Journal of Solid Mechanics Vol. 9, No. 2 (2017) pp. 351-369

Finite Element Instability Analysis of the Steel Joist
of Continuous Composite Beams with Flexible Shear
Connectors

H. Bakhshi ", H.R. Ronagh

'Engineering Faculty, Hakim Sabzevari University, Sabzevar, Iran
*Instiutute for Infrastructure Engineering, Western Sydney University, Penrith, NSW 2751, Australia

Received 5 March 2017; accepted 4 May 2017

ABSTRACT
Composite steel/concrete beams may buckle in hogging bending regions. As the top
flange of I-beam in that arrangement is restricted from any translational deformation
and twist, the web will distort during buckling presenting a phenomenon often
described as restricted distortional buckling. There are limited studies available in the
literature of restricted distortional buckling of composite steel/concrete I-beams
subjected to negative or hogging bending. There is none however that includes the
effect of partial shear interaction. In this paper, finite element models for in-plane
analysis and out-of-plane buckling of continuous composite I-beams including the
effects of partial shear interaction are presented.
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1 INTRODUCTION

T HIS paper discusses the instability of the steel joist of a composite beam composed of a steel I-beam and a

concrete slab connected together by shear connectors which is subjected to negative or hogging bending. This is
a relatively complicated problem. The instability analysis becomes even more complex when partial shear
interaction between steel joist and concrete slab is taken into account. As the top flange of I-beam in that
arrangement is restricted from any translational deformation and twist, the web will distort during buckling
presenting a phenomenon often described as restricted distortional buckling. If this buckling is prevented, large
rotational capacities can be achieved beyond the plastic moment of resistance and advantageous plastic design is
feasible. Consequently, the moment redistribution in the hogging region that is possible due to the ductility of such
beams is achievable prior to failure and significant economies can be obtained due to that distribution.

The very early work on the concept of imperfect composite action between concrete and steel for composite
structures were tests on six simply supported composite steel and concrete T-beams performed by Newmark et al.
[1]. Unlike simply-supported composite beams, continuous composite beams are more complex due to concrete
cracking in hogging regions. Theoretical studies were published in order to address the problem of the buckling of
steel joist of composite beams with both continuously varying axial force and bending moment (Bradford and Gao
[2]; Dekker et al. [3]; Tehami [4]; Jasim and Atalla [5]; Nie and Cai [6]; Nie et al. [7]; Ranzi et al. [8]). Bradford and
Gao [2] presented a simple method to examine the stability of fixed-ended composite steel-concrete beams taking
into account the difference between its sagging and hogging bending rigidities, due to the concrete cracking in
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tension. Bradford [9] developed a rational model for predicting the elastic buckling load of thin-walled I-section
columns, restrained fully against translation and elastically against twist at one flange and subjected to a uniformly
distributed axial force. Bradford and Ronagh [10] extended the 12 degrees of freedom element developed by
Bradford and Trahair [11] to the 16 degrees of freedom element for predicting the distortional buckling of restrained
I-section members more accurately. Bradford and Ronagh [12] considered the elastic lateral-distortional buckling of
composite cantilevers, whose steel portion was tapered, under moment gradient. Bradford and Ge [13] demonstrated
an in-plane analysis of elastic distortional buckling of a two-span continuous I-beam with a concentrated load in
each span. It was concluded that the distortional buckling resistance of two-span continuous beams decreased when
the concentrated loads within each span were located toward the centre of each span, since the bending moment
distribution was more uniform. Bradford and Kemp [14] reviewed the research to date into local and lateral-
distortional buckling in the negative moment region of continuous composite beams, and provided design proposals.
Vreelj [15] presented the development of a rational generic model to investigate the elastic restrained distortional
buckling of I-section members in both half-through girder bridges and composite tee-beams in hogging regions. Her
study, however, only addressed the issue in the light of full interaction analysis. Xu and Wu [16] presented a new
plane stress model for the composite beams with interlayer slips using the state space method. Wang and Chung [17]
proved that the deformation characteristics of shear connectors are very important in predicting the structural
behavior of composite beams with large rectangular web openings. Zona and Ranzi [18] considered the shear
deformability of the steel and slab components at various load levels. Chakrabarti et al. [19] proposed a new finite
element model based on a higher order beam theory for the analysis of composite beams. The proposed model takes
into account the effect of partial shear interaction between the adjacent layers as well as transverse shear
deformation of the beams. Lezgy-Nazargah [20] presented an isogeometric approach based on non-uniform rational
B-spline (NURBS) basis functions for the analysis of composite steel-concrete beams. Lezgy-Nazargah and Kafi
[21] proposed a finite element model for the analysis of composite steel-concrete beams based on a refined high-
order theory. The employed theory of these researchers satisfies all the kinematic and stress continuity conditions at
the layer interfaces and considers effects of the transverse normal stress and transverse flexibility. He and Yang [22]
made comparisons among the classical, Reddy’s higher order and plane stress models. They also presented a higher
order model for composite beams and verified it through comparison via other models. Chen et al. [23] presented an
experimental study of the flexural behavior and shear transfer mechanisms of shallow cellular composite beams
where the concrete passing through the steel web opening is combined with a steel tie-bar element to form the shear
connection.

In this paper, finite element models for in-plane analysis and out-of-plane buckling of continuous composite I-
beams including the effects of partial shear interaction are presented. The first finite element model is developed to
investigate the in-plane behavior of composite beams. The model provides the bending moment distribution along
the length allowing for the variation in the rigidities of the cross-section in hogging and sagging regions. The stress
resultants that act in the steel joist are then used as the input data for the out-of-plane finite element. The out-of-
plane finite element model undertakes the out-of-plane distortional buckling analysis of the steel joist. Both of the
models and some results are presented in the following.

2 THE IN-PLANE MODEL

In the in-plane finite element formulation, a composite beam is modelled as two one-dimensional beam elements,
one for concrete and the other for steel. Each beam has two nodes with three degrees of freedom per node totaling to
twelve degrees of freedom for the element (Fig.1(a)). Based on the assumption that the curvature is the same in both
elements at the same point along the length due to the lack of transverse separation at the contact interface,
displacements and twists can be reduced to eight degrees of freedom as is shown in Fig. 1(b). A new model with two
nodes and four degrees of freedom per node is then proposed.

In the first model with twelve degrees of freedom (Fig. 1(a)), the generalized displacements containing these
freedoms are presented by the vector g, as:

T
4y :{qfl dr2 49r3 954 495 9re6 957 918 99 9110 9rn qf12} (1)
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In the second model with eight degrees of freedom (Fig. 1(b)), the vector ¢, can be written as:
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Fig.1
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In-plane composite beam finite element.

T
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Introducing the shape functions
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The displacements along the length of the concrete and the steel can be written as:

Axial displacement:
U, =Nigr 1 +Nogy4
ug, =Nigr7+Nogrig

Vertical displacement:

Ve =N3qro+Nugr3s+Nsqrs +Neqye

Ve =Nsgrg +Nygro +Nsqri +Nedyis

Rotation:
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Having this, the displacements at the shear connector level u ., and ., shown in Fig.2 can be calculated as:
Ugey =l +h 6. (15)
User =ity —hs 6, (16)
The slip is then defined as:

S ZUge) ~Ugen 17

s =u, —u, +(h.0, +h,6,) (18)

Fig.2
Slip relations of in-plane composite element.

Replacing Eq.(9), (10), (13) and (14) into Eq.(17), we get

s=(Ny, h N{h NiNyh Nih No =Ny h, Nih Nj-Ny b Nih Nia (1)
or as:

§ =D qdr
where

T
qr = {61/1 9297397495976 97 9r8 919 9710 97 11 ‘1;'12}
D¢=N,h, Nyh, NyN,h, N;h, Ne—N hy Ny hy Ny—N, h, N: h; N¢{

and Dy is given in the Appendix.

Stiffness matrix of the composite element is the sum of the stiffness matrices of the concrete, the steel and the
shear connector elements. Using the energy approach, the strain-energy of shear connector element is defined as:
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L
1
U roar =—J‘kq s? dx
0
k L
=Zs o7 pT :
Ushear - ) qu Ds Ds qy dx (20)
0
1 7
Ushear =7 4r Kshear qr
2
where
L
Kshear =ks JDZ Ds dx (21)
0

Is identified as the stiffness matrix of the shear connector element. The stiffness matrix K of the concrete and

the steel is developed from the basic stiffness matrix of beam element. The total stiffness of composite element is
thus obtained from

l 7
U=3ar Ky 4y (22)
where
Kf :Kshear +Kcs (23)

On the other hand, a relation between the displacements of the element with twelve degrees of freedom and the
element with eight degrees of freedom in Fig. 1 can be expressed as:

9, =H q, (24)
In which H is given in the Appendix.
Eq. (23) can be rewritten as:
U=L4 & Lk
_qu S qr _Eqp p 49y (25)
where
_yT 26
K,=H" k;, H (26)

Is identified as the total stiffness matrix of the composite element with eight degrees of freedom. A finite
element program called PARTIALSHEAR is then compiled to produce the slip, the lateral displacements and twist
of the concrete and the steel, and the stress resultants of steel joist. These will be used as input for the out-of-plane
buckling investigation performed by the out-of-plane finite element.

As the elements work with fixed properties along the length, the sagging and hogging properties may need to be
defined based on the position of the contra flexure point. Since this position is unknown in prior, trial and error
based analysis needs to be carried out to find its location. The analysis therefore starts with a set number of elements
at set lengths. The lengths of elements neighboring the contra flexure point are then adjusted to allow the zero
bending point to occur exactly at their junction. The process of adjustment continues until the point of contra flexure
remains at the assumed position within an acceptable error range.
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3 THE OUT-OF-PLANE MODEL

The geometry of the beam-column element and the x-y-z Cartesian axis system are defined as shown in Fig.3. The
element is a prismatic I-girder with flange width by, flange thickness ¢, , web depth £, , and web thickness 7, .

Lateral displacement u and twist & of the top and the bottom of the web along the length z are used to define the
shape of the beam during buckling. The subscripts 7 and B refer to the top and bottom flanges, respectively. Due to
the restraint provided through the shear connectors to the concrete slab, the displacements at the top flange of I-
girder are assumed to be zero.

Fig.3
The beam element and its displacements.

y()

The element is considered to be subjected to end moments M, and M ; , end axial forces N, and N; , and end

shear forces V', and V; in the manner shown in Fig. 4.

Mo ML

No

=

Fig.4

Vo Vi Configuration of element in loading.

The bending moment and axial force are assumed to vary linearly along the length of the element, so that

M :Mo(l—%j+ML (%) a7

N =N, (1—%}1\@ (%) (28)

The shears are equal and can be obtained from static’s equilibrium as:

M,-M,
VO ZVL = T (29)
In the z-direction, the buckled shape is represented by the lateral and twist displacements of the flanges,
ug,6 and 65 . All these deflections and twists are defined as cubic polynomials along the length. The flanges’

displacements are therefore given as:

2 3
ug =ogl +a,z +a37+a42—2 (30)
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which can be written in the matrix form as:

T
u:{uBHTHB}
2 3
M=Lz = 2
L L
2 3
M,=q1 — — —
: L 2 1
M, 0 O
M,=0 M, 0
0 0 M,
or as:
u=M o
where

a= {al,az,...,alz}T

€2))

(32)

(33)

(34)

(35)

(36)

(37

(3%)

In the y-direction, the buckling deformation of the web is also defined by cubic polynomials linking from the top
to the bottom of the web. The deflection of any web point in the cross-section can then be expressed as:

2 3
=a;h, + oy oy L
u, =aph, +014y alsh 6>
- h,
or
_ T
u, =H, o,
where

2 3
g = y_y
SRS

T
@, :{an Ay 05 0‘16}

(39)

(40)

(41)

(42)
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The displacement variation of web element shown in Fig. 5 can also be expressed in natural coordinates as:

u, =N, g +N, 6 +N, ;6 (43)
where
13y 2y°
wl — 2 ZhW hM?: (44)
h, vy > ¥
Nyp=——- 2 (45)
8 4 2k, i

Nyy=—ts—o— = (46)

Eq.(43) can be written as:

u, =Nw1Nw2Nw3u (47)
where
T (48)

and from Eq.(37): u =M «
Hence, Eq. (47) becomes

u, =N, N, N, M «a (49)
or

u, =N a (50)
where

NI'=N, N, ,N, M (51
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6, el-n 91‘2’ 6'17
Node 1 ¢ Node 2
Fig.6
: = Buckling displacements g.
l.lm, u’,,,, 9,,,, 95, unz u B2 9}12 gm

Generalized buckling displacements used are shown in Fig. 6. A prime (”) denotes differentiation with respect to
z. The vector ¢ containing these freedoms is written as:

’ ’ ’ ’ ’ ! T 2
q ={”Bla”mﬁmﬁrla931,931#32:”32’QrzaarzveBzaeBz} (52)

The generalized buckling displacements ¢ are related to the natural coordinate system . The relation can be
easily obtained by looking at the shape functions at the boundaries. This relation can be expressed as:

g=C«a (53)

where the matrix C is a matrix of order 12 and is given in Appendix. Eq.(53) can then be rewritten with the inverse
of the matrix C as:

In a similar manner, buckling displacements u are related to the generalized displacement system ¢ by
substituting Eq.(54) into Eq.(37). This gives:

u=M C q (55)
where C is given in Appendix.

3.1 Derivation of the stiffness matrix

In order to derive the stiffness matrix using an energy approach, it is necessary to calculate the total energy stored in
the beam during buckling. The beam elements representing the flanges and the plate element representing the web
would deflect sideways and twist. The strain energy stored can be expressed as:

U=Ug +Usp+U, (56)

where Uy, is the energy associated with the bending of flanges about their major axis, U, is the energy associated
with the twist of flanges and bending about their minor axis, and U,, is the strain energy associated with the bending

and twisting of the web as a plate.
These energy components can be calculated as:

L
1 y A2
U, =E'[ESIW» (up ) dz (57)
0
b
L 2 2 2 2 2
1 2 2 ov oy
U, =—“'D. Vo) 21— r |4 s Lara
1075 (07 )+ ) 20 Y) {axﬁz] (axaz y (58)
0 b
2
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2

I g o dy dz (59)
By

2

by
U, :%i j D [07V +(vi ) Jdvez (60)
0

b 2 2
L 2 2 2
1 B O0vy Ovp
Ufg_2v([ .[ 2b, V)l:(éxﬁz] +(6x62J ]dXdZ (61)

and is associated with the twist of the flanges.

Since the flanges are assumed to remain rigid, the vertical (y-direction) displacement of the flanges can be
expressed as:

vp =x6 (62)
vy =x0g (63)

Substituting Eqs.(62-63) into Eq.(60) and then integrating over the width of the flanges shows that this
component contains the usual twisting terms of the Saint Venant linear torsion as:

%IIG"f [(6F) (05 ) Ja (64)
0

where G is the shear modulus equal to:

E

S

Y= o (63)

and J, is the torsional rigidity of each flange, which is equal to:

3 (66)

b
oy O 1f 1, ,
Ufe:}! I D, |:(VT)2+(VB)2:deZ +5!GJf [E(@)2+(93)2}dz (67)
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The term /- is the second moment of area of each flange about the y-axis, which is equal to:

3
by,

I =

The parameter D, represents the plate rigidity of flanges and is given by

Et}
D, = _ st 69
A 2 (69)
12(1-v7)
As the web is considered a plate, the generalized strain and stress vector of Eq.(59) can be written as:
2 2 2
gT _ —0 uzw —0 I’;w 20 u,, (70)
oy oz 0y Oz
1 v 0 R 1 v 0
o=D,|v 1 0 |e= sz % 0 |e
Ly 12(1-v?) Ly (71)
00 00
2 2
where
£ .
" 12(1-v?) (72)
From Egs. (54):
Therefore:
o qu cT (74)
Using Egs. (57-59), the strain energy equation can be mathematically manipulated to produce
U=lo ke a
b (75)
Substituting & and @’ from Eqs.(54, 74) into Eq.(75) we obtain
U=ty cT kecH Lok
X 9=549 K4 (76)
From which
K=CcT k*c™ (77)
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Is identified as the stiffness matrix of the element.

3.2 Derivation of the stability matrix

The stability matrix relates to the work done by the surface tractions or the loss of the potential energy of the
stresses. This loss of potential energy can be written as:

W =W, +W,o+W, (78)

where W, the work is associated with the bending of flanges about their major axis, W, is the work associated
with the twist of flanges and bending about their minor axis, and W, is the work associated with the bending of the
web as a plate.

L
1 ,
Wi =5 j Aoy (up ) dz (79)
0
by
w I A% Y |dxd
fe_E_[jtf[o-T(vT) +UB(VB):|XZ (80)
0 b
2
B T
L 2
1 ou,, /0z or||ou, 0z
W == dyd.
w 2J0‘ ! L {auw/ay} LoHéuw/ﬁy} lydz (81)

In which 4 is the area of each flange and [ is the second moment of area of each flange about the y-axis.

The terms o and 7 represent the stresses along the web obtained in the usual way as:

N My
- A, 1, (82)
_ v
r= ht, (83)
My-M,
where V = — 7 from Eq.(29). The terms o and o the stresses at the top and bottom flanges, are calculated
as:
_N _Mh,
KIS (84)
N +th
RS (85)

In the matrix form, the work done by the surface tractions or the loss of the potential energy of the stresses
becomes
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W:%(fsaa (86)

Similar to Eq.(75), Eq.(86) has to be derived in terms of the generalized displacement g. Using Eqs. (54, 74), this
transformation can be performed as:

1 _ _ 1

W=5qTCTS“C‘ q=5qTSq (87)
where

S=cT s*c™! (88)

Is identified as the stability matrix of the element.

3.3 Buckling solution

The global stiffness and stability matrices of the structure are calculated by assembling the stiffness and stability
matrices of all members. The buckling load factor A can be found using an eigen technique that can solve the linear
non-standard eigen problem of

(K—-48)q, =0 (89)

where K and S are the assembled stiffness and stability matrices and g, is the global buckling degrees of freedom.
The solution of Eq. (89) for nontrivial g, is a standard eigen problem, and is solved herein for the buckling load
factor A and buckling mode shape or eigenvector ¢, .

In order to minimise the numerical efforts, the stiffness and stability matrices, K and S, are derived symbolically
as much as possible. Here, the stiffness and stability matrices are calculated symbolically using MATHEMATICA.
The elements of these matrices are then input into a finite element program called FED12 written in FORTRAN.
This program processes the input of the elements, calculates the matrices, solves for the eigenvalue and provides the
associated eigen modes.

4 EXAMPLES

A standard two-span continuous composite I-beam, 10m in span-length subjected to 50 KN/m uniformly distributed
load is considered. Cross-sectional dimensions of the beam are E, =32,000N / mm?* ,E, =200,000N / mm?,
h=1, OOOmm,bf = 400mm,tf =28mm,t,, =16mm. The concrete slab dimensions are 2,500mm x150mm and the
reinforcement ratio (4, /4, )is set at 1.8%.

Figs. 7, 8 and Fig. 9 contain the results of the in-plane analysis for various degrees of interaction. The stress
resultants of steel joist are then used as the input data for the out-of-plane buckling investigation. The in-plane
bending moment of steel joist in hogging region is larger for beams with a lower degree of interaction. These beams
are therefore more susceptible to out-of-plane buckling.

As is seen in Table 1., the partial interaction design has affected the buckling resistance of the beam. The
buckling mode shapes have minor influences due to partial shear interaction and are illustrated in Fig. 10 and Fig.
11.
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Fig.11
— n=02 — n=04 0206 e n=08 Buckling twist of bottom flange along the length.
Table 1
Partial interaction (PI) effects on critical buckling load.
. . PI Effects
. Critical Buckling Load
Degree of Interaction w w
(77) W (KN /m) cr Pl " cr FI %100
W JFT (%)
0.2 2,252 15.4
0.4 2,350 11.8
0.6 2,466 7.4
0.8 2,592 2.7
1.0 2,663 0.0

5 CONCLUSIONS

The finite element models for analyzing the in-plane analysis and out-of-plane restricted distortional buckling of
continuous composite I-beams including the effects of partial shear interaction are presented. The proposed models
can be used effectively to account for the differences in the beam’s flexural rigidities in hogging and sagging regions
due to the concrete cracking in tension. These versatile models are capable of accommodating different types of
boundary and loading conditions. They can be used to develop more economical and efficient designs.

The example presented shows that the two-span continuous composite I-beam is more prone to buckling at lower
degrees of interaction. Since the degree of interaction affects the buckling resistance of steel joist, the partial
interaction design is found to be critical in terms of strength and stability of continuous composite [-beams subjected
to uniformly distributed loads.

APPENDIX

The degree of interaction, 77, is defined in this paper as 1 minus the ratio of the slip at the steel/concrete interface in
a shear span with partial interaction to the slip in case of no-interaction. 7 Varies from 0 (no-interaction) to 1 (full-
interaction). The relation for the degree of interaction can be written as:

S
=1-
7 S

X

ni ,x

where S, is the slip at position x of the steel/concrete interface of composite beam with partial interaction (with any
k, as the stiffness of the shear connectors); S,; . is the slip at position x of the steel/concrete interface of composite

beam with no-interaction (with k; =0). Often x is chosen at the location of maximum slip.
The matrices developed in the finite element models can be presented in the following.

Ds = {dsl ds2 ds3 ds4 dSS dsé ds7 dsS ds9 dle dsll ds12}
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6h 6h x> 4h x 3h.x’
d,=1-= ds2=——cx+‘—x dy=h, - X | NeY
L L? L} ‘ L?
6h 6h.x? 2h 3h x?
ds4=£ ds5= sz_ et ds6=_ Cx+ Cf
L L L’ L L
6h.x 6h x> 4h x 3h.x?
ds7:£_1 ds8:_ 52+ é3 ds9:hs_ —+ 52
L L L L L
X 6h.x 6h.x? 2h.x 3h.x?
dgo=—— dyy=—5———35— dgg=——F—+—5—
L L L L
The matrices H and H T are defined as:
1000000 0]
0010000O0O0
10000000 0 0] 00010000
00000010 00 00001000
010000010000 00000010
» 001000001 00 0000O0OO1
' = H =
00010000 00 010000O0O
000000000100 00100000
00001000 10 00010000
00000100 01| 00000100
00000O0T10
(000000 O 1)

The transformation matrices C and C ' are given as follows:

¢, © 0 |
Coo 0
0 0 C
C= 60
c, O 0
Cor 0
L 0 Cor
where:
_L 00 0 10 00O
CuO: CHO_ 1
0100 0O — 00
- L
c _L I L L c 1 1 1 1
ul = oL —
o1 2 3 Ll L 2 3
. L L L
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0O 0 0 0 O Li 0 0 0 0 O0 O

o 6 0 06 0 06 0 0 1 O 0 O

o 0 0 0 0 o0 0 o0 O e 0 0
C = L

L L L L 0 0 0O O O O 0 O

o N|=
o NN
o Nlw

o
(o]
o
o
(]
o
o
(=]
o

N~ =
~
~|w

1
— 90 o0 o0 ©0 0 0 0 0 0 0 0
L

0 1 o 0o o0 o0 0 O 0 0 0 0
-3 3

— =2 0 0 0 0 = -1 0 0 0 0
L L

2 -2

= o o0 o0 0 — 1 0 0 0 0
L L

0 0 1 0o 0 ©0 0 0 0 0 0 0

The web displacement matrix is given as follows:
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1 3y 233 ]
2 2h, h’
1 3y 2y -
2 2h, A}
1 3y 2y°3z2
2 2hn, h: )L
1 3y _2y3 z?
2 24, h> )L?
2 3
w Y LY y
8 4  2h h>
2 3
VN S S
N 8 4  2hn, h? )L
" h, vy y> yi)z?
T Tt T2 2
8 4 2h, h> )L
h, v »v> yi )z’
—— Tt T2 3
8 4 2n, h2)L
2 3
h, ¥y _ vy ¥
8 4 2n, h’
h, ¥y _y> ¥’z
8 4 2n, hZ )L
h, 'y »y> y )z’
T 2
8 4 2h h? )L
h, v y? yiiz°®
= T T 57 T 52 3
U8 4 2n, Al )L |
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