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ABSTRACT
It is well known that for laminated composite plates a Levy-type solution exists only for cross-ply
and antisymmetric angle-ply laminates. Numerous investigators have used the Levy method to
solve the governing equations of various equivalent single-layer plate theories. It is the intension
of the present study to introduce a method for analytical solutions of laminated composite plates
with arbitrary lamination and boundary conditions subjected to transverse loads. The method is
based on separation of spatial variables of displacement field components. Within the
displacement field of a first-order shear deformation theory (FSDT), a laminated plate theory is
developed. Two systems of coupled ordinary differential equations with constant coefficients are
obtained by using the principle of minimum total potential energy. Since the procedure used is
simple and straightforward it can, therefore, be adopted in developing higher-order shear
deformation and layerwise laminated plate theories. The obtained equations are solved analytically
using the state-space approach. The results obtained from the present method are compared with
the Levy-type solutions of cross-ply and antisymmetric angle-ply laminates with various
admissible boundary conditions to verify the validity and accuracy of the present theory. Also for
other laminations and boundary conditions that there exist no Levy-type solutions the present
results may be compared with those obtained from finite element method. It is seen that the
present results have excellent agreements with those obtained by Levy-type method.
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1 INTRODUCTION

UPERIOR mechanical properties of composite materials such as high stiffness and strength to weight ratios,

corrosive resistance and low coefficients of thermal expansion, caused it to be used increasingly in many areas
of technology including marine [1], aerospace [2], automotive [3], civil [4], medicine [5] and others. Numerous
investigators have employed analytical methods for bending analysis of laminated composite plates (for example,
see [6-19]). However, the number of papers in which laminated plates with non-simply supported edges are studied,
is not considerable. It can be said that the most popular analytical method for analysis of non-simply supported
laminated plates is the Levy-type solution which is able to analyze cross-ply and antisymmetric angle-ply laminates
with two simply supported opposite edges. Furthermore, nearly all of the previous works are restricted to special
laminations such as cross-ply or antisymmetric angle-ply.

Only few theories are presented that can analyze plates with more general laminations or boundary conditions.
Taking the idea of Timoshenko [20], Bhaskar and Kaushik [21] presented an exact solution for symmetric cross-ply
thin plates with any combination of simply supported and clamped edges. Their methodology was based on
superposition of the Navier solution corresponding to the applied transverse load and a number of double sine series
solutions, equal to the number of clamped edges, each corresponding to the appropriate edge moment. Khalili et al.
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[22] conducted an analytical method for static and dynamic analysis of symmetric cross-ply laminated plates with
different boundary conditions. They assumed that the functions describing the plate displacement in the z direction
and shear rotations in the x and y directions are in the form of double Fourier series and then exploited Stokes’s
transformation [23] to legitimize the derivatives of this Fourier series for different sets of boundary conditions. They
had to fulfill an elaborate mathematical procedure to obtain the unknown due to the every set of boundary conditions
on the edges of the plate. Kabir and Chaudhuri [24] reported a minor variant of Green’s approach [23] wherein the
assumed displacement functions satisfy the clamped boundary conditions a priori; expansion of cosine functions in a
sine series, or vice versa, as suggested by Green and Hearmon [25]. Chaudhuri and Kabir [26] extended their earlier
work to derive a boundary-continuous-displacement solution for an arbitrarily laminated clamped plate. They used
the first-order shear deformation theory (FSDT) and illustrated their results for a general laminate of [0°/60°]
construction. A disadvantage with Green’s approach, besides the uncertain nature of convergence of the series
employed, is the larger number of unknown variables that one has to solve for — namely, the Fourier coefficients of
the double series assumed for the displacements as against the coefficients of the single series assumed for the edge
moments in the superposition approach. Vel and Batra [27] generalized the Eshelby—Stroh formalism [28] to study
the three-dimensional deformations of anisotropic laminated rectangular plates subjected to arbitrary boundary
conditions at the edges. They satisfied the interface continuity and the boundary conditions in the sense of Fourier
series which results in an infinite system of equations in infinite unknowns. The truncation of this set of equations
inevitably involves some errors which can be minimized by increasing the number of terms in the series. However,
Vel and Batra [27] presented the numerical results, only, for a cross-ply plate simply supported on two opposite
edges and subjected to different sets of boundary conditions on the other edges and a clamped plate with [0°/90°/0°]
and [45°/-45°/45°] laminations.

The purpose of the present work is to develop an analytical method for bending analysis of laminated composite
plates with arbitrary lamination and boundary conditions. Also in order to demonstrate the accuracy of the proposed
method, a Levy-type solution is employed. As the numerical result, two problems are examined: the first, contains
an anisymmetric angle-ply plate that there is Levy’s solution for it and the latter contains a laminated plate with
boundary conditions and lamination that there exist no Levy-type solutions. The comparison of the results with those
obtained from the Levy-type solution shows an excellent agreement.

2 FORMULATION

2.1 Displacement field and strains

Consider a generally laminated plate as shown in Fig. 1 with a total thickness 4, width b in the lateral (y-) direction,
and length a in the longitudinal (x-) direction. It is also assumed that the middle plane of plate lies on the xy plane of
a Cartesian coordinate system. Here, the theory will be developed within the framework of the FSDT [29]. To this
end, it is assumed that the displacement field of the plate may be presented as:

u(x,y,z)=u; (x); (y)+zy; (x)w; (y)
v(,y,2) =y, O () +24 () (), i =120 )
we,y)=w, (0w ()

where for the sake of brevity, the Einstein summation convention has been introduced —a repeated index indicates
summation over all values of that index. In Egs. (1), u(xy,z), v(xyz), and w(x,y,z) are, respectively, the

displacements in x, y, and z directions, and u; (x), u; (y), v;(x),v; (¥), v; (x), ¥; (¥), & (x), %(y), w,(x),
and w, (y) are unknown functions. Also # is the total number of terms considered in the summation.

Fig. 1
The plate geometry and coordinate system.
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Upon substitution of the displacement field (1) into the linear strain-displacement relations of elasticity the

following strain-displacement relations will be obtained:

— ’ 0
gx =uiui+zl//il//l =gx +ZKx
Lt - 0
& =V +zd¢ =¢, +2k,

— — 0
7/yz :(pi(pi +Wiwi :yyz
— ’— 0
7/xz =V +Win- :7/xz
— ’— — > 0
Yoy =Uil; vV Ve +Z2(W W +00) =7y H2K,,
e, =0

2.2 Equilibrium equations

@

Next, using the principle of minimum total potential energy [30], two sets of equilibrium equations and boundary

conditions corresponding to the independent variables can be shown to be:

ou; : N -Nl, =0
1 d_x Xy
dN, :
S, —22Z_Ni=0
dx Y
My
51/11': W_Mxyl_Qxl =0
dM)in i i
op; dx“ -M;-0,,=0
0>
5Wi: dxz_Q)'2+qi(x):0
and
aNl, _
Sit;: —2L-NI=0
dy
_an,
5‘)1 d _N)lCVZ_O
y )
— dM)ivl A ~i
5‘/’1’ : dy“ x _Qxl =0
dM\l’ 7l i
PD; dy - X)Z_le =0
— dQ_iZ ~i —
oW dyy —0:2+4; (y)=0

In the above equations the generalized stress resultants, ¢; (x ), and g; (y) are defined as
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b
qi(X)=j0q(x,y)Wi dy

@(y)=j:q03y)widx

Also the stress resultants are

=

_Nx
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1
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h/2
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N v}

yoi nyui nyvl
M y ¢i' Mxy l/7i' Mxy ¢z dy (5)
QVMT; Qx (/71' QXMTZ‘ ]
Ny, Nyu; N,v{
My¢i Mxy‘//i Mxy¢i, dx (6)
Qywi Qxl//i wa z’ i
(7
(®)
(€))

The boundary conditions consist of specifying the following quantities at the edges of the plate. For edges

parallel to y-axis (i.e., x=0,a):

Geometric (essential)

U;

Vi
Vi
b;

Wi

and for edges parallel to x-axis (i.e., y=0,b):

Geometric (essential)

2.3 Laminate constitutive relations

or

or

or

or

or

or

or

or

or

or

Force (natural)
N

X
i
nyZ

M (10)

M i

xy2

0.,

i=1,2,...

Force (natural)

Nai
nyl

Z

i
y

Mi

xyl

(In

— -

0.

2

[

The linear constitutive relations for the kth orthotropic lamina in the laminate coordinates (x,y,z) are given

o =101 tay™

(12)
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where [Q]*) denotes the transformed reduced plane-stress stiffness matrix of the kth lamina. Upon substitution of

Egs. (2) into Egs. (12) and the subsequent results into Egs. (9), the stress resultants are obtained which can be
presented as follows:

Ny Ay Ay A By By By Ex

NY Ap Ay By By By ‘95

No | Aw Bi Bas B ||y | {Q}}:k{AM A45H7;} (13)
M, D,, Dy, Dy 3 0, Ay Ass 7Y

M, D,y Dy K,

M, | Lsymm. Pes ]|,

Here, P (=5/6) is the shear correction factor of FSDT. Also Aj;, Bj;, and D;; denote the extensional stiffnesses, the
bending-extensional coupling stiffnesses, and the bending stiffnesses, respectively.

N
Tkl —,
(Aij,Bij,Dij):zJ‘Zk QlS‘k)(l,Z,Zz)dZ (14)
k=1

where N is the total number of layers. Upon substitution of Egs. (2) into (13) and the subsequent results into Egs. (5)
and (6) the generalized stress resultants are obtained which can be represented as follows:

R R E Y &

(M}

Nt a— . .

{;M,i}{A”]{;}, te') =" {m} (16)
where

{951 =luj vy oup viovyo9 v, %"]T’ {77]}:[% Wi Vi W}JT an

Gl=lm, wom w8 7 5. {mi=le v o7 0] (18)

and the stiffness coefficients A ,Zn , B ,Zn LA, an ,and B, an are defined by

[ llelelEHE Jo [8]= [sletmyim ) Jo 09
(A]-[ 1o tats ) Jar [87)=[imretnin) Jas @

where [o] and [ ] are
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[a] Dy Dy Dig Dig @b
Dy Dys Dy
Dgs Dy
| Symm. Dy
Ay Ay Ay Ay
[p]=k> Ay Ay Ags (22)
Ass  Ass
symm. Ass

It must be noted that the sign ® used in Egs. (19) and (20) is referred to array multiplication of two matrices.

2.4 Governing equations of equilibrium

The equilibrium Egs. (3) and (4) can be expressed in terms of displacements by substituting the generalized stress
resultants from (15) and (16). Hence, two sets of ordinary differential equations will be obtained as follows:

ou; Al”lu” +(A —Af ) - ;’314 +A14v " +(A

Az _Asllz" +A15'/’, +(A] A3lj5)'/’} _A3i1.7'/’j
+A18¢j +(A ASUé)(/’} _A36(/’j =0

S, Aful (AL —AS ) —ASu + Ay T+ (AL —AL W — ALy + Ay + (AL AL ALy,
+ ALl + (A AP, —AJp; =0
Sy, Alul + (AL —Ad 'l —Adu, + Ay (AL AW —Ady  + ALy + (AL ALy
(AL +B3”3)1//] +A58(p] +(AL — AL, —(AS +Bi)p; —Biw ' —Biw ; =0
S, tAdu + (AL —Al s —Adu; +A§Qv_;+(A§2—A F ALy + ALY+ (AL ALY
—(AL +BLy; +Akol +(Al -Ad)e, —(Ak +Bl”1)(p] Biw' -Bilw, =0
w 5333%' _323‘//;‘ +B41(/’j _BgIQi +BZ;W}' +(B}, - B, Bzzw =—q;(x) (23)
and
Sit; A3U3LT"+(A Wity — Al + AJT (A, AW — Al + AL + (AL - AL - ALy + AL p)

+(A38_ 6 ?; _Alg%‘ =0
ov; 3“@3“7 +(Aj) _A_gs)“_} _A_Aijlu_j +X2U2V_;" +(A3) A42)" ~Aj. 4" +A2U7V71” +(Ag _letj7) _A45‘/’] +A26‘PJ
+(AY — AP, —A_fggﬁj =0

S, Adi) + (A% - ALt — A, + AT + (A3, )v_; —Aly + ALyt + (AY - AL - (AL + B,
;f6¢;+(A AL, —(Ak +BY)p; By, =Bl ; =0
5, Adi) +(Ad — AT —Adir; + AL + (AL, gz)v, —AY ALY + (AL —AGW; — (A + BT,

1,66;'+(A68_ 8'6) (A +B11)¢’/ Bl‘ﬁw 314W =0
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oW, :BL —Bhw; +BUg; ~Bip; + Bhw "+ (BY, —BLW Bl =3, (y) (24)

3 ANALYTICAL SOLUTIONS

Here, we employ the state-space approach [31] to solve the equilibrium equations obtained in the previous section.
The linear system of ordinary differential equations in (23) can be expressed in the form of single, first-order, matrix
differential equation

X} =[CRX }+{F} (25)
where the state vector {X} is defined as

b =tujh, Xoh=t;h e =y}, Xap=dih k=)l Xl =14}
Xoh =y} Xeh =g} Xol=tjl, Xyt={,}. (26)

In order to solve Eq. (25), let us assume that i; (y), u;(y),..., w;(y) are chosen so that the boundary

conditions at y=0,b are identically satisfied. Next, the coefficients A,’Z,, and B,Zn are found. Since these

coefficients are constant, Eq. (25) will be five linear ordinary differential equations with constant coefficients. The
general solution of Eq. (25) is given by [32]:

X =W QUK+ U Q[ [T W {F} dx 27)

where [U] is the matrix of distinct eigenvectors of matrix [C] and {K?} is a vector of unknown constants to be found
by imposing the boundary conditions at edges x=0,a. Also the diagonal matrix [Q] is defined as

[0]=diag (™ ,e™*,...,e"0") (28)

where A, (k=12,..,10n) are the eigenvalues associated with matrix [C]. Next, we can substitute the general

solution of u; (y), u/(y),..., w;(y) into Egs. (20) to find A and B/, which, here, will be constant. The

solution procedure for Egs. (24) is analogous to the one presented for Egs. (23) and therefore, for the sake of brevity
will not be taken up here. This procedure (solving the coupled systems of ordinary differential equations) will be
continued until the solution is converged.

4 NUMERICAL RESULTS

Two numerical examples including various sets of boundary conditions are studied in this section. The aim of the
first example is to demonstrate the accuracy and validity of the present method while the second, attempts to show
the capability of the method to analyze laminated plates for which there exist no Levy-type solutions. To this end, a
Levy-type solution based on FSDT is also developed. In the first example, results are compared with those obtained
by the Levy solution. It is worth to recall that Levy’s solution exists only for cross-ply and antisymmetric angle-ply
laminates with two opposite simply supported edges. In the both examples, each lamina is assumed to be of the same
thickness and has the following orthotropic material properties in the principal material coordinate system [29]:

E1=25E2, G|2= G|3=0.5E2 , G23=0.2E2 » U =025 (29)

where 1,2, and 3 indicate the on-axis material coordinate. Denoting simply supported, clamped, and free boundary
conditions by S, C, and F, a 4-word notation such as SFSC is employed to show the boundary conditions on the four
edges of the plate. The 1-4th word indicates the boundary conditions on edges x=0, y=0, x=a, and y=b, respectively.
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Example 1

Consider an eight-layer antisymmetric angle-ply square laminate [-45°/30°/-45°/0°/0°/45°/-30°/45°] with width-to-
thickness ratio 5/h=10. The plate is subjected to a uniform distributed transverse load of magnitude g, or a sinusoidal
one:

q =9, sin%sinﬂ[-)—y (30)

It is to be noted that the boundary conditions used in this example are restricted to Levy’s admissible boundary
conditions, therefore, the simple support applied at the edge of the laminate is defined as:
S2:

u;=w,=¢, =N, =M, =0 at x=0a (31a)

i

Vizwizl//izNJiy =M;,=0 at  y=0,b (31b)

All the numerical results for deflections and stresses shown in what follows are nondimensionalized as below:

E,h?
Wo=w | —— x10°
bq,

o h’
(Jx’av ’ax‘):(ax 76\) ’O-x?)[j (32)
) y ) y quO

_ _ h
(O-xz >0y )= (_O-xz > 7Oz )[_j
bq,

The results achieved from the present method and the Levy method are compared by Figs. 2-4. The variation of
nondimensionalized deflection versus x/a at y=b/2 is shown in Fig. 2 corresponding to three sets of SSSS, SCSC,
and SFSC boundary conditions.

Also Figs. 3 and 4 illustrate the through-thickness distributions of normal stress &, (a/2,b/2,z /h) and

transverse shear stress o (a/4,b/4,z /h) of described laminated plate under various boundary conditions. It is to

be noted that the numerical values of interlaminar stresses are obtained by integrating the local equilibrium
equations of elasticity.

0
A ——=a—— SSSS, Present
B — —a — - SSSS, Levy
0.2 I —=e—— SCSC, Present
ad B — - — - SCSC, Levy
- ———— SFSC, Present
r — —— - SFSC, Levy
-0.4 -
=) [
< 061
z F
= -
0.8
B :— Fig. 2
r Variations of deflection versus x/a for [-45°/30°/-
12k 45°/0°/0°/45°/-30°/45°] square laminate subjected to the
[ Ll 1 Ll ‘ uniform transverse load.
-0.5 -0.25 0 0.25 0.5
X
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Above mentioned figures indicate that there is an excellent agreement between the present results and those
obtained by Levy’s solution. However, it can be said that the magnitude of errors depends on the type of boundary
conditions imposed on the edges of the plate and the maximum error has occurred in stress values for SCSF
boundary conditions. The through-thickness variations of shear stresses &,,(a/2,b/2,z/h) and

Gy, (@/4,b/4,z /h) due to the sinusoidal loading are shown, respectively, in Figs. 5 and 6. In this case there is no

difference between Levy’s solution and the solution presented here.

Example 2

The applicability of the proposed method to analyze laminated plates with arbitrary lamination and boundary
conditions is demonstrated, using [45°/90°/0°/45°] laminated plate under several sets of boundary conditions. The
plate has length-to-width ratio a/b=2 and width-to-thickness ratio b/A=10 and is subjected to sinusoidally distributed
transverse load as defined in Eq. (30). It should be noted that the types of simple supports used in this example, is
defined as follows:

0.5 A
——=a—— SCSC, Present

— —a— - SCSC, Levy

——a—— SFSF, Present

— —A — - SFSF, Levy

0.4

0.3

Fig. 3

Variations of normal stress &, (a/2,b/2,z/h) through the
thickness of  [-45°/30°/-45°/0°/0°/45°/-30°/45°]  square
03— laminate subjected to the uniform transverse load.

z
(=}
AR R R RN RN A EEEE EEERE EREEE RN

o, (a/2,b/2,2/h)

0.5

0.4

0.3

0.2

0.1

Fig. 4
—=a—— SCSC, Present . . . _
— —a— - SCSC. Levy Distributions of transverse shear stress &, (a/4,b/4,z/h)

T e through the thickness of [-45°/30°/-45°/0°/0°/45°/-30°/45°]

A R AR BN AR laminate subjected to the uniform transverse load.
0.05 0.1 0.15 0.2 0.25

o (a/4,b/4,2/h)

z
=1
UL RS AR AN LR REEEE EEEEE R EEE

ofTTTT
D
(=1
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S1:

V=W, =g =N!=M!=0 at  x=0,a (33a)
Uu=w=p; =N, =M, =0 at  y=0b (33b)

The variation of deflection at y=0, along the length of the plate with four sets of boundary conditions: CCFF,
SSSS, CCCC, and FSCS, is presented in Fig. 7. As expected, the curve corresponding to boundary conditions CCCC
is located above the other curves.

Figs. 8 and 9 depict through the thickness distributions of normal stress &, (0,0,z) and transverse shear stress

5'yz (a/4,b/4,z /h) for different sets of boundary conditions.

0.5

0.4

0.3

0.2
——a—— SCSC, Present
— —a— - SCSC, Levy
——— SFSS, Pesent
— —v — - SFSS, Levy
——— SCSF, Present
— —— - SCSF, Levy

0.1

-0.1

-0.2
Fig. 5

Variations of shear stress Gy (@l 2,b /2,2 /h) through the
thickness  of  [-45°/30°/-45°/0°/0°/45°/-30°/45°]  square

b b b e L N laminate subjected to the sinusoidal transverse load.
2 015 01 005 0 005 01 015 02

o, (a/2,b/2,2/h)

-0.3

-0.4

-0.5

= LI U B RN B R B R R R

o
n

e
~

=
w

e
¥}

o

——=—— SCSC, Present
— —a— - SCSC, Levy
——4—— SFSF, Present
— —A — - SFSF, Levy

z
(=]

ST T T T

7
o

s
o

Fig. 6
Distributions of transverse shear stress Oy (al4b/4z/h)

through the thickness of [-45°/30°/-45°/0°/0°/45°/-30°/45°]

b b b b 1 laminate subjected to the sinusoidal transverse load.
0.02 0.04 0.06 0.08 0.1 0.12

o,,(a/4,b/4,2/h)

'
o
w

S
'S

&
wn
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w(x/a,0)

2k

3

0.5
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0.1

z
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Fig. 7
Variations of deflection versus x/a for [45°/90°/0°/45°]
laminate subjected to the sinusoidal load.

Fig. 8
Variations of normal stress &, (0,0,z) through the thickness of

[45°/90°/0°/45°] laminated plate subjected to the sinusoidal
transverse load.

Fig. 9
Distributions of transverse shear stress &, (a/4,b/4,z/h)

through the thickness of [45°/90°/0°/45°] laminated plate
subjected to the sinusoidal transverse load.
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5 CONCLUSION

In this study an analytical method based on an idea is developed to study the bending behavior of laminated
composite plates. The method is capable to analyze laminated plates with arbitrary lamination and boundary
conditions. A Levy-type solution based on FSDT is used as a benchmark. The numerical results are compared with
the Levy-type solutions. All the numerical results, especially those for plates subjected to double-sinusoid transverse
loading, have excellent agreements between the present method and the exact Levy-type method. Finally, several
numerical results are presented for laminated plates which have no Levy-type solutions.
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