (48)
0422(,} Jv; ()t (F)+ D2 4, ()¢ (%) +Ds2) 6, ()" () =Ry
i=1 j=1 r=1 r=1
According to Galerkin method, following conditions should be satisfied:
1
Rydk=0 f=1..,N
J-0¢f 2 OX THE (49)
-
jojéwqng3d2dxzo q=1...n ,g=L...m (50)
2

Application of Galerkin based reduced order model leads to N +nxm ordinary homogenous differential

equations. The solution of the equations is considered in the form of ¢, = ﬁreim and u; = Uijemf , where, Q is the

complex frequency of the beam motion and heat distribution [15]. Applying the condition of achieving nontrivial
solution for the obtained N + nxm algebraic equations the complex frequencies are obtained. As the value of the

thermo-elastic damping is low, with a good approximation the damping ratio and quality factor can be obtained as
following

1(Q 1|rR(Q)
el oy

RO 21 1(Q)

R(Q) Is the real part of the complex frequency and 1(€2) is its imaginary part.
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5 NUMERICAL RESULTS

We consider a wide micro beam with variable length—scale parameter and constant linear thermal expansion
coefficient. The material and geometrical properties are shown in Table 1.

Table 1
Geometrical and material properties of the micro-beam resonator
Parameters Gold Nickel
Length () 200 um 8000 um
Thickness ) 2 um 50 um
Width ) 20 um 20 pm
Young’s modulus () 79 GPa 210 GPa
Poisson’s ratio (v 0.44 0.31
Density () 19320 kg/m 8900 kg/m
Thermal conductivity (k) 318 W/mK 92 W/mK
Specific heat at constant volume (c ) 129 J/kgK 438 J/kgK
Coefficient of linear thermal expansion («,) 142x10°K 13x10°K™
Permittivity of air () 88541878 x 10" F/m 88541878 ¢ 10> F/m
Ambient Temperature (t) 300 K 300 K
Initial gap (¢, 1 um 1 ym
1.05 pm for h > 2pm 10.8 um for h < 25pm
Length-scale () 0.73 pm for 1 < h < 2um 20 pm for 25 < h < 50um
ength-scale
g ( 0.47 pm for 0.5 < h < Ium 28 um for 50 < h < 100pm
60 um for h > 100pm
Gold
1.2F MNumerical results (CT)
— Numerical results (MCST)
g
8
2
'§- 0.8
£
E& 0.6
:F:’ 04r
azf 1 Fig. 2
Non-dimensional midpoint deflection of the gold micro-beam
% 10 20 30 40 50 versus the applied DC voltage.

Applied DC voltage

The produced electro-static force decreases the equivalent stiffness of the micro-beam by increasing the applied
DC voltage; subsequently, continuing to increase in the applied voltage causes instability of the saddle node
bifurcation type [32], which is called static pull-in in the MEMS literature. In order to calculate the static deflection
and pull-in voltage, the three first un-damped natural mode shapes are utilized.

It can be seen from Fig. 2 that the pull-in voltage of the golden micro-beam shifts from 22.86v for Classical
Theory (CT) to 45.42V for Modified Couple Stress Theory (MCST). As a validation ,the pull-in voltage is
computed by the CT using the geometrical and material properties of the previous works. The pull-in voltage of
work [37] for the micro-bam with 350pum length and zero residual stress is 20.2V and for our code the pull-in
voltage comes out 20.18V . The accuracy of our codes is reliable and then we extend it's for MCST by our
geometrical and material properties that shown in Table 1.
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Mickel
;
&
8
T 08F 4
i
E
é‘ 0.6}
E
S
2 04} i
2
o Fig. 3
S 02 1 . . . . . . .
2 Numerical results (CT) Non-dimensional midpoint deflection of the nickel micro-
Numerical results (MCST) beam versus the applied DC voltage.
0 : : . .
0 1 2 3 4 5
Applied DC voltage
w107 Mickel
1.6 =i r
Anplytical results{(MC5T) snssnsmn
1.4 Mumerical results [RCS T ) ee—
Numerical results{CT) —
=}
Fig. 4
Inverse of the quality factor versus the thickness of the nickel
micro-beam .

Beam thickness (m)

Fig. 3 shows that the pull-in voltage of a nickel resonator, which shifts from 2.93V for the CT to 4.56v for the
MCST. In order to compare the current obtained numerical results with the obtained analytical results[29], we
consider the zero applied DC voltage through in the results of the Figs. 4-11 .

5.1 Critical thickness analysis

In a high-quality resonator, the maximum value of TED ratio occurs when the beam thickness is equal to critical
thickness value [21]. For a micro-beam the characteristic or temperature relaxation time is given as [15]:

h? ( pC,
rr—”z( > j (52)

when 7,((Q,", the micro-beam is in the isothermal condition and when 7,))Q,™", the micro-beam is in the

adiabatic condition.The maximum TED ratio occurs when 7,£2, =1 and then we can determine the critical
thickness of the micro-beam that analytically computed by the MCST [21].

Nermesty” ((PCy ) (4730 ) [(EDeq s
=1 El)y = El + gAl
2 K X( L j oA ( )eq H (53)

We consider variable length-scale parameters for gold and nickel micro-beams [30, 31]. It can be seen from Figs.
4 and 5 that the numerical results are consistent with analytical results. When the characteristic time is equal to the
inverse of vibrating frequency, thermo-elastic damping is maximized and this maximum value of TED occurs at the
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specific thickness of the micro-beam that called critical thickness. As shown in Figs. 4 and 5, the differences
between CT and MCST are significant at the vicinity of the critical thickness.

x 10 wolet
1 =e=ssses Analytical results (MCST) | |
Numerical results (CT)
— Numerical results (MCST)
0.8
., 08
o
04
Fig. 5
0.2 . .
Inverse of the quality factor versus the thickness of the gold
" micro-beam.
o 1 2 4
Beam thickness (m) %10
Table 2
Critical thickness value comparison
Applied elasticity theory Numerical results MCST Analytical results MCST
Critical thickness value (pum) Critical thickness value (um)

Gold resonator 15.61 15.63
Nickel resonator 7342 71.56

As seen in Figs. 6 and 7, the differences between the results of the modified couple stress theory and the classical
h
theory implicitly depend on the thickness to length—scale(Tj ratios. Furthermore by increasing these ratios, the

results of the two theories are converged. Evidently, by increasing the length of the micro-beam, the critical
thickness occurs in higher thicknesses, but in the case of the most of the materials, the variable length-scale
parameters are increasing through the increment of the thicknesses which has negative effect on increasing the

h
thickness to length-scale (I—j ratios.

Fig. 6
Effect of the length and thickness of the micro-beam on the
thickness to length-scale ratio of the nickel micro-beam.

Beaam thickness (m}) z ] Length of beam (m)
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£=200 pm
Beam thickness(m)

x 10

Table 3

E=200 jurm

Fig. 7

[Ty

Effect of the length and thickness of the micro-beam on the

Length of beam {m}

Effect of beam length to critical thickness value

thickness to length-scale ratio of the gold micro-beam .

Applied elasticity theory

Gold (L=200um)
Gold (L=400um)
Gold (L=600um)
Nickel(L=500um)
Nickel (L=2000um)
Nickel (L=5000um)
Nickel (L=8000um)

Numerical results MCST Numerical results CT
Critical thickness value (pum) Critical thickness value (um)
15.61 15.64

24.1 24.2

31.2 31.3

11.7 119

30.9 30.5

56.7 56

73.42 73.40

5.2 Effects of ambient temperature on thermo-elastic damping

The effect of the temperature change on inverse of the quality factor is displayed in Figs. 8 and 9. Based on the
obtained results, at higher temperatures there are much differences between the results of CT and MCST. In Figs. 8
and 9, the numerical results are coincident with analytical results.

MNickel

Numerical results(CT)
=== Analytical results{(MCST)
Numerical results(MCST)

Inverse of the quality factor versus temperature in the nickel

o OF
=]
5 Fig. 8
%00 150 200 250 300 350 10C 50 00 micro-beam .
Temperature(k)
w 10 SGold
Mumerical results(MCST)
-------- Analytical results(MCST)
Mumerical results(CT)
4
=
Fig. 9
1 .
micro-beam.

00 150 200 250 300 V50
Tempearature( )

Inverse of the quality factor versus temperature in gold
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Fig. 10

Inverse of the quality factor versus beam thickness for
different beam lengths and different temperatures in the
nickel micro-beam.

Fig. 11
Inverse of the quality factor versus beam thickness for
gl different beam lengths and different temperatures in the gold

0 > H
25 = wz00rm e micro-beam.
o 1Flo‘=.-.r-|m rhlr:krleﬁs'.(m;l _‘_‘_r, [0} Length of beam({m)
= 10 Mickel
NHumerical results (CT)
Numerical results (MCST)
1
=)
Fig. 12
Effect of the applied DC voltage on the inverse of the quality
factor of the nickel micro-beam.

Applied DC valtage

By increasing the temperature, differences between CT and MCST are increased. The divergence of the CT and
MCST at higher thickness to length-scale ratio has decreased. Figs. 10 and 11 show the inverse of the quality factor
versus beam thickness for different beam lengths and different temperatures in the nickel and gold micro-beams
respectively. As shown in these figures, the difference between the results of the two theories are increased by
growing the temperature but by increasing the beam length this difference is decreased.

5.3 Effects of applied voltage on thermo-elastic damping

Figs.12 and 13 represent the behavior of inverse of the quality factor for DC voltages before the pull-in voltage. It is
obvious that inverse of the quality factor increment rate, increases significantly near the pull-in voltage in
comparison to the pervious DC voltages. When applied DC voltages approach static pull-in voltage the system tends
to an unstable equilibrium position by undergoing to a saddle node bifurcation. Therefore, to prevent the energy
losses due to the TED, applied voltage must not be close to pull-in voltage. Of course, it should be noted that based
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on the MCST the stiffness of the micro-beam is greater than that on the CT and we can extend the range of the
applicable DC voltages.

*x10° Gold

Numerical results (MCST)

(=]
o sf Fig. 13
! Effect of the applied DC voltage on the inverse of the quality
l factor of the gold micro-beam.

o 10 20 30 40 50
Applled DC voltage

Mumerical results (CT) ‘

NooWw b

6 CONCLUSION

In this paper, the quality factor of TED in a micro-beam resonator that electrostatically actuated was studied. The
modified couple stress theory and hyperbolic heat conduction model were used and the effect of the variable length-
scale parameter was shown. For some dimensions of the micro-beam, differences between the results of the CT and
MCST were significant so utilizing the CT for designing leads to inaccurate performance. Differences between the
results of modified couple stress theory and classical theory were depended on the thickness to length-scale ratio. By
increasing this ratio, the results of the two theories were converged. Furthermore, the effects of beam length and
temperature on the convergence of these two theories were shown. By increasing the temperature, differences
between CT and MCST was increased and this divergence at high thickness to length-scale ratio was decreased.
Moreover, was shown that the TED is increased moderately for low applied bias DC voltage and rapidly for voltages
near to the pull-in threshold. The obtained results can be useful for mechanical engineers in the designing of micro
resonators for MEMS applications.
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