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 ABSTRACT 

 The forced vibration behaviors are examined for nonlocal strain gradient 

Nano beams with surface effects subjected to a moving harmonic load 

travelling with a constant velocity in terms of three beam models namely, 

the Euler-Bernoulli, Timoshenko and modified Timoshenko beam 

models. The modification for nonlocal strain gradient Timoshenko Nano 

beams is exerted to the constitutive equations by exclusion of the 

nonlocality in the shear constitutive relation. Some analytical closed-

form solutions for three nonlocal strain gradient beam models with 

simply supported boundary conditions are derived by using the Galerkin 

discretization method in conjunction with the Laplace transform method. 

The effects of the three beam models, the nonlocal and material length 

scale parameters, the velocity and excitation frequency of the moving 

harmonic load on the dynamic behaviors of Nano beams are discussed in 

some detail. Specifically, the critical velocities are examined in some 

detail. Numerical results have shown that the aforementioned parameters 

are very important factors for determining the dynamic behavior of the 

Nano beams accurately.  

                                          © 2019 IAU, Arak Branch. All rights reserved. 
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1    INTRODUCTION 

 FTER discovery of carbon nanotubes (CNTs), many theoretical and experimental efforts have been 

conducted to investigate their mechanical behavior. CNTs have extremely high strength, low mass density, 

nearly perfect geometrical structure and linear elastic behavior for longitudinal strain lower than 12% [1]. These 

extraordinary properties of CNTs provide them in many applications in nanotechnology, Nano biology, optic, 

electronic, and as well as in medical fields [1]. Among aforementioned fields of applications, one possibly use of 

them is as new transporter systems for the delivery of drugs. In such a case, one encounters the problem of 
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interaction between CNTs and moving nanoscale objects [1]. Nowadays, the traditional idea of making a molecular 

machine has been met in the real world of nanotechnology. These small-sized machines are working based on 

electrical voltage, chemical conversion, external light or temperature [2-7]. Being able to move molecules on a 

surface, they can also be used as a transport device of several atoms [6]. In all these applications, one encounters the 

problem of nanostructure–moving nanoparticle interaction, mostly because of the mass weights of the nanoparticles 

and the friction between the surfaces of the nanoparticle and the nanotube structure [1, 7-10]. Dynamic analysis of 

CNTs under action of moving nanoparticles has been addressed in the literature, e.g., Kiani [7, 8, 10, 11] has 

investigated the problems of interaction between CNTs and moving nanoparticles analytically using various 

nonlocal continuum beam theories and Ghorbanpour Arani  et al. [12] have presented the vibration of a single-

walled Boron Nitride nanotube (SWBNNT) under action of a moving nanoparticle using nonlocal Euler-Bernoulli 

beam theory. As one knows, conducting experimental tests at nano-scales are much harder than those at macro-

scales. Furthermore, molecular dynamics (MD) and quantum mechanics based simulations are computationally 

expensive [8, 9, 13]. To overcome these difficulties arising in atomistic methods, the continuum mechanics 

formulations have been employed by many researchers. The governing differential equations of classical continuum 

theories may be derived from the finite difference equations in terms of lattice dynamics by using some series 

expansions (e.g., the Taylor expansion or Pade’ approximants) and considering the first-order truncation. Therefore, 

due to the first-order truncation, the classical continuum mechanics are restricted to long-wave and low-frequency 

dynamics, and hence can only be accurate for phenomena with an internal characteristic length (e.g., carbon-carbon 

bond length) much smaller than macroscopic characteristic lengths. For NEMS, the internal characteristic length is 

comparable with the geometric characteristic lengths. As a result, as experimental findings have shown, that in 

nanoscale phenomena the size effects have great influences on the physical properties and mechanical responses of 

NEMS [14, 15], which do not show an agreement with the predicted results of classical continuum models. In 

classical continuum mechanics, all standard constitutive models which simulate the mechanical behavior of solids 

have no size-dependent material parameters. In this context, the stress at a given point uniquely depends on the 

current values and possibly the previous history of deformation and temperature at that point only [16, 17]. There 

are different manners to refine the classical continuum models from the atomistic view to the constitutive laws such 

that their range of applicability can be extended to analyze the size-dependent problems accounting for smaller 

internal characteristic lengths.  

One possibility is to modify the constitutive law of classical continuum models form local elasticity to nonlocal 

elasticity. In the case of nonlocal constitutive laws, finite microscopic nonlocal parameters are introduced to account 

for, for instance, the length between neighboring atoms in lattice structures. Generally speaking, there are two 

enriched nonlocal continuum mechanics formulations: weakly nonlocal (gradient type) and strongly nonlocal 

(integral type) formulations [17, 18]. In a gradient-type nonlocal model, the constitutive law is enriched with the 

first or higher gradients of strain tensor. An obvious characteristic of this enriched model is the presence of one or 

more material parameters in constitutive relations (e.g., [19-21]). Also, it is worth to notice that in the gradient-type 

or weakly nonlocal formulations constitutive law in a typical point is written in an immediate vicinity of that point. 

On the other hand, in strongly nonlocal model the constitutive law at a typical point involves weighted averages of a 

state variable over a certain neighborhood of that point (e.g., [22-25]). Previous studies revealed that the Eringen’s 

nonlocal elastic models could only account for stiffness-softening phenomena with increasing nonlocal parameter. 

Another possibility is to derive the continuum equation by accounting for second- or higher-order terms in the series 

expansions of the finite difference equations of lattice dynamics or discrete media, which leads to the so-called 

strain gradient theories with different orders [26] (the classical continuum theories can be viewed as the lowest-order 

strain gradient theory). The stiffness enhancement effect noticed from experimental observations can be reasonably 

explained by these strain gradient theories.  

Recently, experimental findings have shown that both stiffness-softening and stiffness-enhancement phenomena 

can be observed, depending on the microstructures, at nanoscale [27, 28]. As discussed above, the material length 

scales presented in Eringen’s nonlocal theory and strain gradient theories describe two entirely different physical 

characteristics of materials and structures at nanoscale. There is a need to bring both theories into a single theory so 

that the true effect of two material length scales can be captured correctly. To this end, recently a theory is 

developed to assess the two size-dependent material characteristic parameters by combining the strain gradient 

theory with Eringen’s nonlocal elasticity theory [29]. The theory is called nonlocal strain gradient theory and it has 

been applied in various nanoscale problems (e.g., [30-39]). Many researchers have recently examined the scaling 

effects on the mechanical behaviors of rod [34, 40], shaft [41, 42], beams [43, 44] and plates [45], and showed that 

both stiffness-softening or stiffness-enhancement phenomenon depends on the given values of the nonlocal 

parameter and the material length scale parameter. These nonlocal strain gradient models may be simplest model to 

account for both the stiffness-softening and stiffness-enhancement effects, which qualitatively explain the 
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phenomena observed in experimental results [27, 28]. It is concluded that the nonlocal strain gradient models can 

yield good trade-off between accuracy and computational complexity.  

To account for both the stiffness-softening and stiffness-enhancement effects on the forced vibration of Nano 

beams subjected to moving harmonic loads, the forced vibration of Nano beams subjected to moving harmonic loads 

will be studied in the frameworks of the nonlocal strain gradient elasticity theory. Furthermore, the surface effects 

can play a significant role in the forced vibration behaviors of Nano beams owing to the very significant surface-to-

volume ratio of Nano beams [46-54]. Hence in this study, we have carried out the problem of forced vibration of 

size-dependent Euler-Bernoulli and Timoshenko Nano beams with surface effects acted upon by a moving harmonic 

load in the frameworks of the nonlocal strain gradient elasticity theory. In this regard, analytical solutions have been 

presented. The schematic of a SWCNT is shown in Fig.1. The length, diameter and the thickness of the SWCNT are 

denoted by L, d and h respectively. A moving harmonic load enters into the SWCNT from the left boundary and 

leaves it from the right boundary. It travels with a constant speed, say v.  

 

 

 

 

 

 

 

Fig.1 

Schematic of a SWCNT subjected to a moving harmonic 

load. 

2    EQUATIONS OF MOTION  

2.1 Nonlocal strain gradient theory 

Lim et al. [29] proposed a nonlocal strain gradient elasticity theory which considers higher-order stress gradients and 

strain gradient nonlocality. By employing the constitutive relation within the thermodynamic framework, they 

obtained the equilibrium equations and all related boundary conditions via the variational approach. This theory has 

generalized Eringen’s nonlocal elasticity theory by introducing a higher-order strain tensor with nonlocality into the 

stored energy function. The developed theory is distinctive because Eringen’s nonlocal elasticity does not include 

nonlocality of higher-order stresses while common strain gradient theories only consider local higher-order strain 

gradients without nonlocal effects in global sense [29, 34].  

In the nonlocal strain gradient theory, a new stress tensor is introduced: 

 
(1). t σ σ   (1) 

 

where t  is the total stress tensor, σ  is the classical nonlocal stress tensor and (1)
σ  is a higher-order nonlocal stress 

tensor defined as: 

 

0 0( , , ) : d
V

e a V    σ x x C ε   (2) 

 
(1) 2

1 1( , , ) : d
V

l e a V    σ x x C ε   (3) 

 

where l, is a gradient material characteristic parameter, termed henceforth the gradient parameter (for the sake of 

brevity), introduced to determine the significance of higher-order strain gradient field, 1 1( , , )e a x x is an additional 

attenuation kernel function introduced to describe the nonlocal effect of the first-order strain gradient field, and 1e  is 

the related material constant [29].  

2.2 Euler-Bernoulli beam model 

Within the framework of Euler-Bernoulli beam model, the integral constitutive equation is written as: 



42                              K. Rajabi et.al.    

 
 

© 2019 IAU, Arak Branch 

(1)
,xx xx xx xt      (4) 

 

0 0
0

( , , ) ( )dx
L

xx xxE x x e a x         
 

(5) 

 

(1) 2
1 1 ,

0
( , , ) ( )dx

L

xx xx xl E x x e a x         
 

(6) 

 

where L and E are the length and Young’s modulus of the Nano beam in order and a comma before a variable 

denotes differentiation with respect to that variable. By assuming that the attenuation kernels satisfy the conditions 

of Eringen’s nonlocal elasticity [17, 24, 29], the differential counterpart of Eq. (4) is written as: 

 

      2 2 2 2 2 2 2 2 2 2
1 0 1 01 ( ) 1 ( ) 1 ( ) 1 ( )xx xx xxe a e a t E e a El e a              (7) 

 

where 
2 2 2d dx  is the one-dimensional Laplacian operator (as usual, the size-dependent behavior is assumed to 

be neglected in the radius direction for a Nano beam-type structure). Eq. (7) is the nonlocal strain gradient 

differential constitutive relation for an Euler-Bernoulli beam. It contains three material length scales, one accounts 

for the size effect induced by strain gradients (i.e., l
2
), one for the lower-order nonlocal stress (i.e., e0) and the third 

one for the higher-order nonlocal stress (i.e., e1).  

By assuming e0= e1=e and retaining terms of order
2( )O  , the reduced version of the general constitutive relation 

(7) can be obtained as: 

 

   2 2 2 21 ( ) 1xx xxea t E l        
(8) 

 

Using Hamilton’s principle, the governing equation of an Euler-Bernoulli Nano beam can be obtained as: 

 

     2 2 2 2 2 2
, ,1 1 ( ) 1 ( ) ( , )xxxx ttEI l w A ea w ea f x t          (9) 

 

where A is the cross sectional area, I is the second moment of inertia and  is the mass density. In above 

equation, ( , )f x t is the external load on the Nano beam  which in the case of a moving force is defined as: 

 

 , ( ) ( )f x t P t x vt    (10) 

 

where ( )P t is the amplitude of the moving load, v is the constant velocity of the moving load and ( )  is Dirac delta 

function.  

The associated boundary conditions are written as: 

 

,

,

(1)
,

0 or 0

0 or 0

0 or 0

x

x

xx

M w

M w

M w

 

 

 

  

 

 

(11) 

 

where d ,xx
A

M zt A  is the total bending moment in a typical cross section of the Nano beam ; 

(1) (1) d ,xxM z A  is the bending moment due to higher-order stress component. From Eq. (9) it is seen that by 

setting l=0, the governing equation of a classical nonlocal Nano beam will be recovered.  

It is a well-known fact that at nanoscale, due to increasing ratio of the surface area to bulk, the surface stress will 

play a prominent role. This motivates the researchers to take it into consideration in their relevant studies (e.g., [46-
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54]). In this study to address the influence of the residual surface stress on the dynamic deflection of the Euler-

Bernoulli Nano beam s, according to the Laplace-Young equation, the distributed transverse load is thus written as 

[46, 48]: 

 

,( , ) xxq x t Hw   (12) 

 

where H is a constant determined by the shape of the cross section and also the residual surface tension as given by 

[46]: 

 
0

0

2 , (rectangle)

2 , (circular)

b
H

d






 


  
 

(13) 

 

where
0 ,b and d are the residual surface tension, width and diameter of the Nano beam s. The bending rigidity of 

the Nano beam  is modified to account for the surface elasticity [46]: 

 

* 2 3

* 3

1 1
( ) , (Rec.)

2 6

( ) , (Circular)
8

s s

s

EI EI E bh E h

EI EI E d


  

 

  

 

 

(14) 

 

where
*( )EI  and

sE are the effective bending rigidity and surface elastic modulus respectively. Finally Eq. (9) is 

modified to account for the surface elasticity as: 

 

       * 2 2 2 2 2 2 2 2
, , ,( ) 1 1 ( ) 1 ( ) 1 ( ) ( , )xxxx tt xxEI l w A ea w H ea w ea f x t             (15) 

 

By introducing the following non-dimensional variables to Eq. (15), one can obtain the normalized version of the 

governing equation of motion as given in Eq. (17).  

 

, ,
x w t

X W
L L T

     
 

(16) 

 

       2 2 2 2 2 2 2 2
, , ,1 1 1 1 ( , )XXXX XXW H W W f X                  

(17) 

 

where the following parameters have been defined: 

 
2 2 3

2 2

2 * * *

( , )
, , , , ( , ) ,

( ) ( ) ( )

l e a H L L f LX T A
H f X T L

L LX EI EI EI

 
  


      


  

 

(18) 

2.3 Timoshenko beam model 

Two nonlocal Timoshenko beam theories are available in the literature. In both theories, the scale effect is well 

modeled in the constitutive equation of axial stress and strain [55, 56]. Wang and Wang [56] have proposed that 

there is no necessity to include the nonlocality in the shear constitutive relation. Arash and Wang [55] compared the 

fundamental resonant frequency of single-walled carbon nanotubes (SWCNTs) obtained from the two Timoshenko 

beam models and shown that there is a negligible discrepancy between the predicted resonant frequencies of two 

beam models. However, this comparison has not been done for the nonlocal strain gradient elasticity theory. Hence 

in this study, we will adopt the same strategy to propose a modified nonlocal strain gradient Timoshenko beam 

model and compare the new beam model with the conventional one. By using the extended Hamilton’s principle, the 

general governing equations of motion of a nonlocal strain gradient Timoshenko Nano beam  can be derived as (cf. 

Ref. [36]): 
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     2 2 2 2
, , ,1 ( ) 1 0tt x xxI ea l kAG w EI           

 
  

 

(19) 

 

 

      2 2 2 2 2 2
, , ,1 1 ( ) 1 ( ) ( , ) 0xx x ttkAG l w A ea w ea f x t             (20) 

 

where k, G and   are the shear correction factor, shear modulus and rotation of the cross-section of the Nano beam  

respectively. It has to be noted here that in this model, the nonlocality has been considered in the shear constitutive 

relation. The following classical boundary equations are given: 

 
0 or 0

0 or 0z

M

Q w

 

 
  

 

(21) 

 

and the non-classical boundary conditions: 

 
(1)

,

(1)
,

0 or 0

0 or ( ) 0

x

z x

M

Q w





 

  
  

 

(22) 

 

where (1) (1)( , ) ( , )dz z xz xz
A

Q Q k t A  are the shear resultants. Similar to the Euler-Bernoulli model, we modify Eqs. 

(19) -(20) to account for the effect of surface elasticity on the dynamic response of size-dependent Timoshenko 

Nano beam s as: 

 

     2 2 2 2 *
, , ,1 ( ) 1 ( ) 0tt x xxI ea l kAG w EI           

 
   

(23) 

 

        2 2 2 2 2 2 2 2
, , , ,1 1 ( ) 1 ( ) 1 ( ) ( , )xx x tt xxkAG l w A ea w H ea w ea f x t                (24) 

 

By introducing Eq. (18) to the above equations, one can obtain the following normalized governing equations of 

motion of size-dependent Timoshenko Nano beam s as: 

 

      2 2 2 2 2 2
, , ,1 1 1 0X XXk W A                 (25) 

 

        2 2 2 2 2 2 2 2
, , , ,1 1 1 1 ( , )XX X XXW k W H W f X                    (26) 

 

where the following parameters have been defined: 

 
2 4 2 *

* 2

( ) ( , )
, , , , ( , )

( )

kA GL AL EI H L f LX T
k A k H f X

I kAG kAGI EI kAGL


       

 

(27) 

 

Now, we propose a modification to the presented nonlocal strain gradient Timoshenko beam model. To do so, 

the nonlocality has to be excluded in the shear constitutive relation: 

 

,( )nl l
z z xQ Q kAG w      (28) 

 

where it has been assumed that the local and nonlocal shear resultants are the same. Using the above relation, the 

governing equations of the modified nonlocal strain gradient Timoshenko beam model with the surface effects can 

be derived as: 
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     2 2 2 * 2 2 2
, , , , , ,1 ( ) ( ) ( ) 1 ( ) ( ) 0tt ttx x xx x xxxI ea A ea w kAG w EI l ea f Hw                 (29) 

 

 , , , , ( , ) 0tt xx x xxAw kAG w Hw f x t        (30) 

 

As seen from the above equations, by setting 0,l ea  the well-known equations of motion for classical 

Timoshenko beams will be recovered.  

3    METHOD OF SOLUTION  

Numerical solutions are generally used for analyzing various engineering problems [57, 58]. Despite this fact, they 

have their own limitations concerning accuracy, stability, and convergence. On the other hand, analytical or even 

semi-analytical solutions are more appealing to researchers because of various advantages such as less 

computational time, ease of parametric study, and providing a deeper physical insight into the underlying problem. 

Some researchers have presented analytical solutions for the forced vibration analysis of Nano beam s subjected to 

moving loads. For instant, Kiani and Mehri [7] have employed the Galerkin method and the Laplace transform 

method to obtain analytical solutions, regarding to single-walled carbon nanotubes (SWCNTs), for various nonlocal 

beam models acted upon by a concentrated moving force. Kiani [8, 11] have employed the same methodology to 

obtain analytical solutions, regarding to double-walled carbon nanotubes (DWCNTs), for various nonlocal beam 

models acted upon by a concentrated moving force. Hosseini and Rahmani [32] have analyzed the axial and 

transverse dynamic response of a functionally graded Nano beam  under a concentrated moving force. Analytical 

solutions have been presented by a combination of the Galerkin and Laplace transform methods. 

In this study, by using the Galerkin discretization method in conjunction with the Laplace transform method, 

some analytical solutions for the three nonlocal strain gradient beams models namely, the Euler-Bernoulli, 

Timoshenko and modified Timoshenko beam models with simply supported boundary conditions will be derived.  

We consider a concentrated moving harmonic load on simply supported Nano beam s. The load moves in the 

axial direction of the Nano beam s with a constant velocity, thus the load ( , ),f x t is written as: 

 

0( , ) sin( ) ( )f x t f t x vt       (31) 

 

where 0 ,f   and  are the amplitude, the excitation frequency and the phase angle of the moving harmonic load 

respectively.  

3.1 Euler-Bernoulli Nano beam s 

For simply supported boundary conditions, we employ the Galerkin method for discretizing the governing equation 

of motion. To this end, the flexural deflection of the Nano beam  is assumed to be: 

 

1

( , ) sin( ) ( )

N

i

i

W X i X q  


   
 

(32) 

 

where the sine functions satisfy the simply supported boundary conditions and ( )iq  are the unknown generalized 

functions. Introduce Eq. (32) to Eq.(17), then multiply both sides of the resulted equation with sin( ), 1,2,..., ,n X n N   

and integrate it over the domain to obtain the following ordinary differential equation in terms of the nth generalized 

function: 

 

 

2
2 2 2 6 4 2 2 2 2 20

, *

2
(1 ) ( (1 )) (1 )sin( )sin( )

( )


 
                    n

n n n n n n n n

f L vT
q H q T

LEI
 

 

(33) 

where .n n  Eq. (33) can be then simplified as given below: 
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2
2 0

, *

2
sin( )sin( ), 1,2,...,

( )

n
n n n

L f vT
q q T n N

LEI


 
      

  

 

(34) 

 

where 

 

2 6 4 2 2 2

2 2

(1 )

1

n n n n
n

n

H     


 

  



  

 

(35) 

 

To complete the solution process, Eq. (34) should be solved by an appropriate method. In this study, we have 

employed the Laplace transform method for solving Eq. (34) in time domain. In order to be able to apply the 

Laplace transform to Eq. (34), it is firstly necessary to expand the external excitation as follows: 

 

   

sin( )sin( ) cos( )sin( )sin( ) sin( )cos( )sin( )

cos( ) sin( )
cos( ) cos( ) sin( ) sin( )

2 2

n n n

n n n n

T T T           

 
       

      

  
  

(36) 

 

 

where ,n n nn vT L T      and n nT   . Using the above relations, Eq. (34) is rewritten as: 

 

   2
, 1 2cos( ) cos( ) sin( ) sin( ) , 1,2,...,n n n n n n nq q f f n N              

  

(37) 

 

where 2 *
1 0 cos( ) ( )f L f EI  and 2 *

2 0 sin( ) ( )f L f EI .Applying the Laplace transform to Eq. (37) with zero 

initial conditions yields: 

 

     
1 2 1 2

2 2 2 2 2 2 2 2
( ) n n

n

n n n n

f s f f s f
Q s

s s s s

 

   

  
 

      
(38) 

 

where s is the independent variable in Laplace domain and the over-bar denotes Laplace transform of a function. By 

using the Inverse Laplace transform, Eq. (38) can be obtained as: 

 

( ) cos( ) sin( ) cos( ) sin( ) cos( ) sin( )n n n n n n n n n n n n nq c s c s c s                      

  

(39) 

 

The constants appearing in above equation are summarized in Appendix A. Finally, the dynamic transverse 

deflection of a simply supported nanoscale beam acted upon by a moving harmonic load based on the Euler-

Bernoulli beam model with surface effects is obtained, during the course of excitation (or the first phase of 

vibration), as given below: 

 

1

( , ) cos( ) sin( ) cos( ) sin( ) cos( ) sin( ) sin( )

N

n n n n n n n n n n n n

n

W X c s c s c s n X                  



       
  

(40) 

 

It is worth to mention that the Nano beam will experience free vibration when the moving harmonic load departs 

the right edge of the Nano beam. The dynamic response of the Nano beam, during the course of free vibration, can 

be obtained by using the Laplace transform method. To do so, one should first remove the excitation force from the 

right hand side of Eq. (37), then applies the Laplace transform to the obtained equation. The initial conditions of the 

free vibration (or the second phase of vibration) can be calculated from Eq. (40) at the associated dimensionless 

time * 2 2( ) ( )f EI Av L  ; where f stands for the time duration of the first phase of motion.  

The critical velocity of particle-conveying beams/tubes (also known as the divergence velocity) is of 

fundamental interest, and it implies that the particle-conveying beams may cause a bifurcation instability by 

buckling. When the particle velocity is beyond the critical velocity, the forced vibration deflections may produce 
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large deformations and no longer satisfy the requirement of linear theory. Under that case, the forced vibration 

behaviors have to be answered by using nonlinear beam models. For this reason, it is important to predict the critical 

velocity accurately.  

In the following, we deal with the interesting issue of finding the critical velocities. As one can see from the 

relations given in Eq. (A.1) (Appendix A), two special cases can be deduced: 

 

 

 

 

, for ,

, for

E E n
n n ncr ncr ncr

E E
n n ncr ncr ncr

L
v

n T

L
v

n






 



 


        

        

(41) 

 

where T and
 n are given in Eq. (18) and Eq. (35) respectively. For these special cases, the denominators in 

relations given in Eq. (A.1) take zero values. Note that the letter n in the subscripts implies that for each values of n 

there is a critical velocity parameter. Introducing Eqs. (18) and (35) to Eq. (46) yields the following explicit forms 

for the critical velocities: 
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 
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 
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* 2 6 4 2 2 2 * 2 6 4 2 2 2

4 2 2 4 2 2

* 2 6 4 2 2 2 * 2 6 4 2 2 2

4 2 2
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1 1
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1
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n
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v
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
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           

   

 
      

    
  

 

 
      

    
 

 
 4 2 21 nAL  

  
(42) 

 

where the superscript E stands for Euler-Bernoulli beam model. From above equations it is cleared that the critical 

velocities depend on the various parameters which among them, in our opinion, the excitation frequency of the 

moving harmonic load should be emphasized. Specifically, three immediate observations are summarized in the 

following:  

 First, for the cases of , 1,2,...,E
ncr n  increasing/decreasing the excitation frequency leads to a(n) 

decrease/increase in the values of the critical velocities, 

 Second, for the cases of , 1,2,...,E
ncr n   increasing/decreasing the excitation frequency leads to an/a 

increase/decrease in the values of the critical velocities,  

 Third, when the nonlocal parameter is equal to the material characteristic length scale parameter 

(i.e., l  ), the response of the Nano beam  predicted by the nonlocal strain gradient elasticity coincides 

with that of classical elasticity.  

For each case of the above critical velocities, one should reconstruct Eq. (38) to capture the dynamic deflection 

of the Euler-Bernoulli Nano beam, as given below: 
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
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  

 

 

 
  

  

 
  

 

  

(43) 

 

The inverse Laplace transform of the above equations are given in the following: 
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(44) 
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The constants appearing in above relations are summarized in Appendix A (Eq.(A.7)).  

3.2 Timoshenko Nano beam s 

In this subsection, we will solve the normalized governing equations of motion of a size-dependent Timoshenko 

Nano beam acted upon by a moving harmonic load using the same procedure as presented in the previous 

subsection. Again, we restrict our attention to the simply supported boundary conditions only. The present method 

of solution can be implemented for other boundary conditions by a straightforward manner. The normalized simply 

supported boundary conditions are by: 

 

, ,

(0, ) (1, ) 0,

(0, ) (1, ) 0X X

W W 

   

 

 

  

(45) 

 

To satisfy the given boundary conditions, the displacement field is given as: 

 

1

( , ) sin( ) ( )

N

n

n

W X n X p  

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(46) 

 

1

( , ) cos( ) ( )

N

n

n

X n X q   




  

(47) 

 

Now, first, apply the Galerkin method to Eqs. (25) -(26) to obtain the following set of coupled ordinary 

differential equations: 

 

, 1 1 0n n n n nq c q d p   

  

(48) 

 

, 2 2n n n n n np c p d q f   

  

(49) 

 

In which, for the sake of brevity, the following parameters are introduced: 
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(50) 

 

Now one may apply the Laplace Transform to Eqs. (48) -(49) to yield the following relations: 
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(51) 
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(52) 

 

Finally, by taking the inverse Laplace transform, the following solutions are obtained: 
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(53) 
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1 1 2 1 3 2 4 2 5 6

7 8
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(54) 

 

where 
inp and ,inq for

 
1,2,...,8,i  are given in Appendix A.  

Similar to the Euler-Bernoulli Nano beam, the existence of critical velocities should be investigated. The 

following four cases should be examined: 

 

1 1 2, ,n n n n n ns s s    

 

   and  2n ns 

 

(55) 

 

For the sake of brevity, we examine the first case only: 

 

1 1( )T T
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(56) 

where the superscript T stands for the Timoshenko beam model; 1

T

n is defined below: 

 

 2 2 2 2 2 2
2 2 2 2 2 2

2 2 2

1
1

2 2
2 2 2 2 2 2

2 2 2

4 (1 ) 1(1 ) (1 )
(1 )( )

1

2(1 )
(1 ) (1 )

(1 )( )

n n n
n n n n

n n
T n

n

n
n n n n

n n

kH
k A

s k k

T T
H

k A
k

         
  

 
     

  

    
    
 
   


  

   
  

(57) 

 

Corresponding to this case, for capturing the dynamic response, Eqs. (51) and (52) should be reconstructed as 

follows: 
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(59) 

 

The inverse Laplace transform of the above relations is given in Appendix A. The other remaining cases can be 

examined by the same manner. It has to be noted that- the governing equations of the modified nonlocal strain 

gradient Timoshenko Nano beam (i.e. Eqs. (29) -(30), proposed in this study) are solved exactly by the same method 

which, for the sake of brevity, will not be presented here.  

4    RESULTS AND DISCUSSIONS 

So far, the size-dependent vibrations of Euler-Bernoulli and Timoshenko Nano beam s with surface effects acted 

upon by moving harmonic loads in the frameworks of nonlocal strain gradient elasticity theory have been carried out 

theoretically. In this regard, by using the Galerkin discretization method in conjunction with the Laplace transform 

method, some analytical solutions for the cases of simply supported boundary conditions have been derived. 

Extension of the presented method of solution towards the other boundary conditions is straightforward.  

In this section, the numerical results will be presented. Before doing that, it is necessary to validate the derived 

formulas in the previous section. In this regard, in the following, we will compare our results with those already 

presented in the literature.  
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4.1 Comparison studies 

In the first attempt, a comparison study is established to evaluate the accuracy and performance of the derived 

solution of the Euler-Bernoulli beam model. In a paper by Şimşek [15], the size-dependent forced vibration of a 

simply supported SWCNT acted upon by a concentrated moving load, by using the nonlocal Euler-Bernoulli beam 

theory, has been examined. In Table 1., the computed maximum non-dimensional dynamic deflections of a simply 

supported SWCNT are compared with those reported in Ref [15]. To this end, we have normalized the dynamic 

deflection by the static deflection of the SWCNT under a point load at its midpoint, i.e. 3
0 48sw f L EI . To 

investigate the effects of the velocity and excitation frequency of the moving harmonic load on the dynamic 

responses of the Nano beam s, the following dimensionless velocity and frequency parameters 

namely  and , respectively, are defined as: 

 

1 1

,
v

L


 

 


 

  

(60) 

 

where 1 is the fundamental natural frequency of the SWCNT. It is worth to mention that in this comparison study 

we have set 0sl H E   ., also it has been assumed that the amplitude of the moving harmonic load is varied with 

time by a pure sine function. This can be achieved by setting 0  in Eq. (31) and the subsequent relations. 

Computations are carried out by taking the following values as considered in Ref. [15]:
 

31 , =2300 / , 1 and =0.34 E TPa kg m d nm h nm  . As seen from Table 1., close agreement between our 

results and those of Ref. [15] is observed. This ensures us about the accuracy and effectiveness of our computer 

codes related to the Euler-Bernoulli beam Nano beam s. Also, it is seen from Table., that the contribution of higher-

order modes can be neglected because the first mode is the most significant. Hence in subsequent numerical results, 

the first three natural modes are chosen.  
 

Table 1 

Convergence study of the dynamic deflections of the SWCNT (simply supported Euler-Bernoulli beam model) and their 

comparison with those of Ref [15]. 

ea (nm) Number of modes 

Maximum non-dimensional dynamic deflection for L/d=10 

0.1, 1    

Ref. [15]         Present study 

0.5, 1    

Ref. [15]     Present study 

1, 1    

Ref. [15]     Present study 

0 1 9.63587 9.63856 1.08150 1.08152 1.31403 1.31405 

2 9.63587 9.63856 1.08150 1.08152 1.32248 1.32249 

3 9.63592 9.63879 1.07858 1.07860 1.32471 1.32473 

4 9.63592 9.63879 1.07858 1.07860 1.32459 1.32461 

6 9.63592 9.63878 1.07828 1.07830 1.32455 1.32457 

8 9.63592 9.63878 1.07822 1.07823 1.32456 1.32457 

10 9.63592 9.63878 1.07820 1.07821 1.32456 1.32457 

12 9.63592 9.63878 1.07820 1.07821 1.32456 1.32457 

14 9.63592 9.63878 1.07819 1.07821 1.32456 1.32457 

2 1 13.43997 13.44370 1.50846 1.50849 1.83279 1.83281 

2 13.43997 13.44370 1.52643 1.52646 1.85618 1.83281 

3 13.44184 13.44630 1.52081 1.52083 1.92403 1.92268 

4 13.44184 13.44630 1.52068 1.52071 1.92405 1.92268 

6 13.44205 13.44610 1.51849 1.51852 1.91513 1.91582 

8 13.44194 13.44610 1.51780 1.51782 1.91741 1.91582 

10 13.44195 13.44610 1.51769 1.51772 1.91662 1.91482 

12 13.44192 13.44610 1.51764 1.51767 1.91692 1.91482 

14 13.44193 13.44610 1.51781 1.51784 1.91678 1.91482 

 

In the second attempt, regarding the Timoshenko beam model, the derived solutions, i.e. Eqs. (53) -(54), have to 

be validated. To do this, Eqs. (53)-(54) have been reduced to the conventional nonlocal Timoshenko beam model 

subjected to a concentrated moving force by setting 0, / 2    and 0l  . Kiani and Mehri [7] have presented 
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some analytical solutions for nonlocal Timoshenko Nano beam s subjected to a concentrated moving force. In Fig.2, 

we have compared the normalized dynamic deflection of our reduced model with that of Ref. [7]. In this 

comparison, the normalized dimensionless deflection NW and the normalized velocity parameter
1/ E

N crV v v  have 

been used. Also, the slenderness ratio of the Nano beam  has been set to / 10ar L d  . The other geometrical and 

physical properties of the Nano beam  have been adopted from Ref. [7]. As seen from this figure, our reduced 

analytical solution matches exactly with that of Kiani and Mehri [7].  

 

 
(a) 

 
(b) 

Fig.2 

Time histories of the normalized dynamic deflections at the midspan of the reduced Timoshenko Nano beam  

for 10, 0.7
N

ar V  . 

4.2 Numerical results  

Now, we continue this subsection by presenting some numerical results. In this subsection, the following bulk 

properties, corresponding to a SWCNT, are adopted from Ref. [15]: 1E TPa  and 3=2300 /kg m . Also, the 

effective wall thickness of 0.34 nm is adopted. For investigating the effect of the material length scale parameter, the 

nonlocal parameter, the surface elastic modulus and the residual surface tension on the dynamics response, we will 

vary one at a time. In other words, to investigate the effect of one specific parameter on the dynamic response, we 

vary it in an adopted range while the other parameters are held constant.  

4.2.1 Effect of the nonlocal and material length scale parameters 

It is well-known that the nonlocal parameter is commonly taken into account in the range of [0-2] nm for the 

vibration analysis of carbon nanotubes in the literature. Hence in this study, we obey that rule and vary the nonlocal 

parameter ea, in that range. For the material length scale parameter such a common range has not been reported in 

the literature yet. By the way, for investigating the effect of both of the length scales, concurrently, on the dynamic 

response of Nano beam s (in this case SWCNTs), we introduce a dimensionless length scale factor 

as / /SF l ea    . In this subsection, for numerical calculations, consider a SWCNT with the surface elastic 

modulus 35.3 /sE N m and the residual surface tension 0 0.31 / ,N m  adopted from Ref. [59]. The parameters 

of the moving harmonic load are taken as
15 / , 0 and Ev nm ns a     ; where a is a constant and 1

E is the 

fundamental natural circular frequency of a Nano beam  predicted by classical Euler-Bernoulli beam model without 

surface effects. The mean diameter of the SWCNT is 1 nm. Fig.3 shows variation of the maximum normalized 

dimensionless dynamic deflection of a moderately short and thick SWCNT, predicted by the nonlocal strain gradient 

Euler-Bernoulli (E-B), Timoshenko (T) and modified Timoshenko (MT) beam models, with the scale parameter for 

various values of the excitation frequency. As can be seen from this figure, when SF=1, the dynamic responses are 

identical. It can be shown that when the material length scale parameter is equal to the nonlocal parameter, the 

nonlocal strain gradient dynamic response is identical with the classical one. For example, corresponding to the 

Euler-Bernoulli beam model, from Eqs. (34)-(35), it is evident that by setting ,  the classical response will be 

obtained. When SF<1 (or ),l ea increasing the normalized nonlocal parameter leads to an increase in the dynamic 

deflection of the SWCNT at a certain value of the scale factor. However, when SF>1 (or ),l ea the maximum 

normalized dimensionless dynamic deflection of the SWCNT will decrease with increasing the normalized nonlocal 
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parameter. These phenomena show that the nonlocal strain gradient theory predicts a stiffness-softening effect when 

ea>l (like the nonlocal elasticity theory), and predicts a stiffness-hardening effect when ea<l (like the strain gradient 

theory). As expected, the Euler-Bernoulli beam model differs considerably from the Timoshenko beam model. This 

is attributed to the fact that the Nano beam  is relatively short and thick.  

As mentioned previously, the exclusion of nonlocality in the shear constitutive relation leads to a modification to 

the nonlocal Timoshenko beam model. It has been shown that the modified Timoshenko beam model predicts 

almost the same natural frequencies compared with the original one. Based on this modification, in a similar way, 

Naderi and Saidi [60] have proposed the same modification in the nonlocal Mindlin plate theory and shown that the 

critical buckling loads predicted by the modified nonlocal Mindlin plate theory differ significantly from those 

predicted by the nonlocal Mindlin plate theory. In this study, we have exerted that modification to the nonlocal 

strain gradient Timoshenko beam model for the first time. As can be seen from Fig.3, the dynamic deflections 

predicted by the modified nonlocal strain gradient Timoshenko beam model differ from those predicted by the 

nonlocal strain gradient Timoshenko beam model. The difference is more significant in the initial part and terminal 

part of the figure. In other words, when SF<1, the modification exerts a stiffness-hardening effect, it and exerts a 

stiffness-softening effect when SF>1. As the last observation, it has to be mentioned that for higher values of the 

nonlocal parameter, the aforementioned difference between the two theories are more significant.  

 

 
(a) 

 
(b) 

 

 
(c) 

 

 

 

 

 

Fig.3 

Variation of the maximum normalized dimensionless 

dynamic deflection of a moderately short and thick 

SWCNT, (a)
1

0.1  , (b)
1

0.25  and (c)
1

0.5  ; E-B 

: Euler-Bernoulli, T: Timoshenko and MT : modified 

Timoshenko. 

4.2.2 Effects of velocity, excitation frequency and phase angle of the moving harmonic load 

In this subsection, the effect of the velocity, excitation frequency and the phase angle of the moving harmonic load 

on the dynamic response of SWCNTs has to be examined. In the first attempt, we examine the significance of the 

velocity of the moving harmonic load in our analysis.  

For the physical and geometrical properties given in the previous subsection, Fig.4 shows variation of the 

maximum normalized dimensionless dynamic deflection of the SWCNT with the velocity parameter. As seen from 

this figure, increasing the velocity parameter will gradually decrease the maximum normalized dimensionless 

dynamic deflection. Also, it can be observed that for lower values of the velocity parameter, the modified nonlocal 

strain gradient Timoshenko beam model differs more significantly from the nonlocal strain gradient Timoshenko 

beam model. Another important observation is the existence of the global maxima and local minima. In other words, 

by increasing the velocity of the moving harmonic load, the maximum normalized dimensionless dynamic 

deflection, after experiencing some local fluctuations, increases to a global maximum. Further increase in the value 
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of the velocity of the moving harmonic load will decrease the maximum normalized dimensionless dynamic 

deflection. 

 

 
(a) 

 
(b) 

 

 
 (c) 

 

 

 

 

 

 

 

Fig.4 

Variation of the maximum normalized dimensionless 

dynamic deflection of the SWCNT with the velocity 

parameter, (a)
1

0.1  , (b) 
1

0.25  and (c)
1

0.5  . 

  

The other important parameter related to the moving harmonic load is the excitation frequency  . In Fig.5, the 

computed values of the maximum normalized dimensionless dynamic deflection of the SWCNT have been shown. 

As can be seen from this figure, increasing the frequency parameter towards a certain value leads to an increase in 

the value of the dynamic deflection. Further increase in the frequency parameter decreases the dynamic deflection. 

That certain value of the frequency parameter is over predicted by the Euler-Bernoulli beam model compared to the 

Timoshenko/modifies Timoshenko beam model. An important fact that one should pay attention to it is that in this 

study we have restricted ourselves to the linear vibration analysis, accordingly, the presented plots in Fig.5 around 

the peak values are not truly correct. Around these regions, the nonlinear analysis should be employed.   

 

 

 

 

 

 

 

Fig.5 

Variation of the maximum normalized dimensionless 

dynamic deflection of the SWCNT with the velocity 

parameter. 

By another numerical example, in Fig.6, the variation of the lowest critical velocity parameter, which is the ratio 

of the lowest critical velocity to
1 / ,L  is presented. As seen from this figure, some observations can be deduced as 

follows:  

 First, threshold values of the frequency parameter are observed. One can expect this phenomenon from the 

closed-form relations, regarding to the critical velocities, presented in the previous section. By this 

statement, we mean that there exist certain values of ,  which for those values of  below/over these 

thresholds an increase in the frequency parameter leads to the a/an deacrease/increase in the value of the 

lowest critical parameter.  

 Second, from panel (a) it can be observed that for a certain value of the frequency parameter, below the 

related threshold value, increasing the material characteristic parameter (in this case it is equivalent to 

increasing the scale factor too), increases the lowest critical velocity. However, for those values of the 

frequency parameter higher than the threshold values, up to certain values of the frequency parameter, the 
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same behavior is observed. By passing these certain values further increase in the frequency parameter will 

decrease the lowest critical velocity.  

 Third, from panel (b), one can draw same conclusions as stated for panel (a). But the difference is that the 

material characteristic parameter and the nonlocal parameter have reverse effects on the lowest critical 

velocity parameter.  

 Fourth, for those values of the frequency parameter below the thresholds, the Euler-Bernoulli beam model 

predicts higher values of the lowest critical velocity than the two Timoshenko beam models and for those 

values of the frequency parameter over the thresholds, it predicts lower values of the lowest critical velocity 

than the two Timoshenko beam models.  

 

 
(a) 

 
(b) 

Fig.6 

Variation of the lowest critical velocity with the frequency parameter, (a) ea=1 nm and (b) l=1 nm. 

4.2.3 Effect of the surface elasticity parameters  

In this subsection, the effect of the surface modulus and the residual surface tension on the dynamic response of a 

Nano beam  has been examined. In the numerical calculations, we again consider the SWCNT used in previous 

examples with the following parameters: 1.0 ,ea nm 0.5 ,l nm 5L d and 0.1  . It has to be noted that the 

value of the surface modulus depends on the material type and the surface crystal orientation [52]. For example by 

using (1 1 2) nickel, using the atomistic calculations, the related value of 35.3 /sE N m has been obtained [61]. In 

this study, for the purpose of theoretical investigation, we have varied the surface elastic modulus in a positive 

range.  

In Fig.7, the variation of the maximum normalized dynamic deflection with the surface elastic modulus has been 

shown. As seen from this figure, increasing the surface elastic modulus decreases the maximum dynamic deflection 

for the three beam models. The modified nonlocal strain gradient Timoshenko beam model, proposed in this study, 

predicts lower values for the maximum normalized dimensionless dynamic deflection compared to the nonlocal 

strain gradient Timoshenko beam model. Also, among the three beam models, the Euler-Bernoulli beam model 

predicts the lowest values of the dynamic deflection. By comparing panel (b) with panel (a), it can be concluded that 

an increase in the slenderness ratio of the SWCNT leads to a decrease in the value of the normalized dynamic 

deflection. From panel (b), it can be seen that, corresponding to a longer SWCNT, the results predicted by the 

modified nonlocal strain gradient Timoshenko beam model differ slightly from those predicted by the nonlocal 

strain gradient Timoshenko beam model.  

 

 
(a) 

 
(b) 

Fig.7 

Variation of the maximum normalized dynamic deflection of the SWCNT with the surface elastic modulus, (a) L=5d and (b) 

L=10d. 
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5    CONCLUSIONS 

In this study, we have carried out the forced vibration problem of Nano beam s acted upon by moving harmonic 

loads. To do this, we have derived the governing equations of forced vibration of three beam models namely, the 

Euler-Bernoulli, Timoshenko and modified Timoshenko beam models in the frameworks of the nonlocal strain 

gradient elasticity theory. Based on a combination of the Galerkin and Laplace transform methods, analytical 

solutions have been obtained for simply supported boundary conditions. However, the extension to other boundary 

conditions is straightforward. As explained in the text, a modification has been introduced to the nonlocal strain 

gradient Timoshenko beam model for the first time. The modification has been exerted to the constitutive equations 

by exclusion of the nonlocality in the shear constitutive relation. The most important findings are summarized 

below: 

 When SF=1 (it means that the material characteristic parameter is equal to the nonlocal parameter), the 

dynamic responses predicted by the three beam models are identical with the results by the associated 

classical beam models. In other words, for this case, the presence of material characteristic parameter in the 

formulations cancel the effect of the nonlocal parameter out.  

 When the material characteristic parameter is smaller than the nonlocal parameter (i.e., SF<1), increasing 

the nonlocal parameter leads to an increase in the dynamic deflection of Nano beam s at a certain value of 

the scale factor (it corresponds to stiffness-softening phenomenon). When the material characteristic 

parameter is higher than the nonlocal parameter (i.e., SF>1), the dynamic deflection of Nano beam s will 

decrease with increasing the nonlocal parameter (it corresponds to stiffness-hardening phenomenon). Based 

on these observations, it can be concluded that the nonlocal parameter and the material characteristic 

parameter have completely reverse effects on the dynamic response of Nano beam s.  

 The modified nonlocal strain gradient Timoshenko beam model differs considerably from the nonlocal 

strain gradient Timoshenko beam model. The difference is more relevant for lower values of the 

slenderness ratio. When SF<1, the modified model predicts lower values for the dynamic deflection 

compared to those predicted by the unmodified model. When SF>1, the modified model predicts higher 

values for the dynamic deflection compared to those predicted by the non-modified model.  

 Increasing the velocity of the moving harmonic load up to a certain value will increase the dynamic 

deflection of Nano beam s. Further increase in the velocity of the moving harmonic load decreases the 

dynamic deflection.  

 Increasing the excitation frequency of the moving harmonic load up to a certain value increases the 

dynamic deflection. Further increase in the excitation frequency leads to a decrease in the values of the 

dynamic defection.  

 Closed-form relations have been obtained for the critical velocities. We have examined the lowest critical 

velocity and shown that it varies linearly with the excitation frequency. Increasing the excitation frequency 

up to a certain value will decrease the lowest critical velocity. By passing this point, further increase in the 

excitation frequency increases the lowest critical velocity.  

 Increasing the surface elastic modulus will decrease the dynamic deflection.  

APPENDIX A 

The constants appearing in Eq. (40) are summarized below: 
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The constants appearing in Eq. (44) are summarized below: 
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The constants appearing in Eqs. (53) and (54) are summarized below: 
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The inverse Laplace transform of Eqs. (58) and (59) are given in the following: 
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