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ABSTRACT
In this paper, the classic coupled poro-thermoelasticity model of hollow and solid cylinders under
radial symmetric loading condition is considered. A full analytical method is used and an exact
unique solution of the classic coupled equations is presented. The thermal and pressure boundary
conditions, the body force, the heat source and the injected volume rate per unit volume of a
distribute water source are considered in the most general forms and no limiting assumption is
used. This generality allows simulation of several of the applicable problems.
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1 INTRODUCTION

OUPLED thermal and poro-mechanical processes play an important role in a number of problems of interest in

the geomechanics such as stability of boreholes and permeability enhancement in geothermal reservoirs or high
temperature petroleum bearing formations. A thermoporoelastic approach combines the theory of heat conduction
with poroelastic constitutive equations and coupling the temperature field with the stresses and pore pressure. There
is a limited number of papers that present the closed-form or analytical solution for the coupled porothermoelasticity
problems. Bai [1] investigated the response of saturated porous media subjected to local thermal loading on the
surface of semi-infinite space. He used the numerical integral methods for calculating the unsteady temperature,
pore pressure, and displacement fields. This author also studied the fluctuation responses of saturated porous media
subjected to cyclic thermal loading [2]. In the mentioned paper, an analytical solution was deduced using the
Laplace transform and the Gauss-Legendre method and Laplace transform inversion. Droujinine [3] investigated
dispersion and attenuation of body waves in a wide range of materials representing realistic rock structures. He used
the time-domain asymptotic ray theory to a new generalized coordinate-free wave equation with an arbitrary tensor
relaxation function. Bai and Li [4] found a solution for cylindrical cavity in saturated thermoporoelastic medium
using Laplace transform and numerical Laplace transform inversion.

The numbers of papers that present the closed-form or analytical solutions for the coupled thermoelasticity
problems are limited. Hetnarski [5] found the solution of the coupled thermo elasticity in the form of a series
function. Hetnarski and Ignaczak presented a study of the one-dimensional thermo elastic waves produced by an
instantaneous plane source of heat in homogeneous isotropic infinite and semi-infinite bodies of the Green-Lindsay
type [6]. These authors also presented an analysis for laser-induced waves propagating in an absorbing thermo
elastic semi-space of the Green-Lindsay type [7]. Georgiadis and Lykotrafitis obtained a three-dimensional transient
thermo elastic solution for Rayleigh-type disturbances propagating on the surface of a half-space [8]. Wagner [9]
presented the fundamental matrix of a system of partial differential operators that governs the diffusion of heat and
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the strains in elastic media. This method can be used to predict the temperature distribution and the strains by an
instantaneous point heat, point source of heat, or by a suddenly applied dilate force.

Here, a full analytical method is used to obtain the response of the governing equations. An exact solution is
presented. The method of solution is based on the Fourier’s expansion and eigenfunction methods which are
traditional and routine methods in solving the partial differential equations. Since the coefficients of equations are
not functions of the time variable (¢), an exponential form is considered for the general solution matched with the
physical wave properties of thermal and mechanical waves. For the particular solution, that is the response to
mechanical and thermal shocks, the eigenfuncion method and Laplace transformation is used. This work is
following the previous work which was presented for radially symmetric cylindrical coordinates [10].

2 GOVERNING EQUATIONS

A short hollow cylinder with inner and outer radius r; and r,, respectively, and length [ made of isotropic material
subjected to radial-symmetric mechanical, thermal, and pressure shocks is considered. The classic theory of
porothermoelasticity for wave propagation is taken to allow coupling between deformation, thermal energy and
pressure fields and to describe the physical behavior of the elastic domain to mechanical, thermal and pressure shock
loads. Navier equation in terms of the displacement components is obtained as [4]

1 1 1{1-2v 1 1 d+v)
Uy +— Uy —— U+ | — U, += Wopy — r
r r? 2{1-v 2(1-v) a-v)y =~
14+v)A—2v) 1+v)1-2v) 1+v)A-2v) .. A+v)A-2v)
AP\ — 5 " 5 U=— 3 F(r,z,t)
A-v)°E (1-v)E (1-v)E (1-v)E (D)
TSP ol R S S WS B b
r a-2v)y = (d-2) a-2v)r 1-2v)
g 4V y _ZﬂMT’z ) Mg}:_zumr,zﬁ
1-v)E 1-v)E 1-v)E 1-v)E (2)
Heat conduction equation in radial-symmetric direction with the mechanical coupling term is
1 T, .. T. T, 1 1
T, +=T, 4T, —Z=T+Y=2p— =G, +—ti+W, ) =——0(r,2,t 3
r zZ K K p—p % ( p z ) K o( ) 3)

According to Darcy’s law and continuity condition of seepage, the equation of mass conservation can be written
as

1 . > U D
Doy += Py 4P~ 2 v o g D i ) = ~ LW 2 @
r ~ k k k r ‘ k

where (,) denotes partial derivative, u is the displacement component in the radial direction, p is the pore pressure, p
is bulk mass density, o =1—C,/C is the Biot’s coefficient, C; =3(1 -2v,)E, is the coefficient of volumetric
compression of the solid grains, with £, and v, being the elastic modulus and Poisson’s ratio of solid grains and
C=3(1-2v)E is the coefficient of volumetric compression of solid skeleton, with £ and v being the elastic
modulus and Poisson’s ratio of solid skeleton, 7, is initial reference temperature, f =3, /C is the thermal
expansion factor, a, is the coefficient of linear thermal expansion of solid grains, Y = 3(n«,, +(a —n)a,) and
a,=n(C,—C)+aC are coupling parameters, «, and C, are the coefficients of linear thermal expansion and
volumetric compression of pure water, n is the porosity, k is the hydraulic conductivity, y,, is the unit of pore
water and Z = ((1—-n)p,c, +np,c,)! T, —3pa, is coupling parameter, p, and p, are the densities of pore water
and solid grains and c,, and c, are the heat capacities of pore water and solid grains and K is the coefficient of heat
conductivity. Here, F(r,z,t), R(r,z,t), O(r,z,t) and W(r,z,f) are the body forces, heat generation source and the injected
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volume rate per unit volume of a distribute water source, respectively. The mechanical, thermal and pressure
boundary conditions for inner and outer surface of cylinder are

Cyyu(r;, z,0) + Cpyu, (17, 2, 1) + C 13T (1, 2,0) + Ciy p(r;, 2,1) = £, (1)

Coyu(r,,z,1) + Coout (1, 2,8) + Cy3T(1,,, 2,1) + Coy p(7,,, 2,1) = f5(t)

Cyw(r;,2,1) + Cyuw . (1;,2,1) + C33T (13, 2,8) + Cay p(1;,2,1) = f5(2)

Cyw(r,,2,0) + Cyow . (1,,2,1) + Cy3T(1,, 2,) + Cyy p(r,,, 2,1) = f4 (1)

Cs\T(1;,2,0) + Cs, T, (13, 2,1) = f5(1)

CoT(r,,2,0) + Ce, T, (1, 2,1) = [ (1)

Cop(r;,2,1) = f7(1)

Cy1p(1r,,2,0) = f3(1) 5)

where Cj; are the mechanical, thermal and pressure coefficients, and which by assigning different values for them,
different types of mechanical, thermal, and pressure boundary conditions may be obtained. These boundary
conditions include the displacement, strain, stress, specified temperature, convection, pressure, and heat flux
condition. The boundary conditions at the ends of cylinder are considered in simply support as [11]

u(r,0,t) =0, u(r,l,t) =0, w,(r,0,6)=0, w,(r,1,0)=0
T(r»oat):O» T(r»lat):Oa p(r70»t):O7 p(ral7t):O (6)

The initial boundary conditions are assumed in the following general form

u(r,Z,O):fg(r,Z), u,[(r7z70):f‘10(rﬁz)a W(r,Z,O):fil(r,Z), W,[(r7z70):,f12(r’z)

7
T(r,z,0) = fi;(r,2), p(r,z,0) = fi4(r,2) M

3 SOLUTION

Egs. (1) to (4) constitute a system of non-homogeneous partial differential equations with non-constant coefficients
(functions of the radius variable r only) has general and particular solutions.

3.1 General solution with homogeneous boundary conditions

A form of solution can be suitable for Egs. (1) to (4) and the boundary conditions (6) may be assumed for the
general solution as

o0

ur,zn =" Ure* sin(¢,2)

n=1

Wz =Y Wre" cos(Z,?)
n=I

o0

T(r,z0="  0r)e" sin(¢,2)
n=1

o0

p(rzn =" Pre"sin(¢,2)
n=1 (8)

where &, is nz /1. Substituting Eq. (8) into homogeneous parts of Egs. (1) to (4), yields
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1 1
U"+=U'—=U+d{, U+, W' +d;P' +d,0'+dsA°U =0
r r

W” +%W/ + d6§n2W + d7§nU/ + d8§n %U + d9§nP + dlogne + dllﬂ‘zw =0

9”+19'f§,12c9+d12/19+d13/1P+d14/1(U'+lU7W§n) =0
r r

1 1
P —|—7P’ ~ 2P+ disAP+d A0+ d AU’ +-U=W¢)=0 ©

Eqgs. (9) are system of ordinary equations with non-constant coefficients and are related to Bessel differential
equations and the solution should be in Bessel functions. The first solutions of U, ,W, , 6 and P, are considered as

U,(r)=AJ,(Br), W, (r) = B J,(Br), 0,(r)=C\Jy (), P (r)= DyJ,(Br) (10)
Substituting Egs. (10) into Egs. (19) yields

(=B +d,(,2 +dsA)A —dyC, BB, —d, SC, —ds Dy} Jo(Br) =0

(=S, BA +(B* —ds$,} —dy AP)B, =S, C, = doS, Dy} Jy(Br) =0

{—d ABA + &, d B, + (2 + ¢, —dpA)C, —dyAD,} J,(Br) =0

{—diyABA +d1$,AB, +digAC, + (B +¢,2 —dis Dy} T, (Br) =0 (11)

Eqgs. (11) show that U,, W,, 6, and P, can be the solutions of Egs. (9), if and only if

B +d1§n2 +d5/12) —d,G, B —d,p —d;pp A 0
~d:¢, (B —deg,” =dn2®)  —dig, —doC, ||B|_|0 1)
—dyAp d4Ag, (,Bz +§n2 —d,A) —dj3A G 0
—dy Ap d;A¢, diA (B> +¢,” —disA) b, 0

The non-trivial solution of Eq. (12) is obtained by equating the determinant of this equation to zero and brings
the first characteristic equation. The second solutions of U, ,W,, 6, and P, are considered as

U, (r) =[AyJ,(Br)+ Asrd, ()]
W, (r) =B, Jo(Br) + ByrJ ()]
6, (r) =[CyJ o (Br) +Csrd  (Br)]
P, (r) =[D,J,(Br)+ DsrJ (Br)] (13)

The expressions for U, ,W, , 6, and P, can be the solutions of Eqs. (9), if and only if

B +d5,} +dsA%) -6, p —d,p ~d;p A o
~d:¢, B (B —dC,” —dn ) —dyg, —do, || Bs| _|0 14
—dyAf diy ¢, (5 + gnz —dpA) —d3A G 0
—d\yAf di7A¢, dis B +¢,2—dsn|Ps) 10
2
(dsA® = B* +di$, Ay +(dsA? +d1§n2)EA3 — &6, pBy —dy fCy —d3D, =0 15)
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d:¢,BA, + (=B +d | A +de$, 0B, +2 8By +dyy&,Cy +dol, D, =0 (16)
—C, 8> +2C; — £, Cy +dipy AC, +d3AD, — &, dyy AB, +dyy AA B =0 (17
dyy AP Ay —di7 28, By + digAC, +(=¢,” = +disA)Dy +23D; =0 (18)

The non-trivial solution of Eqgs. (14) is obtained by equating the determinant of coefficients matrix of this
equation to zero as second characteristic equation and it is completely similar to the first characteristic equation.
Eqgs. (15) to (18) give the relations between A,,B,,B;,C,,C;,D, and D;. They play as the balancing ratios that

make Eq. (13) to be the second solution of the system of Egs. (9). The third solution of the system of the ordinary
differential equations with non-constant coefficients (9) must be considered as

Us(r) = [AJ,(Br) + Asrd y () + Agr* T3 (r)]
W, (r) = [ByJ o (fr) + BsrJ, (Br) + Bgr*J, (fr)]
0,(r) =[CyJ o (fr) + Csrd (Br) + Cyr*J, (Br)]
Py(r) =[DyJo(Br)+ D5t (Br) + Dgr’J,(fr)] (19)

The expressions for U;, W;, 8; and P; can be solutions of Eq. (9), if and only if

(=B +di$,” +dsA) —dy6, B —d,f —d,f8 As] o
_d7§nﬂ (:32 _dﬁgnz - duﬂ«z) _dlogn _d9§n Bg _ 0 (20)
—dyAp d4Ag, (B2 +¢,7 —dpA) —dj3A Cs| |0
—d; Ap di74¢, digA (B2 +¢, —dsA) Do) 10

2 8
(dsA> — B* +di&, A, +(ds A’ +d1§n2)EA5 +(dsA? +dlgn2)?A6 —d,¢,pBy—dyfCy—d; D, =0

21
4
(=ds2? + 7 —di &, ) As — (ds2? +d1f;f>EA6 +d,¢,BBs +d, fCs +d3 fDs =0 (22)
dr¢, BAL + (=B +dy A7 +dgS, By +28Bs +dyo £, Cy +dy¢,D, =0 (23)
2 2
d:¢,AsB+2d:5,Ag + (= +deS,” +dy A7)Bs +| 28+ dg, E‘*‘dnﬂz E B
2 2
+d,y¢,Cs +d,y¢,Co —+dyl,Ds +dyG,,Dg— =0
B B (24)
~B*Cy +2BCs —¢,2Cy +dp AC, +di5AD, — &, d ABy +d ABA, =0 (25)
2
diyAPAs +2d,, AAg — C,d, 4 ABs _Egndl42’B6 +(=p* =<7 +dpACs
)2 2 2
+ B, —+B+dpA—|Co+d;3ADs +d3A—Dg =0
B B B (26)
di2 ABA, —d7 A8, By +digAC, +(—¢,7 — B° +dysA)Dy +2 D5 =0 27
2
di7AAs B +2d3AAg — d\78,ABs — d7¢, ABg E +dACs +d s ACq
L2 (B rdh gDy +[d1513+2ﬂ—§,f 21ps=0
B B B (28)
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The non-trivial solution of Egs. (20) is obtained by equating the determinant to zero of this equation and brings
the third characteristic equation and it is as same as first and second characteristic equations. Egs.(21) to (28) gives
the relation between A4, A5, B,, B5, B¢, C,,C5,Cq, D, ,Ds and Dy. They play as the balancing ratios that help Eq. (19)

to be the third solution of the system of equations (9). The fourth solutions of U, ,W, , 6, and P, are considered as

U, (r) =[AsJ,(Br) + Agrd, (Br) + Agr* T3 (Br) + Ay J . (Br)]
W, (r) = [B;J o (Br) + Berd | (1) + Bor® Jo () + BigrJ 5 (Br)]
0,(r) =[C5J o (Br) 4 Cerd (Br) + Cor* 1, (r) + Cyor> T3 (B1r))
Py (r) = [D3J oy (Br)+ Derd | (Br) + Dor*Jo (1) + Dy or>J5(Br)] (29

The expressions for U,,W, , 6, and P, can be solutions of Eq. (9), if and only if

(=B +di$,} +dsi?) ~dy¢, —d,f ~ds3 Ap] o
—d;¢,p (B* —dgS,” —d A7) —d,oC, —dyG, By, _ 0 (30)
—d\,Ap d,A¢, (,Bz +§n2 —dpA) —d3A Cio 0
—d;Ap d\; ¢, digA B +§,12 —dsA) Do 0
2 8
(dsA® = B> + i, Ay +(dsA? +d1<:f>;A8 +(dsA? +d1§,f>?A9
5 5. 48
+(dsA” +d, 8,7 )— Ay —dr$, B f—dyCr f—dsD; S =0
s (3D
2, 2 2 2 2. 4 2 2, 24
(_dﬁl +ﬁ _dlé/n )AS_(dSl +dl§n )EA‘Q_(dSﬂ' +dl§n )?Al()
+d,$,Byf+d,Cyf+d3Dg S =0 (32)
8 8
(—d5,12 +ﬂ2 *dlé“,,Z)Ag +[d5,12 E+2ﬂfd1§’12 E] Ao +d,¢, BBy
+2dy¢ By +dyCof+2d,Cyo +dy Dy +2d3Dyy =0 (33)
{d7§nﬂA7 + (=B +d A +deS, By +2BBy — Byor’ B+ dyoC,Cy +d9§nD7} =0 (34)
d,¢, A +2d,C, A + 34 C A+ (=B +d g, +d AP)B +[2ﬁ+d e 22 4 ,125JB
T75n*8 T75n*79 ﬁ7n10 65n 11 8 6nﬁ llﬁg
, 8 , 8 2 8
+|4+4dq¢, Fernﬂ — |Bio +4,0¢,Cs +d,0¢,Co E+d10§11clo F+d9§nD8
2 8
+dy$, Dy —~+doG, D)y — =0
s B (35)
4 4
~d1$, fAy +(=5d:8,, +dsS,) A + (Byf* —dy A*By —dsS,”)B, —[ﬂ +d A Tdér;f E]Bm
4 4
—d6,1Co +Cig——dyG, 1Dy + Dyy—1 =0
s s (36)
{_C7ﬂ2 +2CB— £, Co +d,AC; +di3AD; — £, dy AB; + d14/1A7ﬁ} =0 37
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8 2 8
diy AAg i +2d,y A Ag + dlMEAw — By¢,diyA — By Egndml =By andm/l

2

B8 dp Gy +[ﬁ§nz%+ﬂ+dlzﬂﬁ]6’9 tla—g2d 5

475] _+d12/1_ C'10
"B Vis

2 8
B it (38)
4
—d APAy —4d  AAy + C,d iy ABy + G, d 1y AB), EJF(ﬂz +¢,7 —dpA)Cy
4 4 4
- [Zﬁ +dpA—+ §n2 _] Cyp —di3ADy —d3ADyy — =0
s s s 39
{d17/1ﬂA7 —dy7A8, By +digAC; +(=¢,7 = B +dysA)D; +2ﬂD8} =0 (40)
8 2 8
di7AA+2d7 1A, +4117/121410 —dy7¢,ABy —dy7¢, ABy E_dngn/IBlo ?+d16/1C8
2 2 8 8
+[d15/1_+2ﬁ—§n2_]l)9+ 4+d15/1_2_§n2_2]D10:0
B ot B s 41
4 4
—4d; A\ ) —d;AA B+ dy76,ABy + dy;E,ABy E‘dm/wb —d4AC, Vi
2 4 4 2,
B s (42)

The non-trivial solution of Egs. (30) is obtained by equating the determinant of coefficients matrix of this
equation to zero as fourth characteristic equation and it is completely similar to the first, second and third
characteristic equations. This equality is interesting as it prevents mathematical dilemma and complexity and a
single value for the eigenvalue £ simultaneously satisfies three characteristic equations. Eqgs. (31) to (42) gives the

relation between A,, A, Ay, B,,Bg, By, B,,,C;,C5,Cy,Cy,D7,D5,Dy and Dy, and they play as the balancing ratios

that help Eq. (29) to be the third solution of the system of Egs. (9). Therefore, the complete general solutions for the
solid cylinder are

US(r) = Ay (Br) + A3 [S1,(Br) + 1, (B + AgL, 0y (Br) + Sardy (Br) + F 15 ()]
+AlCad  (Br)+ sy (Br)+ Cor* I3 (Br)+ 4, (Bn)]
WE(r) = A ST o (Br) + As[Se o (Br) + Cord | (B + Ag[ 1000 (Br) + &1y 1y (Br) + §1r2 T, ()]
+ Al&13To(Br) +E1ardy (Br) + §i5r° L (Br) + §16r° T3 ()]
0% (r) = A2 0 (Br) + As[S15 o (Br) + E19rd (B + Ag[$a0o (Br) + St (Br) + $oor® T ()]
+ A3 (Br) + Eagrd | (Br) + Eosr> To (Br) + $ogr 5 (Br)]
PS(r) = Ao (Br) + As[$agd o (Br) + $ogrd | (B + Ag[Sa0 o (Br) + Ssyrd (Br) + S Ty ()]
+ A [S33d o (Br) + syt (Br) + S5 T, (Br) + &1 T3 (Br)] (43)
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where ¢, to {5, are ratios obtained from Eqs (31) to (42), (21) to (28), (15) to (18) and(12). Substituting

U¢, W&, 0% and P® in the homogeneous form of the boundary conditions (5), three linear algebraic equations are
obtained. They are the coefficients depending on A and f. Setting the determinant of the coefficients equal to zero,
the fifth characteristic equation is obtained. Simultaneous solution of this equation and Eq. (15) results into infinite
number of two eigenvalues S, and A,. Therefore, U, W, 6% and P* are rewritten as

US(r) = ALy (Br) + $g[ 6001 (Br) + 1y (Bl + $sg [T, (Br) + Sy (Br) + 12 5(Br)]
+ 3ol $ad (Br) + STy (Br) + Cor? T3 (Br) + 1T, (Br]]
WE(r) = A[370(Br) + E5 [ o (Br) + Sord (BRI E3sl L1000 (Br) + Sy (Br) + S T, (Br)]
+ Caol 1300 (B + S1ard 1 (Br) + & 1517 Ty (Br) + &6 T3 (B
0% (r) = A [£1700 (Br) + 5[ L180 0 (Br) + Cor T, (B + [0 Do (Br) + Sy (Br) + Sy T, (Br)]
+&39[803 0 (Br) + Eoyrd () + 5257212(,3”) +§26V3J3(ﬂr)]]
P(r) = A&y o (Br) + 3l gl o (Br) + Sagh (B + Eag[&a0 o (Br) + oy i (Br) + Sapr? T, ()]
+ $3ol8a3do (Br) + CagtT (Br) + 351 T (Br) + S35 (BT (44)

where {3; to {5 are constant parameters. Let us show the functions in the brackets of Eq. (44) by functions
H,,H ,H, and H; as

Hy(r) =, (Br) + S8, (Br) + 1y (B + s[5, (Br) + S5y (Br) + 12 T5(Br)]
+C30lud 1 (Br) + S5y (Br) +Egr T3 (Br) + T (Bl
Hy(r) = [£770(Br) + &3l 8o (Br) + Sordy (Brl+ &gl 1070 (Br) + i (Br) + §1or Ty (Br)]
+$30l81370 (Br) + ST, (Br) + 1577 T, (Br) + &6 T3 (BT
Hy(r) =174 (Br) + &5 &1a o (Br) + S1or T, (B + Sag[ oo T o (Br) + Eo Ty (Br) + $ppr? T, ()]
+ &30l 803 o (Br) +EoutT (Br)+Easr Ty (Br) + Eagr T3 (Br)]]
Hy(r) = [$5770 (Br) + $57[$ag o (Br) + EagrT (BT + 318300 (Br) + Sy (Br) + $5or? T ()]
+Ca9l833 0 (Br) + Cayrd | (Br) + $35r> Ty (Br) + $36r> Ty (B (45)

According to the Sturm-Liouville theorem, these functions are orthogonal with respect to the weight function
p(r)=r such as

r q 0 n=m
H H =
f e I o (46)
where ||H ( ,b’nr)" is norm of the H function and equals
, 0.5
B, = [ f rH?(B,r) dr 47)

Due to the orthogonality of function H, every piece-wise continuous function, such as f{r), can be expanded in

terms of the function H (either H,, or H, or H, or H;) and is called the H-Fourier series as
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o]

FO=> e, H(Br) (48)

n=1

where e, equals

"H(ﬁ 7 f FOH) rdr 49)
]

Using Eqgs. (8), (44), and (45) the displacement and temperature distributions due to the general solution become

U (r,1,7) = €™ Y Hy (1) sIN(E,2)

I
3
I

NgE
NgE

n

NgE
NgE
mo

A
w8 (r,t,z) = B, i@ ™ YH (B,,,7) c0OS(C,2)

=
JI_
3
l
>
l

NgE
NgE
-

Tg (V, £ Z) = Nnmk Ay elnmkt }HZ (ﬂmn I") Sin(é’nz)

=
I
3
I
>§
>

NgE
NgE

pg (r,l‘, Z) - {Z MVlWlkanmkelnmkt }H'% (ﬁmnr) Sin(;nz)

n=l m=1 K=l (50)

where B,,,, N, and M,,, are ratios obtained by substituting Egs. (1) to (4). Using the initial conditions (7) and with
the help of Egs. (47) to (49) and (45) and (50), six unknown constants are obtained.

3.4 Particular solution with non-homogeneous boundary conditions

The general solutions may be used as proper functions for guessing the particular solution adopted to the non-
homogeneous parts of the Egs. (1) to (4) and the non-homogeneous boundary conditions (5) as

WP () =3 > A GO (Bnr) + Gy (O, (Brm) + Gy (00 Ty (Bamr) + Gy (00 T (Bamr) |+ PG (D)} sin(£,2)

n=1 m=1

n=1 m=l
T7(r,1) :ZZ (G Oy (Bt + Gy (T (Bomr) + Gy (O T, (Brmi) + Gy (0 T3 (Bamr) |+ 1G5 (D }sin(4,2)
n=1 m=1
P(r t)_zz {[ 16([).]0 ﬂnmr)—i-Gw(t)rJ (ﬂnmr)+G18(l)r J2 ﬂnmr)—i—Glg(t)r J3 ﬂnm}’)}—ﬁ-l’ Gzo(l‘)}SIIl(C;”Z)
n=1 m=l
(51)

It is necessary and suitable to expand the body force F(r,f), R (z,t), heat source Q(r,t) and porosity function W(r.f) in
H-Fourier expansion form as

Frzn =y ¥ Fu(OHy(B,,r) sin(,2)

n=1 m=l1
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R,z =Y > R, (OH,(8,,c05(,2)
n=1 m=l1
020 =3" 3" 0, (OH,(B,,1)sin(&,0)
n=1 m=1
Pz =Y > P,(OH;(B,,r)sin(,2)
n=1 m=1 (52)
where F,,.(t), R,,.(), Q,..(t) and P, (f) are
2 l T,
F,,®= —Zf f F(r,t)yH,(B,r)rsin({,z) dr dz
|Ho (B 10
R, ()= —f f O(r,t)H,(B,r)rcos(¢,z) dr dz
EAvR
O () = —f f O(r,t)H, (B,r)rsin({,z) dr dz
8,0 1
P, @)= —f f P(r,t)H,(B,r)rsin({,2) dr dz
|58, 1 (53)
Substituting Egs. (51) and (53) into non-homogeneous form of equations (1) into (4) yield
. | 1 .. . 1
G, (0% — G, (t)d; — 4G, (r)Z dy —d 3G, (1)C, —4d,5G, (1)C, 5 d,sG,(1)C, —4d, G, (1)C, —
1
+ G ()dy f—dsGg (1)C, —4dy Gy (1)C, E + G, ()d, f—d 4G, (DC,
1 1
—16d,,G,(t)C, — —d,sd,( FC, —4d,sd,, FC, — =0
14012 2ﬂ 254100C 2510 2ﬂ (54a)
~G,(1) B + G, (1)d; +2G, (1) — 5 d3 +8G; (1) — 7 d3d13G4 (1)C,y +2d,;G,(1)C, 5 1, 8d;3G,(C, — 1
+d,sG,(1)C,y +2d,,G, (t)C1 F; + 8d16G4(t)C2 7 —G5(1)fd, +d Gy (1)C,
+2d,G; (z)cl 5t 84,5G; (t)C2 r Go (1) Bd, +dy G, (1)C,y +2d 4G12(t)C1
+8d,,G,,(1)C, Lz—k dysd o FCy +2dy5d, FC, i+ 8d,5d, FC, Lz =0
B B (54b)
G, 0p*— G (0dy — d 3G, (1)Cy — d G, (1)Cy + G (1) Bd, — d,sGy(1)C, + Gy, (1) fd,
—d G (NG, —dysdy ( FC, =0 (54¢)
do G, (1) + dig Ey G, (1) — BG5(1) + d, G (1) + 2 BG (1) + dy7 Ey Gy (1) + dyo Ey G (1) + ds Gy (1)
+dy EgGy (1) + dagdy EgQ, (1) = 0 (544d)
—dg 3G, (1) — EydgG, (1) + B2 G, (1) — d, Gy (t) — dy; Ey Gy (1) — dyo E2 Gy (1) — ds Gy (1)
—dy EyGyy (1) = dog E>Q, (1) = 0 (54e)
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dy BG, (1) +2dyG, (1) + [dlSEl +%dl4E2]G4(t) — Gy (1) +d,Gy (1) +28G, (1) +%d4G'7 @)
2 2 . . 2.
+ [d17E1 +Ed17E2]G8 0+ [d19E1 + EE2d19]G8 (1) + Gy ()ds +EGu(t)d5

2
+ [dZOEl "‘ZdzoEz

: 2
G, (1) + [dzﬁEl + EdzﬁEz]Qn =0

(54f)
do 3G, (1) + dyy DG, (1) + d5Gs (1) + dyy Dy Gy (1) — B2 Gy (1) + dy Gy (1) +2Gyo (1) B+ dy Gy (5)D,
+dyy Gy (1) +dyydy, DyW, (1) = 0 (54g)
—do Gy (t) = dpy D, G, (1) — d,G (1) — dy3 D, Gy (1) + B> Gy (1) — ds Gy (1) — dy D, Gy (1)
—dyy Gy, (VD —dyydy, E;W, (1) = 0 (54h)
. . 2 . . 2 .
dyG, (1) B +dy2G5(1) + [dzle + ﬂdzzDz]G4(t) +d;Ge (1) + ?d7G7(f)
2 . . 2 .
+ [d23Dl + Ed23D2 ] Gg()— [)’ZGIO(I) +d;Gy (1) +28G,; (1) + EdSGll(t)
2 2 .
+[dlel +d21D2]Gl2(z) +[d24Dl +d24D2]G12(t) =0
B B (54)

where d,, to d,; are the coefficients of the H-expansion and constant parameters. By taking Laplace transform of

Eq. (54) and using four boundary conditions of Eq. (5) (for solid cylinder only second, fourth, sixth and eighth

boundary conditions are applicable), a system of algebraic equations is obtained and solved by Cramer’s methods in

the Laplace domain where by the inverse Laplace transform the functions are transformed into the real time domain

and finally G () to Gy(¢) are calculated. In this process, it is necessary to consider the following points:

1. The initial conditions (7) are considered only for the general solutions and the, initial conditions of G(#) to Gay(f)
for the particular solutions are considered equal to zero.

2. Laplace transform of Eqs. (54) are in terms of polynomial function form of the Laplace parameters (not the
Bessel functions form of s). Therefore, the exact inverse Laplace transform is possible and somehow simple.

4 RESULTS AND DISCUSSIONS

As an example, a solid cylinder with =0, r,=1 m and L=7 m is considered. The material properties are listed in
Table 1. The initial temperature 7, 1is considered to be 293°K. Now, an instantaneous hot spot

T,z,t)= 10737"050) sin(z), where (¢) is unit Dirac function, is considered and the outside radius of the cylinder

is assumed to be fixed (u(1,z, t) =0). For drawing the graphs, a nondimensional time 7 = vt /r, is considered where

V= \/ E(1—v)/ p(14+v)(1—2v) is dilatational -wave velocity.

Tablel

Material Parameters

Parameters Value Unit Parameters Value Unit
n 0.4 - aq 1.5x107° 1/°C
E 6x10° Pa a, 2x107% 1/°C
v 0.3 - C, 0.8 Jig°C
1, 293 °K c,, 4.2 Jig°C
K, 2x10" Pa Py 2.6x10° g/m?
K, 5%10° Pa Py 1x10° g/m?
K 0.5 W/m°C a 1 -
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Figs. 1 and 2 show wave-front for radial and longitudinal displacements due to thermal shock. Figs. 3 and 4
respectively show shock wave at cylinder and the response of pressure due to thermal shock. For the second

example, mechanical shock is applied to the outside surface of the cylinder given as u(l,z,t) = 10712 u,0(t) sin(z)

and the surface is assumed to be at zero temperature (7(1,z,£)=0).

Non-dimensional mperature (T/T,)

Hon-hmengional prossum (B ea)

Non-Emensional Ssplocement (w/w )
-

s

x10°

(%] 0.z 03

0.5 0.6 o7 e
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Neon-dimensional radius (rr,)

LX)

Y

&

[E] L5 L&}

L M M "
0.5 0.6 or [

LEd
Non-dimensional radius ( r.r,)

[E] 0.2 0.3 (]

0.5 0.6 (X} [}

Nen-dimensional

i radius ( 1R}

[ X1

A5k

[E] [X] 0.3 e

0.5 0.6 oy [X]

Nen-dimensional

i radius { re,)

[X]

Fig. 1
Non-dimensional displacement distribution due to input

u(l,z,t) = 107121406(0 sin(z) at non-dimensional time 7 = 0.8.

Fig. 2
Non-dimensional displacement distribution due to input

u(l,z,t) = 10712u0§(t)sin(z) at non-dimensional time 7 = 0.8.

Fig. 3
Non-dimensional displacement distribution due to input

u(l,z,t) = 10_12u05(t) sin(z) at non-dimensional time

f=0.8.

Fig. 4
Non-dimensional displacement distribution due to input

u(l,z,t) = 10712u05(t) sin(z) at non-dimensional time

F=0.8.
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Figs. 5 and 6 show wave-front for radial and longitudinal displacements. Fig. 7 shows thermal response due to
mechanical shock. Fig. 8 shows wave front movement of pressure in radius direction. For all graphs z is considered
equal 7/2. The convergence of the solutions for these examples is achieved by consideration of 1200 eigenvalues
used for the H-Fourier expansion.

%10

§ |
.quﬁw
I |

Fig. 5
? Non-dimensional displacement distribution due to input
R R, S T(l,z,t)= 10_3T05(t) sin(z) at non-dimensional time 7 = 0.1.
PEElN
al
i 1+
|
¥ ol .
g a
i
J Fig. 6
Non-dimensional displacement distribution due to input

Mo e ey T(,z,1) :1073T0§(t)sin(z) at non-dimensional time 7 = 0.1.

Mon-dimensional lemperature (T)T,)
F

Fig. 7
Non-dimensional displacement distribution due to input

S - LA T(1,z,1) =10_3T05(t)sin(z) at non-dimensional time 7 = 0.1.

1 T T T T T T T T T

it
1
g
£ ash
H
£
§ .
5

o Fig. 8

Non-dimensional displacement distribution due to input
-1

. . SO R T(1,2.t) =103 Ty5(t)sin(z) at non-dimensional time 7 = 0.1,
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More than this number for eigenvalues, the increased round-off and truncation errors effect the quality of the
graphs. The convergence of solution is better for displacement in comparison with the temperature and pressure.

5 CONCLUSIONS

In this paper, analytical solution for the coupled porothermoelasticity of thick cylinders under radial temperature is
presented. The method is based on the eigenfunctions Fourier expansion, which is a classical and traditional method
of solution of the typical initial and boundary value problems. The non-competetive strength of this method is its
ability to reveal the fundamental mathematical and physical properties and interpretations of the problem under
study. In the coupled porothermoelastic problem of radial-symmetric cylinder, the governing equations are a system
of partial differential equations with two independent variables, radius (7) and time (¢). The traditional procedure to
solve this class of problems is to eliminate the time variable by using the Laplace transform. The resulting system is
a set of ordinary differential equations in terms of the radius variable, which falls in the Bessel functions family.
This method of analysis brings the Laplace parameter (s) in the argument of the Bessel functions, causing hardship
or impossibility in carrying out the exact inverse of the Laplace transformation. As a result, the numerical inverse of
the Laplase transformation is used in the papers dealing with this type of problems in literature. To prevent this
problem, in the present paper, when the Laplace transform is applied to the particular solution, it is postponed after
eliminating the radius variable r by H-Fourier Expansion. Thus, the Laplace parameter (s) appears in polynomial
function forms and hence the exact Laplace inversion transformation is possible.
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APPENDIX
1{1-2 1 1 1 1-2 1 1 1-2
L VJ’ =L L dy—— (14v)( : v)_(+v)a, d4:_ﬁw
2{1—v 2(0—-v) (1-v)E 1-v) (1-v)E
1 1-2 1— 1 1 1
(T P (S ) P SV BN (RS0
(1-v)’E (1-2v) (1-2v) (1-2v) (1-v)E
(1+v) (1+v) (I1+v) T, T, T,
dyg =—2p -2 a, dyy ==2p———, dyy =2, diz =Y, dyy=—p—
(1-v)E 1-2v) (1-v)E K K K
, 14+v)A—-2v 1+v
dys —*apy_wv dig :Yy_w’ dyy =~ L ) dig = ~Emd -2 dyg = *2—( and) ’
k k k (1—v)2E (1-v)E
1 Y
d - Qa d - -z
20 21 X (A
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