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ABSTRACT
In this paper, the dynamic response of an axially moving viscoelastic beam with
simple supports is calculated analytically based on Timoshenko theory. The beam
material property is separated to shear and bulk effects. It is assumed that the beam
is incompressible in bulk and viscoelastic in shear, which obeys the standard linear
model with the material time derivative. The axial speed is characterized by a simple
harmonic variation about a constant mean speed. The method of multiple scales with
the solvability condition is applied to dimensionless form of governing equations in
modal analysis and principal parametric resonance. By a parametric study, the
effects of velocity, geometry and viscoelastic parameters are investigated on the
response.
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1 INTRODUCTION

XIALLY moving beams are used in many engineering devices, such as band saws, aerial cableways, power
transmission chains and serpentine belts. Transverse vibrations of these devices are investigated to avoid
possible resulting fatigue, failure and low quality.

Chen et al. [1] applied the averaging method to a discretized system via the Galerkin method to present the
stability boundaries of axially accelerating viscoelastic beams. Mockensturm and Guo [2] convincingly argued that
the axially moving beam should contain the material time derivative to account for the energy dissipation in steady
motion. Tang et al. [3] determined transverse nonlinear response of an axially moving Timoshenko elastic beam to
external excitations via the method of multiple scales. By combination of the governing equations, they found a
single equation and they used the orthogonlity of mode shapes for the solvability condition. Chen et al. [4]
investigated the dynamic stability of an axially accelerating viscoelastic beam undergoing parametric resonance by
Timoshenko theory. The Kelvin model was used as the constitutive relation for normal and shear stresses with
material time derivative. As the solvability condition for two coupled equations, they used the orthogonality of each
equations just related to the transverse mode shape. Ding and Chen [5] investigated the steady-state response for an
axially moving viscoelastic beam. The method of multiple scales and differential quadrature schemes were applied
to the governing equations to investigate the primary resonances under general boundary conditions. They used the
Kelvin constitutive model for normal stress-strain relation and Euler-Bernolli (E-B) beam theory. Also, they used
the orthogonality property as the solvability condition. Chen et al. [6], investigated the nonlinear parametric
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vibration for axially accelerating viscoelastic beams subjected to parametric excitation. The method of multiple
scales and the differential quadrature were employed to analyze the combination and the principal parametric
resonances with the focus on steady-state responses. They used the Kelvin model for normal stress-strain relation
and orthogonality property for solvability condition. Gayesh [7] investigated the forced dynamics of an axially
moving viscoelastic beam with the Kelvin model and employing time derivative in the viscoelastic constitutive
relation. The dimensionless partial differential equation of motion is discretized using Galerkin's scheme. The
resulting set of equations was solved numerically. Wang et al. [8] investigated the forced vibration of an axially
moving viscoelastic beam. They describe the constitutive equation with the standard linear model for normal stress-
strain by considering material time derivative. Also they used the E-B beam theory for formulation, multiple scales
method to determine the steady-state response and the orthogonality property as the solvability condition. Ghayesh
et al. [9] studied the nonlinear coupled longitudinal-transverse vibrations and stability of an axially moving elastic
beam, subjected to a harmonic force, which was supported by an intermediate spring, numerically. The equations of
motion was discretized using Galerkin’s method and the frequency-response curves of the system and the
bifurcation diagrams of Poincaré maps were analyzed. Ghayesh et al. [10] examined the nonlinear dynamics of an
axially moving viscoelastic beam, while both longitudinal and transverse displacements were taken into account,
with employing a numerical technique. The Kelvin model which considers the material time derivative was used in
the viscoelastic constitutive relations. The equations of motion for both longitudinal and transverse motions are
discretized via Galerkin’s method and the resulting equations were solved numerically. Youqi [11] studied the
nonlinear parametric vibrations for axially accelerating viscoelastic Timoshenko beams subjected to varying
tensions and axial accelerations. He used Timoshenko beam theory and the Kelvin viscoelastic constitutive relation.
The governing equation was solved by employing the multiple scales method to investigate the parametric
resonances with focus on the steady-state responses.

For analyzing a viscoelastic structure, it is convenient to separate the shear (deviatoric) effects from the purely
dilatational (bulk) components. This is due to the fact that in viscoelastic materials, the response to shear can be
different from that in bulk. In other words, different types of stress can produce different responses [12]. There is
three assumptions for viscoelastic analysis:

e The material behaves viscoelastic in shear and incompressible in dilatation(bulk).
e  The material behaves viscoelastic in shear and elastic in bulk.
e The shear and bulk moduli are synchronous.

Each of the common assumptions defines a particular value for either the bulk modulus or Poisson’s ratio [13].
So, Kelvin or the other models of viscoelasticity, define the constitutive equation for shear stress- strain and not
normal stress- strain. It seems that the most reviewed papers, did not consider this subject.Also, when there is just,a
single governing equation, the orthogonality can use as the solvability condition easily. The most paper converted
the Timoshenko equations to a single equation and then use the orthogonality condition. This combination is not
possible in some cases e.g. when one uses the shear deformation theory. When there is more than one governing
equation, it is convenient to use the adjoint functions for the solvability condition.

Determination of dynamic response of an axially accelerated viscoelastic Timoshenko beam with the standard
linear model for modal and principal parametric resonance cases is the purpose of this article. We separated the
effects of shear and bulk behaviors. We assumed the beam is viscoelastic in shear and incompressible in bulk. The
governing equations are coupled and the adjoint functions are used as the solvability conditions. In addition, by the
sensitivity analysis, the effects of the geometric and viscoelastic parameters on the response are investigated. We use
the perturbation technique up to order-one for analysis. Also we tried to define the perturbation parameter € as a
physical quantity and no just as a bookkeeping value.

2 GOVERNING EQUATIONS

A uniform axially moving beam travels between two supports separated by distance 1 at the transport time-
dependent speed I'(T). The density is p , A= cross section area, I =area moment of inertia and P =axial tension.
When the effects of rotary inertia and shear deformation are considered, the bending vibrations can describe by
transverse displacement of the mid-plane V(X,T) and its slope ¢(X,T). T is time and X represents the location of
each point. Applying the Newton’s second law in the transverse direction and the angular momentum principle
yield:

pAV =PV xx —Ox (1a)
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plérr =M x —Q (1b)
By using the material time derivative formula, Egs. (1) result:

pA (V,TT V20V gy + 1V o T 4y ):PV’XX 0y (2a)

ol (¢,TT +ko(21 9 xr +f¢,x +F2¢,XX )):M,X -0 (2b)

where M(X,T) =bending moment, Q(X,T) =shear force and they define as the following [14]:
Mzﬂasz _p % 0 =KAG(¢-V )
ox X (3)

E =elastic modulus, ¢ =normal stress, K =shear correction factor and z =distance from the mid-plane. Chen et al.
[4] considered Eq. (1b) instead of (2b) for extracting the governing equations. In the other word, they did not
consider the material time derivative for Eq. (1b). We will investigate the validity of this assumption later. For this
purpose we inserted parameter ko which has the values zero or one, in Eq. (2b), We called it “material time
derivative coefficient for rotation” in this text. If ko=1, then the material time derivative for rotation function i.e.
¢(X,T) is inserted in formulation and if k¢=0, it is not considered. Also by setting ko=0, one can compare some of
the equations with Chen et al. [4]. For a beam which is viscoelastic in shear and incompressible in bulk the stress-
strain relation is [15]:

E
@

- 2(1+v) 3 Jor elastic case :t=2G¢ 2p

. . . E__ E
koo =05= G = E :£:>E:3G;{f0r viscoelastic case :p~ T =q 8}_)qu
v=0.5

where q" , p© =viscoelastic operators and G,k =shear and bulk modulus. So Egs. (3) lead to the following form:
M =Gq" 20"y . Q=KAG" 20" )PV 1) ®)

For a viscoelastic material which obeys the standard linear model, by considering the material time derivative,
the viscoelastic operators are:

E 0 0 E 0 0
=m—+mnl —+E|, =mEy—+mE ] —+E
P =T or h ax 1 4 =Tty T o ax o3 (6)

where Ey=E|+E,, E;=E; E, . Fig 1. shows this model.

E,

Fig.1
E n Standard linear model.
1 1

By substituting Eqgs. (5) into Egs. (2) the governing equations of an axially moving viscoelastic Timoshenko
beam can extract.
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3 PERTURBATION METHOD

The perturbation technique is used for analysis. At first, the following parameters are introduced:

2
« T . ¢ V h h h A
t =—,X :_7V :_’g:_o’l‘oz_o’z-o:l’ = P 2L sV =/
f ! ho ! ) E’ " E,\1, I,
P " (7
*:T_Oa P*_ 9G*:_1+ln "= zﬂn:x_na)*:a)t()
&ty AE, E, 0 £

where t, =characteristic time, I'y=characteristic velocity (mean axial speed), hy =thickness, 1, =relaxation time, ( )*
stands for a dimensionless parameter, ¢ =a dimensionless quantity corresponding to the wave velocity and & =a small
parameter (the ratio of the thickness to the length) which is considered as the perturbation parameter. In the most
presented works, € is a bookkeeping parameter but in this work, it has physical meaning. By using Egs. (7), the
dimensionless form of governing are obtained as the following:

it

% * * % * *) % % s %
20’ " 426V wber YT (6ey e 2P e -KG e )TV T L

(2076 =2P"Y e ~KG Y 2 )TV ", + (2P 4277 -K 7,

n
(8a)
+2e (r*;/*ay*t*t* +7/*t* )V *Jl +6er*7*57*t*V *,7777 +6er*.€y*t*V *nt*
+%yVJf+Kr7Ge¢W+K¢n+KrGg%f=0
H* ok £ H* ko ok * ok * *2
2eer v ¢J*I*t* + 2er ¢J*l* +(2+4dkg)eet ry é”t*t* —3err (G —2kgey )qﬁ’w*
* ® % * %k * * ok k *) *
+er'KG'p o +r (2k967/ Gery oty )—3)¢Jm+6'el' r'y (2ke 77 =3G") 8 (8b)

+K ¢+ (Zk(, er*(gr*y*t*t* + y*t* )+ gz'*}/*G ‘K )qﬁ,n -KV *,,7 - z'*}/*gKG 14 *,,7,7
TG KeV” e + 2k, er’ (3gr*y*t* +27*)¢ = 0
0 ] R/

Egs. (8) are coupled differential equations with time dependent coefficients. The axial speed is considered a small
simple harmonic variations about a constant mean speed:

7/*:1+517:—losin(a)*t*) 9)

where gy,/ Ty and @ are amplitude and frequency of the axial speed fluctuations, respectively. By defining T, =t~
and T, =gt , Egs. (8) convert to multiple-scale form. So, V" and ¢ are functions of Ty, Ty, 1. The deflection and
rotation of the beam is assumed as :

V("5 8) =v o (1T, T ) + &0, (0,7, T ) +O (%) .

¢ (1.t758) = Gy (.79, T)) + e (1.4, T)) +O (%)

By substituting Eqs. (10) into Egs. (8) and considering the terms with zero and one orders of &, we have:
Order-zero equations:

© 2016 TAU, Arak Branch



82 Dynamic Response of an Axially Moving Viscoelastic Timoshenko Beam

v, v, %

o .
Eql:2e 20 1de 0 4 g 70 % (—2P +2e—1<) 0-o,
aT, oTon on on (11)
%4 0% ov . 0%¢
Eq2:2er’ —2-+(2kge =3)r —L+K ¢y —K —>+4kger .
oT, on on onar,

Order-one equations

2 3
* * * * a
Eq3:2 av; cae N g O (—2P +2e—K)ale:(—6e+KG 1P )z’ o
o oTyon - on on oT,0n
3 2 2 2 (12a)
—6er' d ZO —4e Oy 20 ZSin(a)*To)( 0y 0 v20)+cos(a)*T0)a)*av_0
0T, 0n oTon I, oT,0n on
3 2 2 3
+(-2e +KG*+2P*)T*—8 o o gt Ch o Th av‘;
on oT,0T, oT,0n on oT,
2 2 2 3
Eq4:Zer*a—¢'2+(2k9e —3)r* 0 ¢21 +K ¢ +4k9er* o -K %=—28V*T* 0 ¢g
or, on onoT,  on or,
(3G* =2ke)r'r" b ~(KG't" +2kyer” L 0" cos(w To)) Oy
877 I
o* o o* o? 0 (120)
~dkger”| Lsin(@T, ) T Oh,, Th Th | xgOh
r, onoT,  on’  oner, oToT, oT,
i O o « 0, = o*
_@eakg)er't 23 ke -G ) h_ k' Yo
onor on*or, an onar,

Egs. (11-12) are systems of partial differential equations with constant coefficients. We solve these equations
analytically.

4 MODAL ANALYSIS

The response of the beam for w =w, is considered as an uniform series of the parameter ¢ as Egs. (10) where w, =a
natural frequency. Then the zero and first orders of equations are determined.

4.1 Order &’

The solutions of Eq.(11) can assume as:

779T03T1 ZVO() 777T1a eXp(Z 1T0)7 ¢0(779T05T1):Z%O(ﬂnTlan)exp(ia)nTO) (13)
n=1 n=l1

For mode ‘%’ the n™ term of the series is dominant, so just n” term is considered as the response of the beam
(mode shape). By substituting Eq. (13) into Eq. (11), a system of ordinary differential equations with constant
coefficients (in terms of vy and ¢g) is obtained. The solution of this system is considered as:
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Voo 4,
[ ]=V1 exp(fBm), V, =[ J (14)
Poo 4,

After substituting, we have:

(2e @, +4ei foy, +(—2P" +2¢ —K) A, +K 4, =0 s
—K BA, +(K —2er" 0, +dkqger’i fo, + (2kge =3)r )4, =0

Nontrival solution of Egs. (15) corresponds to set the characteristic equation to zero which result f;..5, in terms
of w,. Also the value of eigenvector /| can determine. The response of the system is:
Voo (7.T,m)

4 ( ) :Canﬂ:ﬁ] exp(ﬂlf])-i-Cle‘ﬂ:ﬁz eXp(ﬂz’])*'CsVl‘p:p} exp(ﬂ377)+C4V1‘ﬁ:ﬂ4 exp(S417) (16)
oo (77:T15 1

C,, C, C; C, are functions of T;. By applying the boundary conditions, a system of algebraic equations in the
form of [axx]4+4 {c}={0}4+ is created. For nontrival solution, the determinant of [axx] matrix must be vanished. It is
a complex algebraic equation of w, which can solve with the numerical method. After calculation the eigenvalues,
the values C», C;, C,; are computed in terms of C,(T;) (which we dropped index “n” for simplicity) and we have:

Voo (naTlan) =C(T1)V0n (77): Poo (ﬂ,T],I’I) =C(Tl)¢0n (77) (17

4.2 Order &'

The solution of Egs. (12) is assumed as:

VI(U’TODTI) =Z:vll (779T17n) eXp(i @, TO) > ¢1(779T09T1) =Z¢11 (U)Tlan) exp(i @, TO) (18)

n=l1 n=l

C(T;) appears in the non-homogeneous part of Eqgs. (12). The solvability condition is used for determining
C(T;). Two adjoint functions (%), w,(n) are multiplied to order-zero equations (Eqs. 11) and integrated from the
sum of them over the total domain [16].

/e

[ (i Eq, +v < Egy Yin =0 (19)
0

In general, by considering Eq. (11,13), if we define Eq; and Egq, as the following:

2 2
Voo |, Voo +ag g +b, o +b, 9w +bydyy =0

Eql:a
q 2 8772 1 P 67]2 877

(20a)

% v Rt od
Eq2icy—2 e, —L hewo +dy —2 4 d, =2 4 d =0
2 8772 1 on ) 8772 1 an 090

where a,, a,a; b; b, are as the following:
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ay =(2P" +2e —K), a, =4ei w,,ay =—2ew,”, b, =0, b, =K, by =0

" (20b)
¢, =0,¢,=—K,c,=0,d, =(2kge -3)r", d, =dkyer’im,, dy=K —2er’w,*
The adjoint functions w;, ,, are established for all values of vy, @y as the following:
o d o d
a, '//21 —a ﬂ+aol//l +c, sz - b +co, =0
on on on on (21a)

2 2
b, 2 " 5, Y, +d28—(//22—d1%+d0!//2 -0
on on on on

For a simply supported beam the boundary conditions are V=0 and M =0—>d¢/dn =0 (From Eq. (5)) at two
ends and the appropriate boundary conditions for w;(7), w,(n) are set as the following:

oy,

_o, W2 -0 (21b)
0,1/ on

by, +dw =
(b +d ) 0.1/e

The solution of Eq. (21a) is considered as:
Vol

y =V exp(mn), V, = (22)
V2

So, we have:

(23)

The eigenvector is :

bym?® +bym +b,
Vo= 2 V22 (24)
—(aym” +aym +a,)

The solution of Eq. (23) is as the following:

4
[ J = lez\m m, exp(m;n) +d2V2‘m i, exp(m,1n) +d3V2‘m - exp(m;1n) +d4V2‘m m, exp(m17) (25)
4

By applying the boundary condition Eqgs. (21b) the coefficients d, d; d, are obtained in terms of d,. After
determination the adjoint functions, these functions are multiplied into Egs. (12) and then integrated from the sum of
them.

/e

/e
J.('/’1><E‘13+‘//2XE5]4)“1’7:J-(%Xfl"'l//zxfz)dﬂ (26a)
0 0
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Eqs, Eqq are the left hand side of the first order Egs. (12). From Egs. (21) it results that the left hand side of Eq.
(26a) is zero. f}, f> are the coefficients of exp(+im,T,) terms which can produce secular terms. We have:

dC (T,) dC (T,)
S 3b11C(T1)+b33—1a J2:05C (T1)+b44Ta
1 1
o o* d o* d d
by =e L;)J”'C”nez _V;)+e3 ﬂJr34"0 +35(_¢§)+i0’;1 ﬁ), by; = —4€(ﬁ+i0)n"o) (26b)
on on on on on on
o o* o o* d . .0
by, =s, —¢30+s2 —¢2°+s3 s, 4, —es(F viw, 9, by = —der’i @, ¢y —dhoer %%
on on on on on on
where:
e, =7 (2e+KG +2P"), e, =7 (~6e +KG +2P"), e; =6e7r w,>,
e, =2t im es=—KG 't 5, =171 (3G" ~2kge), s, =3iw,7 r (G ~2kye), (26¢)
53 =7 (2+4ky)r ew,” —KG"),s, =T iw,(KG -2ren,”)
The right hand side of Eq. (26a) is :
1/e 1/e
_ dc(rn) 27)
(V/1Xf1+§//z><fz)d?7- W10y 130 5y) C([) + (b 351w, byy) dn
0 0 !
After integrating, we have
Ve e
dC (T,
ﬁﬁ”ﬁc (Tl):O,Kl :%a 0, = I(W1b11 +y,byy)dn, Wy = I(‘/’1b33 +yobyy)dn (28)
1 1 0 0

Eq. (28) is a first order differential equation which can solve for C(T;).The particular solution is as the following
form:

v Al A2
7 :{ (n)}exp Qi w, T0)+{ ('7)} (29)
¢, (Bl B2(n)
By substituting Eq. (29) into the first order equations (Eqs.12), A1(n), A2(y), Bl(n), B2(y) can determine. The
total response is:

{2}:{2}&“1’ @, Ty)+ {;ﬁi} (30a)

veand @, are homogenous solutions in the form of Eq. (16). The boundary conditions are:

v, =0,0p/0n=0 a n=0,1/¢ (30b)
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5 PRINCIPAL PARAMETRIC RESONANCE

If the dimensionless natural frequency " approaches to two-times of natural frequency of generating autonomous
linear system Eq. (11) the principal parametric resonance may occur. A detuning parameter u is introduced to
quantify the deviation of @ from 2w, as the following:

o =20, +8u GD

We investigate the order-zero and one equations (Egs. (11-12)). The order- zero Egs. (11) are homogenous and
the solution is:

Vo (U’TO ’Tl) = ch (Tl)v On (77) eXp (l wnTO) +Cn (Tl )V On(n)exp (_l a)nTO)
n=1 (32)

0

¢0 (777T0’T1 ) = zcn (Tl )¢On (U)GXP(I a)nTO) +Cn (Tl )¢0n (U)GXP(_i wnTO)
n=1
where “bar” stands for the complex conjugate and for simplicity, we dropped index “n”. The procedure of

determining C(7}) is similar to modal analysis i.e. the adjoint function has to distinguish. We substitute Eqs. (31-32)
into Egs. (12). The coefficients of the secular terms in non-homogenous part of Egs. (12) are as the following:

dC (1) , ——, vy
S :bllc(T1)+b33 #H’ssc(n)e ”T',bss =2ei _1_20
! Yo On (33a)

dc (1))  —— cn
:byyC (T)) +b gy ———2 4 b C(T))e ™11, beg = 2kgei r™ 220
S by (1) 44 ar, 66C ([T1) 66 9 7o 6772

f11, f12 are the coefficients of exp(xim,Ty) terms. According to Eq. (26a) we have:

/e
I(W1Xf11+W2Xf12)dﬂ=0 (33b)
0

After integration we have:

e e
dC (T —_—
#“ﬁc (T1)+ZC (Tl)exp(i ury)=0, x =%, 0, = J- (Wibss +wrbeg)dn, Wy = I (Vb33 +yoby)dn - (34)
1 2 0 0

where and b,;..b,,, x were defined in Eqgs. (26). If C(T})= a.(T;) exp(i f;(T;)) then Eq.(34), results:

(@, +a,i B +xia,)+ xa, exp(i l') exp(=2i 3) =0 (35)
We assume f;=uT;/2 and Eq.(35) simplifies as:
a, + (i +i 1/ 2a, + ya, =0 (36)

By considering the real (Re) and imaginary (Im) parts of a, as a,=p(T;) + i q(T;) and assuming zero initial
condition p(0)=0, a, is obtained from Eq. (36). So, C(T;) can determine. After removing the secular terms, the total
solution of Egs. (12), is as the following:
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v, \% v Al
B B

veand ¢, are homogenous solutions of Eqs. (12).

6 DISCUSSION

By a parametric study, the effects of mechanical and geometrical parameters on the response in modal and principal
parametric resonance are investigated. Table 1. reports the beam properties.

Tablel
Beam characteristic.
Length =1 (m)
Width b=0.04 (m)
Thickness hy=0.004 (m)
Density p£=7800 (kg/m®)
Initial tension force P=100 (N)
Modulus of viscoelastic model E=1el0, £,-0.33e10 (Pa)
Viscosity coefficient 7,=0.25¢9 (Pa.s)
Mean speed Iy=0.5 (m/s)
Amplitude of velocity fluctuations v/ Ty=0.5
Shear correction factor K=0.83
material time derivative coefficient ko=1

6.1 Modal analysis

Fig. 2 shows the mode shape for 7,={0.5,1,3,5}. All the figures related to mode 2.

Displacement-Distance
(Modal-Mode Shape)

v

—T0=05
gl —- - T0=1

J|--e--To=2
L T0=S

Fig.2
0 0z ot X 0s 08 N Mode shape in different times for modal analysis (mode 2).

Fig. 3 shows the time response in the middle point of the beam for Kelvin, standard linear and elastic models.
The response for the linear standard and Kelvin models are very close but the deflection in elastic case is more than
the viscoelastic models. Figs. 4-5 show the effect of axial tension and mean axial speed on the response. Increasing
the axial tension decreases the displacement due to increasing the stiffness and increasing the mean axial speed
increases it. The axial mean speed does not have significant effect on the response for 7,< 0.5 (m/s). Fig. 6 shows
the effect of speed amplitude on the response. Increasing the amplitude, decreases the response for small 7} but for
large Ty, The solution is not sensitive to this quantity. Fig. 7 shows the effect of width on the response. By increasing
the width, the displacement increases. Fig. 8 shows the effect of thickness on the response. The displacement is very
sensitive to the thickness. By increasing the thickness, the decay rate decreases very fast. According to Fig. 9 by
increasing the viscosity coefficient, the response value decreases. It corresponds to increasing the relaxation time. In
our problems, this quantity affects significantly on the response approximately in the range 1e7< 5; < lel0 (Pa.s).
For 5,>1el0 there is a heavy damping on the system. From Fig. 10 the response is very sensitive to the elastic
modulus £,. Increasing of this quantity decreases the period of oscillations. The calculations show that the response
does not change by E; (1e8< E; <lel4 Pa). This graph has not shown.
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(Modal-Mean Speed)

v Displacement-Time
(Modal-Different Models)
1.20E-03
8.00E-04
—a— Standard
;
L00E04 [ meaaed®®?TTT Kelvin
Elastic
4
0.00E+00
0 0.5 1 15 2
T0
e Displacement-Time
v (Modal T ension Effect)
6.0E-04
4.0E-04
2.0E-04
0.0E+00D
v Displacement-Time

FPTTYYYYYTT LT
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Fig.3
Response of middle point for different models.

Fig.4
Effect of tension (in terms of Newton) on response.

Fig.5
Effect of mean axial speed (m/s) on response.

Fig.6
Effect of speed amplitude on response.

Fig.7
Effect of width (m) on response.
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Fig.8
Effect of thickness (m) on response.

Fig.9
Effect of viscoelastic coefficient (Pa.s) on response.

Fig.10
Effect of elastic modulus E, (Pa) on response.

The variations of displacement with tension P, mean axial speed [ , width b, density p for a typical time is
approximated with a power trend line as V*=b . x°, where x is the mentioned parameters. The values ¢ for 7,=0.5,1
has been listed in Table 2. The other parameters for each case, is according to Table 1. The variation of the
displacement with the speed amplitude y,/ I is linear with a small slope. For example for 7)=0.5 we have V*= -2e-
5%,/ Iy + ¢; where ¢; is a constant.

Table 2
Curve-fitting parameter ¢
Parameter (x) c (Ty)=0.5) c(Ty=1) Reference
P -0.82 -0.86 Fig. 4
I 1.310 1.108 Fig. 5
b 0.515 0.486 Fig. 7

6.2 Principal parametric resonance

Fig. 11 shows the response of middle point of the beam for different models. Similar to the modal analysis the
displacement for viscoelastic models is less than the elastic case. Fig. 12 shows the response with respect to the
relaxation time. Decreasing the relaxation time corresponds to decreasing the displacement.
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The presented results were based on two-term expansion in Egs. (10). Fig. 13 shows the displacements for one-
tem (V*=vy) and two-terms (V*=v,+e v;,) in Egs. (10). It is seen that there is a good convergence in response for
order-one in Egs. (10).
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* Effect of different orders on displacements.
Table 3
Effect of material time derivative parameter (ko) on natural frequency.
a 2 3 4 5 6 7 8 9 10 11

ko=1 0.4075 0.5077 0.5753 0.4485 0.4486 0.4495 0.4580 0.5355 1.0263 2.9524
kg=0 0.4485 0.4485 0.4485 0.4485 0.4486 0.4495 0.4580 0.5355 1.0263 2.9524

E5 =3.330x10%; e =5.856x10°"¢

Table 3. reports the effect of material time derivative ko on natural frequency. In the derived formulas, ther is the
term e.ky. The value of this quantity can affect on determination of frequency. For small values of e, the value of &
cannot affect on the calculations. It corresponds to large values of “a” in Table 3. But for small values of “a” ,
considering the material time derivative parameter is essential. By decreasing “a”, the model (Fig. 1) approaches to
Maxwell model. So, inserting material time derivative parameter in formulation is very important for small values
“a” especially for Maxwell model. In Fig.1 when E, approaches to infinity, the model is converted to Kelvin model,
so according the presented calculations, the parameter k¢ is not important to calculate the natural frequency. Chen et
al. [4] used the Kelvin model and they set k=0 or their calculations are acceptable for the used model. Due to
depending of the response to natural frequency, one can expect the similar result for the response. The results of
Table 3 are based on Table 1 data (except that E;) and the calculations performed using the presented algorithm by
Seddighi and Eipakchi [17].
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7 CONCLUSIONS

In this paper the dynamic response of an axially accelerated viscoelastic beam was determined analytically. The
beam modeled by considering the Timoshenko beam theory, separating the effects of shear and bulk behavior, using
the standard linear model for shear behavior, the material time derivative and the harmonically axial speed
fluctuating about a constant mean value. The governing equations are coupled and the adjoint functions are used as
the solvability conditions. Then the response of the beam was obtained in both modal and principal parametric
resonance by using the multiple-scale method. Finally by a parametric study, the effects of mechanical and
geometrical parameters on the response in modal and principal parametric resonance, demonstrate the following
conclusions.

Increase the viscoelastic coefficient decreases the response for special range. The modulus of elasticity £
has no effect on the displacement, but the modulus of elasticity E, has significant effect on the response.

Increasing the axial velocity increases the displacement, but amplitude of speed fluctuations has no
influence on the displacement for large T,.

Increasing the width increases the displacement. The thickness variations has much effect on displacement.
Increasing the axial tension decreased the displacement.

The difference in response between Kelvin model and standard linear model is about 0.06% so, the
standard model can not improve the result.

Difference in response between elastic case and standard linear model is about 65.5% in modal analysis
and 40% in principal parametric resonance so, by assumption the viscosity for structure, the displacements
decrease.

There is a little differences between order-zero perturbation and first order of it, so considering just two
terms in perturbation expansion is enough for convergence.

Inserting the material time derivative for rotation is important especially for small values E,.

REFERENCES

(1]
(2]
(3]

[10]
[11]
[12]
[13]

[14]
[15]

Chen L.Q., Yang X.D., Cheng C.J., 2004, Dynamic stability of an axially accelerating viscoelastic beam, European
Journal of Mechanics - A/Solids 23: 659-666.

Mockensturm E.M., Guo J., 2005, Nonlinear vibration of parametrically excited viscoelastic axially moving strings,
Journal of Applied Mechanics 72: 374-380.

Tang Y.Q., Chen L.Q., Yang X.D., 2009,Nonlinear vibrations of axially moving Timoshenko beams under weak and
strong external excitations, Journal of Sound and Vibration 320: 1078-1099.

Chen L.Q., Tang Y.Q., Lim C.W., 2010, Dynamic stability in parametric resonance of axially accelerating viscoelastic
Timoshenko beams, Journal of Sound and Vibration 329: 547-565.

Ding H. , Chen L.Q., 2011, Approximate and numerical analysis of nonlinear forced vibration of axially moving
viscoelastic beams, Acta Mechanica Sinica 27(3): 426-437.

Chen L.Q., Tang Y.Q., 2011, Combination and principal parametric resonances of axially accelerating viscoelastic
beams: Recognition of longitudinally varying tensions. Journal of Sound and Vibration 330 (23): 5598-5614.

Ghayesh M., 2011, Nonlinear forced dynamics of an axially moving viscoelastic beam with an internal resonance,
International Journal of Mechanical Sciences 53(11): 1022-1037.

Wang B., Chen L.Q., 2012, Asymptotic analysis on weakly forced vibration of axially moving viscoelastic beam
constituted by standard linear solid model , Applied Mathematics and Mechanics 33(6): 817-828.

Ghayesh M., Amabili M. , Paidoussis M.P., 2012, Nonlinear vibrations and stability of an axially moving beam with an
intermediate spring support: two-dimensional analysis, Nonlinear Dynamics 70: 335-354.

Ghayesh M., Amabili M., Farokhi H., 2013, Coupled global dynamics of an axially moving viscoelastic beam,
International Journal of Nonlinear Mechanics 51: 54-74.

Youqi T., 2013, Nonlinear vibrations of axially accelerated viscoelastic Timoshenko beam, Chinese Journal of
Theoretical and Applied Mechanics 45 (6): 965-973.

Riandeh E., Calleja R.D., Prolongo M.G. , 2000, Polymer Viscoelasticity: stress and Strain in Practice, Marcel Dekker
Inc., New York.

Brinson H.F., Brinson L.C., 2008, Polymer Engineering Science and Viscoelasticity: an Introduction, Springer Science
Business Media, LLC, New York.

Rao S.S., 2007, Vibration of Continues Systems, John Wiley, New Jersey.

Roylance D., 2001, Engineering Viscoelasticity, Massachusetts Institute of Technology, Cambridge, Department of
Material Science and Engineering.

© 2016 TAU, Arak Branch


http://www.sciencedirect.com/science/journal/0022460X/330/23
http://www.sciencedirect.com/science/article/pii/S0020746212002016
http://www.sciencedirect.com/science/article/pii/S0020746212002016

92 Dynamic Response of an Axially Moving Viscoelastic Timoshenko Beam

[16] Nayfeh A.H., 1993, Introduction to Perturbation Techniques, John Wiley, New York.
[17] Seddighi H., Eipakchi H.R., 2013, Natural Frequency and Critical Speed Determination of an Axially Moving
Viscoelastic Beam, Mechanics of Time-Dependent Materials 17:529-541.

© 2016 TAU, Arak Branch



