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ABSTRACT
In this study an analytical method is developed to obtain the response of electro-magneto-thermo-
elastic stress and perturbation of a magnetic field vector for a thick-walled spherical functionally
graded piezoelectric material (FGPM). The hollow sphere, which is placed in a uniform magnetic
field, is subjected to a temperature gradient, inner and outer pressures and a constant electric
potential difference between its inner and outer surfaces. The thermal, piezoelectric and
mechanical properties except the Poisson’s ratio are assumed to vary with the power law functions
through the thickness of the hollow sphere. By solving the heat transfer equation, in the first step,
a symmetric distribution of temperature is obtained. Using the infinitesimal electro-magneto-
thermo-elasticity theory, then, the Navier’s equation is solved and exact solutions for stresses,
electric displacement, electric potential and perturbation of magnetic field vector in the FGPM
hollow sphere are obtained. Moreover, the effects of magnetic field vector, electric potential and
material in-homogeneity on the stresses and displacements distributions are investigated. The
presented results indicate that the material in-homogeneity has a significant influence on the
electro-magneto-thermo-mechanical behaviors of the FGPM hollow sphere and should therefore
be considered in its optimum design.
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1 INTRODUCTION

GPMs have attracted widespread attention in recent years. FGPM is a kind of piezoelectric material with

material composition and properties that varies continuously and gradually along certain directions. This makes
FGPM to be suitable for many specific applications such as sensors or actuators. Chen et al. [1] investigated a
piezoceramic hollow sphere analytically, based on the 3D equations of mechanical and piezoelectricity. Their
numerical results are performed for different boundary conditions imposed on the spherical surfaces. Lim and He [2]
obtained an exact solution of a compositionally graded piezoelectric layer under uniform stretch, bending and
twisting. Shi and Chen [3] presented the analytical solution for a piezoelectric cantilever beam with continuously
graded properties subjected to different loadings. They proposed and determined a pair of stress and induction
functions in the form of polynomials. Moreover, based on these functions, they obtained a set of analytical solutions
for the beam under different loadings. WU and Syu [4] considered an exact solution of a cylindrical shell made of
functionally graded piezoelectric materials under cylindrical bending using the method of perturbation. They are
taken into account the transverse normal load and normal electric displacement (or electric potential), respectively,
applied on the lateral surfaces of the shells. Moreover, they assumed that the cylindrical shells are considered to be
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fully simple supports at the edges in the circumferential direction and with a large value of length in the axial
direction. Also, they investigated the coupled electro-elastic effect on the structural behavior of FG piezoelectric
shells and the influence of the material property gradient index on the variables of electric and mechanical fields.

For an electro-magneto-elastic case, Dai et al. [5] studied the electro-magneto-elastic behaviors of functionally
graded piezoelectric in geometry, i.e. solid cylinders and spheres. They showed that mechanical and electric loads
on the FGPM cylinders and spheres can control the distributions of stresses, perturbation of magnetic field vector
and electric potential in the FGPM solid structures. For an electro-thermo-elastic case, Ootao and Tanigawa [6]
carried out the transient piezothermoelastic analysis for a hollow sphere made of functionally graded piezoelectric
material. They considered the thermal, thermo-elastic and piezoelectric constants of the hollow sphere as power
functions of the radial coordinate and showed some numerical results for the temperature change, displacement,
stress and electric potential distributions. Khoshgoftar et al. [7] presented the thermo-elastic analysis of a thick
walled cylinder made of functionally graded piezoelectric material. They loaded the cylinder subjected to the
temperature gradient and inner and outer pressures and also defined all the mechanical, thermal and piezoelectric
properties except the Poisson ratio as a power function in the radial direction. Ghorbanpour Arani et al. [8]
considered a hollow circular cylinder made of exponentially graded piezoelectric material (EGPM), e.g. PZT_4.
Their loadings were composed of internal and external pressures, a distributed temperature field due to steady state
heat conduction with convective boundary condition, an inertia body force due to rotation with constant angular
velocity and a constant electric potential difference between its inner and outer surfaces. Also, they assumed that the
material properties except Poisson’s ratio and thermal conduction coefficient are exponentially distributed along
radius.

For a magneto-thermo-elastic case, by means of an analytical method, Ghorbanpour Arani et al. [9] investigated
the magneto-thermo-elastic stress and perturbation of the magnetic field vector in functionally graded hollow sphere
placed in uniform magnetic and temperature fields subjected to an internal pressure. They employed hyper-
geometric functions to solve the governing equation and also assumed that the material properties through the
graded direction are nonlinear with an exponential distribution. Moreover, they obtained the temperature,
displacement and stress fields and the perturbation of magnetic field vector and compared with those of the
homogeneous case. Ghorbanpour Arani et al. [10] presented an exact solution for magneto-thermo-elastic transient
response and perturbation of the magnetic field vector for a functionally graded thick hollow sphere subjected to
magnetic and thermo-elastic fields. Using the Hankel and Laplace transform techniques, they solved the dynamic
equation of magneto-thermo-elastic and the radial and circumferential stresses as well as the perturbation of the
magnetic field vector for a typical material are obtained. For an electro-magneto-thermo-elastic case, Dai et al. [11]
studied the electro-magneto-thermo-elastic behaviors of a functionally graded piezoelectric hollow cylinder, placed
in a uniform magnetic field, subjected to electric, thermal and mechanical loads. Using the infinitesimal theory of
electro-magneto-thermo-elasticity, they obtained the electric, magnetic, thermal and mechanical properties of the
material that obey an identical power law in the radial direction and also determined exact solutions for electric
displacement, stresses, electric potential and perturbation of magnetic field vector in the FGPM hollow cylinder.

In this study, an exact solution for a radially polarized FGPM hollow sphere with electro-magneto-thermo-elastic
behaviors subjected to magnetic and thermo-elastic field is presented. The material properties through the graded
direction are assumed to be nonlinear with a power law function. The temperature, displacement and stress fields,
electric potential and the perturbation of magnetic field vector are determined and compared with those of the
homogeneous case.

2 BASIC FORMULATIONS
2.1 Heat conduction equation

The axisymmetric, steady state, and heat conduction equation in the spherical coordinate system with the thermal
boundary condition is given in this section as [§]

1 0 oT(r)
75\1"2]((7)7 :O, aSer (la)
)| _, =T, (1b)
oT(r) +HT() -0 19)
r r=b
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where a and b are the inner and outer radii, respectively, k=k(r) is the thermal conductivity which is assumed to be a
function of radius, # is the convective heat transfer coefficient ratio and T is the temperature. Assuming k(r) as a
function of radius:

k(ry=k,r" 2)

where k; is the nominal thermal conductivity, and m is the material in-homogeneity. Substituting Eq. (2) into Eq.
(1a) yields the FGPM heat conduction equation as

19

rm+2 aT(r)
r2 or

or | " )

Integrating twice Eq. (3) yields
T(r) — Clrfmfl +C2 (4)

Using the boundary conditions (1b) and (1c), the constants C; and C, are determined as follows

C = —Tyh , s
hb*(mﬂ) —(m+ l)b—(m+2) _haf(erl)
Tyhb™ "V —(m+ DT~ ">
2 (6)

N hbi(erl) —(m—+ l)b*(m‘Fz) _ haf(erl)

2.2 The problem formulation

Consider a radially polarized thick-walled FGPM sphere with perfect conductivity subjected to a uniform magnetic
field vector H(0,0,H ») - The components of the displacement, stress, radial electric displacement, electric potential,

and perturbation of magnetic field vector in the spherical coordinate (r,8,¢) are, respectively, expressed as
u(r), o;(i=r,0,9), D, and ¢(r). Due to symmetry, it is assumed that U, = U,=0,0y=0,. The constitutive

equations for the FGPM hollow sphere subjected to a rapid charge in temperature 7'(r) are expressed as

0 0
o, =c¢ a—’:—l— 2¢y, %—&— e gir) — AT (r), (7a)
Oy =1Cpp %—l— 2¢y, %—&- e 3¢ir) — AT (r), (7b)
0 u o¢(r
D, 26118_34'29127‘*‘811%4‘1911“0 (70

where ¢y i,j=12),e(i=1,2), g,, p;; and A are elastic constants, dielectric constant, piezoelectric coefficient

and thermal expansion coefficients, respectively, and all material constants are assumed to follow the same power-
law function across the thickness of the FGPM hollow sphere, i.e.

Cij(r)zcijorm(i7j:1,2)7 elj(r):eliorm(i,jzl’Z), gll(’"):gllorm,

P ()= p?lrm, a(r)= al-or'" i=1,2), Hr)=pr™,  cr)= A, )

1= c(r) 0!(}") — C()aOer _ ﬂ()er
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where o is the thermal expansion constant. The mechanical and electrical boundary conditions are expressed as
O, r—a :_Pa’ o, r=b :_Pb’ ¢r|r:a :¢a’ ¢r|r:b :¢b 9)

Assuming that the magnetic permeability, u, at the outer surface of the FGPM sphere to be equal to the

magnetic permeability of the medium around it, and omitting displacement electric currents, the governing
electrodynamics Maxwell equations for a perfectly conducting elastic body can be written as [12,13]

J=Axh, AXE:—,ug—h, divh =0, é=—u
t

8—><FI], ﬁzCurl(UxIrI) (10)

where J ,€, H , I are the electric current density vector, perturbation of electric field vector, magnetic intensity vector
and perturbation of magnetic field vector, respectively. In the spherical coordinates (r,d,¢), applying an initial

magnetic field vector H(0,0,H w) into Eq. (10) yields

U(u,0,0), E:—,u[O,Hgo%,O], ﬁ:(0,0,h¢), J=
t

Oh ou 2u
0,—6—;’,0], h¢:—H¢[E+T] (11)

In the absence of body force, the equilibrium equation of FGPM hollow sphere is expressed as [12, 13]

do, 2
or 7O mo0 =0 (12)

where fw is the Lorentz’s force [12, 13] which can be expressed as

- = 0 (0u 2u
= JxH)= u(r)H> —|—+=—=
fp = u(r)( )= u(rH, B [8r . ] (13)
In the absence of charge density force, the charge equation of electrostatics is expressed as [14]
oD. 2D
— L+ =0, (a<r<b) 14)
or r
Solving Eq. (14) yields
4
D, =—- (15)

7

Substituting Egs. (8) and (15) into Eq. (7c) yields

op(r) e du 2 u  pl A1
= To T e T (16)

0
or aor ey oan 811

Substituting Egs. (16) and (4) into Egs. (7a) and (7b) and utilizing Eq. (8) yields

Ou u
_ m m 2m m m—1 -1 -2
o, =wr E—l—wzr 7+w3r Fw " Fwsr" T dwgr T Fwar CA, (17 a)

© 2010 TAU, Arak Branch



Electro-magneto-thermo-mechanical Behaviors of a Radially Polarized FGPM Thick Hollow Sphere 309

Ou u
_ m m 2m m m—1 —1 -2
Oy = Wyt _8r + wor 7—|—w3r +wigr +wsr +wpr o +wpar A1 (17 b)
where
02 0 0 0 0
o (ey) 40, 2een _ 40 _ enlu
wp=c b Wy =20t Wy =40, Wy =0,
811 811 811
0 0 0 0 0
_ 40 _ “1lu _ e _ 0 | 41
ws =—Ac, wg= 0 S Wi=——g W=t (18)
811 811 811
02 0 0 0 0 0
= 4 2(e) _ @nln c _ @nln c _ e
Wo = Cpp 0o > Moo= ¢ % Y"n=— 4 ¢ WYn=——
811 811 811 11

2.3 The solution of equilibrium equation for FGPM

Substituting Eqs. (17a), (17b) and (13) into Eq. (12), the equilibrium equation of FGPM hollow sphere is expressed
as

0u 1 Ou u

_2+ Z1———+2% - = Z3A1r_3_m + Z4I‘_2_m + Zsrm_l + 26}’_2 + Z7r_l (19)
or r or r
where
o Wy (2 +m) 4 pyH?* (2 +m) o wy (m +1) = 2wg + 24y H* (m — 1)
1 — ’ 2 ’
wy + tH? wy + o H*
2w —Wg + 2w —2w,m

SR L B R TR 0)

wy + o H wy + o H wy + uH

_ —ws(m—1)  —wy(m+2) 42wy,

w1+y0H2, 7 W1+,UOH2
The solution of Eq. (19) can be written as
w(r) =u" (r)+u” (r) @1)

where u"(r) and u”(r) are the homogeneous and particular solutions, respectively. The homogeneous solution of
Eq. (19) is expressed as follows

u(r)=Sr" (22)
where S is an arbitrary constant, substituting Eq. (22) into Eq. (19) yields
n4(zy—n+2z,=0 (23)

The roots of the characteristics Eq. (23) are written as

1
my ==z —1)% —4z,) (24)
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These roots may be real distinct, double roots, and complex conjugate. For real distinct roots, the solution of Eq.
(22) is expressed as

Wl (r) = A" + Ayr™ (25)

In the case of double roots, n; =n, =n the solution of Eq. (22) is written as the following form

" (r) = (Ay + Ay Inr)r” (26)
and the solution of Eq. (22) for complex roots n; = x + yi,n, = x — yi is obtained as

u" (r) =[A,Cos(yInr) + AySin(yInr)|r 27)

where A, and A; are the unknown constants that determined by the given boundary conditions Eq. (9) for the real

distinct roots and -2<m<2. The particular solution u”(r) to Eq. (19) can be obtained as

(1) =0y +Qyr + QA" Q" 4+ 0" (28)
Substituting Eq. (28) into Eq. (19) yields

2P 1 Ou? p
O L [on D+ 2)— 5, Om+ )+ 2, 0y A
or? r or r
+[mm+1)—mz, +2,|Qsr " +[(m+ Dz, + 25, + m(m+ D] Q" (29)

) -1 -3 2 -1 -2 -1
+ 2,0 T (2 +2)0r =z Ar AT g™ zgr T zgr

According to the coefficients of the identical powers, the coefficients are:

<7 Q o 23
z u+z A Dm+2) —z(m D)+ 2]

. . (30)

(m+1)z; + 2, +mm+1)]’ 0= [((m+1)—zym+z,]

Q4:[

Substituting Egs. (25) and (28) into Eq. (21) yields

u(r) =u" (r) +uP (r) = Ayr™ + Asr™ + 0, + Qyr + Q3 A " Q" Qg 31D

Substituting Eq. (31) into Eq. (16) yields

0 n— ny— T "
gir) = —wy Ay ™ Ay Qs+ Qs A (mm = DT 4 Oy (m+ D

O (—m)r " = 2w [A T 4+ A T 0 0, + QA 32)

0
-m—17, P11 —m-1 4 1
HOr" + Qs " ) —— m+2
811 &’

Integrating Eq. (32) yields
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n n —m— m —m A n A n
H(r) = —wy[Ayr™ + A" + Qyr + QA"+ Q" 4 Q5 | = 2w [ 2 0 Inr

n n
0 (33)
A1
+ O+ 0; Alr—m—l+ 9, pl Qs rfm]_'_pi)l ( G rfm_’_czr)__ol r””’1+A4
(—m—1) m—+1 —m gy —m g m+l1

Substituting Eq.(31) into final item of Eq. (11) and Egs. (17a) and (17b), the perturbation of magnetic field
vector, radial and circumferential stresses of the FGPM hollow sphere are obtained as

o, =wir"™ (A" Ay T £ 0y + QA (—m—Dr 2 0, (m 4"
+ Qs (—myr "y " (A AT % +0, + QA "2 (34a)
+0,M" + erfmfl) + w3r2m +wy ™ + wsr’”’l + w6r*1 + W7r72A1

0y = wer™ (Ayn ™+ Ay ™ T 40, + QA (—m— 1) " 4 O, (m A D"
+ 05 (=myr ) g™ (Apr™ T A +%+ 0, + QA" (34b)

+Q4I"m +Q5r7m71)+w3r2m +W10}’m —|—w5r'"71 +W11r71 +W12}’72A1
Ou u 20,

n—1 n,—1
h, = — (/,[E—F?}:—H(p[(nl—l—Z)Azrl +(ny +2)Ayr™ ==

F(—mADOAF 2 4 (m+3)0,r™ +(—m+2)Q 57"

+30,
(34¢)

where A|,A,,A; and A, are unknown constants that determined by the given boundary conditions.

3 NUMERICAL RESULTS AND DISCUSSIONS

In this article, electro-magneto-thermo-mechanical stresses, electric displacement, electric potential and perturbation
of magnetic field vector of the FGPM hollow sphere under electric, thermal and mechanical loads are considered to
determine a numerical result. The mechanical, electrical, magnetic and thermal constants for the FGPM hollow
sphere are considered as [9, 11, and 15]

e =15x10"Pa, ¢}, =7.4x10"°Pa, ¢y, =2.2x10" Pa,
e =151C/m?, ¢, =—52 C/m?, g, =—-5.62x10"° C*/Nm?,

35

¢® =500 GPa, p =-2.5x10"° C/m’K, u, =4zx10" " H/m, (35)
H,=223x10" A/m, h=0.72 WmK, o’ =12x10"°1/K
The non-dimensional parameters are defined as

r—a . _T() . o . gLk
R= , TH = , o =—L(i=r0), =22 pr=-"L

b—a T, p U=rO =2 H, (36)

Example 1.

In this example, a thick hollow sphere is considered that the geometry parameters and boundary conditions and the
corresponding boundary conditions are expressed as
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P,=1x10"Pa, B, =0, §,=50 WA, ¢, =0a=025m, b=05m, T|_ =300"K 37

Fig. 1 shows the variation of temperature along the radial direction for different values of the material parameter
m. It is seen from the results that the non-dimensional temperature at the inner radius equals one, which satisfies
prescribed thermal boundary condition, and the non-dimensional temperature decreases with increasing the power
law index m at the same radial point of the FGPM hollow sphere. Also, it is observed from this figure that variation
of non-dimensional temperature is approximately constant with increasing non dimensional radius. The variation of
the non-dimensional electric displacement distribution along the radial direction of the FGPM hollow sphere for
different values of material parameters m are demonstrated in Fig. 2. It can easily be seen from the curves that for a
specific value of the position parameter r, the absolute non-dimensional electric displacement decreases with
increasing the material parameter m. It is also seen that the absolute value of non-dimensional electric displacement
decreases from the internal to external surface of the FGPM hollow sphere.

Figs. 3 and 4 depict the distribution of non-dimensional radial and circumferential stresses along the radius for
different values of material parameters, respectively. It is seen from the Fig. 3 that the non-dimensional radial
stresses at the internal and external surfaces of the FGPM hollow sphere satisfy the given boundary conditions. The
variation of absolute non-dimensional radial stress decreases with increasing m. Also, this value increases with
increasing non-dimentional radius. As can be seen from Fig. 3, the non-dimensional radial stress distributions are
good agreement with those of [9]. Hence, the correctness of the present solution can therefore be verified in this
respect, too. It is seen from Fig. 4 that a positive m has more apparent effect on the distributions of non-dimensional
circumferential stresses. Also, the non-dimensional circumferential stress decreases with increasing non-dimensional
radius for a positive m.

1'1 | —i—m L5 —#=m 1—8=m G—a—m 1—a—m L5

a9 Fig. 1

aa | Temperature distributions in FGPM hollow sphere with
"
Tor various amounts of 7 , where ¢ ~ 0.25m, b =0.5m and

8 1 Ty = 300K

s | .

o4

a 0z 04 05 a4 1
R
0 0.2 0.4 0.6 08 1
5 Fig. 2

Electric displacement distributions in FGPM hollow sphere
a=0.25m, b=0.5m and

006 4 —tr—m=-1.5 —#—m= -1 —w—m=0 ——m=1 —a—m=1.5 With Various amounts Of m s where
oor 1 T = 300K.

_ Fig. 3
I Radial stress distributions in FGPM hollow sphere with various
! 8 amounts of m , a =0.25m, b =0.5m and Ty = 300K .
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Fig. 4
Circumferential stress distributions in FGPM hollow sphere with
various amounts of m , a=0.25m, b=0.5m and Ty = 300K.

Fig. 5
Electric potential distributions in FGPM hollow sphere with
various amounts of m, a =0.25m, b =0.5m and T = 300K.

0.00018

0.00016 .
0.00014

0.00012

0.0001 \‘\‘_

he*

gy Fig. 6

0.0000F

0.4 y - - Perturbation of magnetic field vector distributions in FGPM

o 0z 0.4 0 08 1

r hollow sphere with various amounts of m, a =0.25m, b =0.5m
and T =300K.

Figs. 5 and 6 show the non-dimensional electric potential and perturbation of magnetic field vector distributions
in the FGPM hollow sphere, respectively. From Fig. 5 one knows, the non-dimensional electric potential satisfies
the electric boundary condition and the absolute values of non-dimensional electric potential increases with
increasing of material property m. Also, it is observed from the results that the maximum value of the absolute non-
dimensional electric potential is at range 0.3 to 0.5 of non-dimensional radius. Fig. 6 shows that for any negative or
zero material parameters m, the perturbation of magnetic field vector distributions increases almost linearly along the
thickness. But for any positive material parameters m, the perturbation of magnetic field vector distributions
decreases along the thickness of FGPM sphere nonlinearly.

Example 2.

Considering electro-magneto-thermo-elastic stresses, electric potential, and perturbation of magnetic field vector of
the FGPM hollow sphere at different thermal boundary condition 7, the inner radiusa =0.1 m, outer radius
b=02m and m=1 is considered and all other conditions are similar to example 1. Figs.7-10 show the non-
dimensional perturbation of magnetic field vector, electric potential, radial and circumferential stresses of the
proposed FGPM hollow sphere for various temperatures. Fig.7. shows that the non-dimensional perturbation of
magnetic field vector at the same radial point decreases with increase of the temperature. Also, it is seen that non-
dimensional perturbation of magnetic field vector is maximum at internal surface. It can be concluded from Fig.8.
that the electric potential completely satisfies the electric boundary conditions and its trend is similar to Fig. 5. Fig. 9
shows the variation of non-dimensional radial stress along the thickness of the FGPM hollow sphere which satisfies
the given mechanical boundary conditions and increases by increasing the temperature. It is found that the effect of
temperature on non-dimensional radial stress is significant. Fig. 10 demonstrates that the non-dimensional

circumferential stresses decreases in a specific radius by increasing the temperature and for 7, =500°K the non-

dimensional circumferential stress is negatively increased.
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== Te " K T 507 K ol T 1507 K o T 320° K e T 5007 K

Fig. 7

Perturbation of magnetic field vector distributions in FGPM
hollow sphere with various amounts of 7, where
a=0.25m,b=0.5m and T =300K.

q*

Fig. 8
Electric potential distributions in FGPM hollow sphere with
various amounts of 7, where a = 0.25m, b = 0.5m and T = 300K.

o 0.2 0.4 0.6 08 1

—A—T=0"K ——T=50"K
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A T=500"K

Fig. 9
D? Radial stress distributions in FGPM hollow sphere with various
R amounts of T, where a =0.25m, b =0.5m and Ty = 300K.
12
1 == Te (" K =t T2 507 K ot T2 150" K ==t T2 3207 K =T 500" K.

06
« 04 \\‘\\\‘
© 02

" Fig. 10

Circumferential stress distributions in FGPM hollow sphere with
various amounts of 7, where a = 0.25m, b =0.5m and

" ' T, = 300K.

4 CONCLUSIONS

Analytical solution for a FGPM hollow sphere in a uniform magnetic field, subjected to thermal, electrical and
mechanical loads are obtained. All material parameters except Poisson’s ratio are assumed to have the same
exponent-low dependence on the radial direction of the FGPM hollow sphere. The results show that the gradient
index m and temperature have a significant effect on the electro-magneto-thermo-mechanical stresses, perturbation
of the magnetic field vector, and electric potential and hence should be considered in optimum design. This is to say,
the in-homogeneous constants presented here are useful parameters from a design point of view in that they can be
tailored for specific applications to control the distributions of electro-magneto-thermo-mechanical stresses. The
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technological implications of this study could be significant in applications such as reduction or neutralization of
hoop stress resulting from electro-magneto-thermo-mechanical loads in a FGPM hollow sphere by a suitably applied
electric field and material in-homogeneity.
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