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 ABSTRACT 

 A new systematic iterative analytical procedure is presented to 

predict the dynamic response of composite sandwich plates 

subjected to low-velocity impact phenomenon with/without initial 

in-plane forces. In this method, the interaction between indenter and 

sandwich panel is modeled with considering the exponential 

equation similar to the Hertzian contact law and using the principle 

of minimum potential energy and the energy-balance model. In 

accordance with the mentioned procedure and considering initial in-

plane forces, the unknown coefficients of the exponential equation 

are obtained analytically. Accordingly, the traditional Hertzian 

contact law is modified for use in the composite sandwich panel 

with the flexible core under biaxial pre-stresses. The maximum 

contact force using the two-degrees-of-freedom (2DOF) spring-

mass model is calculated through an iterative systematic analytical 

process. Using the present method, in addition to reducing the 

runtime, the problem-solving process is carried out with appropriate 

convergence. The numerical results of the analysis are compared 

with the published experimental and theoretical results. The effects 

of some important geometrical and physical parameters on contact 

force history are examined in details. 

© 2020 IAU, Arak Branch. All rights reserved. 
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1    INTRODUCTION 

 HE main reasons using composite and sandwich structures in various industries (e.g. aerospace, maritime and 

road transportation, civil and mechanical structures) are specific strength and bending stiffness, lightweight, 

thermal insulation, etc. One of the serious issues limiting the applications of sandwich structures is the sensitivity of 

these materials to impact with external objects. Damage due to impact behavior on the sandwich panel can lead to 

the reduction in compressive strength structure. For this reason, the problem of impact is significantly effective in 
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designing and manufacturing sandwich panels. In sandwich structures containing a lightweight core, indentation is 

strongly influenced by the core. This is because deformation predominately occurs by crushing the soft core for 

sandwich structures consisting of high-stiffness face sheets and a flexible core [1]. Extensive research carried out on 

the low energy impact response on composite and sandwich structures. Liou [2] achieved the contact law for 

carbon/epoxy composite impacted by rigid sphere through indentation experimental test. In the corresponding paper, 

three models were considered for contact law, including  1.5 1.2
, ,

n
F K F K F K      . In the third equation, the 

values of k and n were determined based on applying least squares method on the obtained results. The results 

indicated that as the thickness of the plate increases, the value of the exponent parameter of Hertzian law decreases. 

Yang and Sun [3] studied indentation phenomena through static indentation tests on graphite/epoxy multilayer 

plates. The obtained results are similar to the experimental Hertz‟s relationship. It was concluded that value 1.5 is 

suitable for value n. Lee [4] carried out indentation tests to establish the contact law for a 12.7mm spherical diameter 

steel indenter on a sandwich structure. Based on tests, the value of the contact coefficient for loading phase was 0.8. 

Olsson [5] developed an analytical model for contact indentation of sandwich panel. It was deduced that the 

exponential parameter in the Hertzian contact law for the sandwich panel is equal to 1. the contact law in the 

sandwich structures is fundamentally different from that in metallic structures. With increasing transverse in the 

sandwich panel, the core becomes crushed. Therefore, in these types of structures, core crushing is significant. Turk 

and HooFatt [6] analytically investigated indentation of an indenter into a rectangular sandwich-composite plate, 

considering the core crushing. Using appropriate shape function for the top face sheet, the elastic strain energy of the 

sandwich plate, dissipated plastic work resulted from crushing the core and the external work due to impact force 

were calculated. Sburlati [7] studied the force–indentation response associated with a rigid particle influencing a 

sandwich structure. It was deduced that a Hertzian contact pressure distribution is not suitable for low-density 

systems. Choi et al. [8] proposed a new approach using linearized contact law to analyze of impact behavior on the 

composite structure and compared it to modified Hertzian contact law. It was shown that the linearized contact law 

can be valuable for solving the impact analysis problems. Kiratisaevee and Cantwell [9] carried out indentation and 

dynamic tests on aluminum foam sandwich panels and fiber-metal laminate sandwich panels. They found that the 

parameter n  for aluminum foam-based sandwich structures varies between 0.9 and 1.2 and between 0.7 and 0.9 for 

fiber-metal laminate sandwich structures. The average value of C  for dynamic loading was significantly higher than 

that for the quasi-static data. A few studies on the low velocity impact on the composite and the sandwich structure 

have been reported under in-plane load. The effects of the initial in-plane stresses and the transverse flexibility of the 

core of the sandwich panel, using improved higher-order sandwich plate theory have been investigated by 

Malekzadeh et al. [10]. It was shown that as tensile in-plane initial stresses increase, indentation force increase but 

total first contact time decrease. Choi [11] introduced a finite element equation based on the modified displacement 

field to solve dynamic response of the composite structure considering initially loaded in-plane stresses. Due to the 

obtained results and compared to compressive in-plane load, it can be seen that the initial tensile in-plane induced 

the fast response. Hossini et al. [12] derived an improved contact law for the deformation response of sandwich 

panel indented by a rigid flat-ended cylindrical impactor. The load- indentation response is derived by using 

minimization of total potential energy. In this paper, the effects of In-plane forces on impact response were 

investigated. It is observed that the positive initial in-plane forces decrease the indentation but increase the slope of 

the indentation force versus top face-sheet deflection curve. Static indentation of the composite-sandwich plate is 

analytically investigated by Khalili et al. [13]. The effect of in-plane displacement component as well as the in-plane 

forces acting on the edge of the sandwich panel are incorporated in the mentioned analysis. In this study, as the in-

plane biaxial tension is applied simultaneous to the structure, result more changes in the indentation curve than as 

only one of the forces is applied. Shariyat et al. [14] investigated the low-velocity impact of sandwich structure with 

viscoelastic cores under biaxial pre-loading. The result indicated that with increasing initial velocity of the indenter, 

due to viscoelastic nature of the core the contact force decrease and an opposite trend was observed in the absorbed 

energy. 

In this paper, a new modified contact law is introduced to investigate the low-velocity impact response of the 

sandwich plates. In this method, assuming the exponential equation similar to the Hertzian contact law, using the 

principle of minimum potential energy and the energy-balance model between the indenter and the sandwich plate, 

the unknown coefficients of the exponential equation are analytically obtained. Considering that initial in-plane 

forces are important in determining the response of the structure, thus the effects of these forces on the impact 

behavior of the sandwich panel are investigated. In addition, the effects of some important geometrical and physical 

parameters on the contact force history were discussed in detail. 
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2    ANALYTICAL FORMULATION  

The composite sandwich flat panel of dimension a a   studied in this paper, is composed of the symmetric face-

sheets and a core with thickness ch   as shown in Fig.1. The panel is subjected low-velocity impact a blunt end 

cylindrical indenter with radius R and length L at normal obliquity. In this work, the friction between panel and 

impactor is assumed to be negligible. Also, the effects of secondary contact loading are assumed to be negligible. In 

this article, the simultaneous application of the biaxial tensile (or compressive) and the shear load on impact 

response of sandwich panel is survived. t can be assumed that the in-plane normal and shear loads act along the 

panel edges statically. In order to investigate the local indentation of the panel, the analysis considers indentation of 

a panel resting on a rigid foundation [15]. It is assumed that face sheet indentation becomes less than about half of 

the plate thickness [6]. When the core is crushed with a constant force resistance per unit area, q, the foundation is 

termed as rigid-plastic. As the core layer is flexible and weak along in-plane direction, it cannot accept in-plane 

loads along its edge. Here, the in-plane loads are carried only by the face-sheets. Fig. 2 shown the assumed 

distribution of the initial in-plane force [13]. According to the classic laminate plate theory, the elastic strain energy 

due to the bending of an orthotropic laminated face sheet is: 
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2 2
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In which ijD  is the laminated bending stiffness, A x yd d d  and A is the surface area of the deformed face sheet. 

As shown in Fig.3, the profile of the local indentation of the upper face sheet can be approximated by the following 

function [16]: 
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where   is the deflection under the indenter, and   is the lateral extent of the deformation zone [6]. It is assumed 

that the mentioned profile satisfies the boundary condition. 

 

 

 

 

 

 

 

 

 

Fig.1 

Geometry of the composite sandwich panel. 

  

 

 

 

 

 

 

 

Fig.2 

Distribution of the in-plane forces. 
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Fig.3 

Schematic profile of the deforming and the undeforming zone. 

 

Substituting Eq. (2) into Eq. (1) gives: 
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where  
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[ 2 ]
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The minimum total potential energy principle is used to analyze the relation. The total potential energy can be 

written in the form of: 

 
U D W     (5) 

 

In which D is the plastic work dissipated in crushing the core and W is the work done by the indentation force. 

The plastic work due to compressive deformation of the core is defined by summing the work done under the 

indenter *
1( )D   and outside the indenter in the deforming zone 2( )D . (See Fig. 3). 

 

* 2
1 2 4 x y

R R
D D D qR q d d

 

         (6) 

 

where q is the crushing strength of the core. By inserting the shape function Eq. (2) into Eq. (6) and integrating the 

result we will have: 

 

2 2256
( )

225
D qR q R       (7) 

 

The vectors of the in-plane forces along the edge of the top and bottom face-sheet and the vector of the in-plane 

resultant forces along the edges of the panel are respectively as follows: 
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where ,i i
xx yyN N  and ( , )i

xyN i t b  are the initial in-plane forces acting on the edge of the sandwich panel. By 

taking into account the effect of initial in-plane normal and shear loads and assuming an even distribution for the 

indentation load on the contact area, the external work done is given by: 
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where F is indentation force. Since, the core is assumed to be rigid-plastic, therefore the in-plane forces applied to 

the bottom face-sheet have no contribution in the total potential energy. The indentation behavior of the sandwich 

structure can be approximated using non-linear exponential equation, which states: 

 
nF K  (10) 

 

where   and K are the indentation index and the contact stiffness, respectively. In the present study, K and n are 

constants which were determined analytically using a new systematic iterative process. The energy absorbed in the 

contact area can be expressed as: 
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In which maxF   is the maximum indentation force. It is assumed that an average force during impact path are 

defined. The force is applied in the quasi-static form. As a result, the work done due to the mentioned force is 

defined as follow [16]: 
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By equalizing Eq. (12) with the work done by the indentation force, Eq. (11), we will have: 
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where *F  is the average force. Calculating the total potential energy of the sandwich plate during the indentation 

process and minimizing it with respect to the central deflection i.e.,  yields the contact force: 
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To simplify the calculation, the following terms are assumed: 

 

2 2256
( )

225
qR q R N     

1

2

2 65536
( ) 2

33075( )

t t t
xx yy xy

D
N N N M

R

 



   


 

(15) 

 

As a result: 
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Considering the above equation based on K, we will have: 
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2.1 Energy balance model 

When the composite-sandwich panel is simply supported around the edge, two types of deformation occur: the Local 

deformation of the top face sheet into the core,   , which was analyzed in the previous section and the global plate 

bending and shear deformation, Δ. Here we develop an energy balance model to achieve a new relationship based on 

parameters maxF  and k . Based on the assumption of quasi-static behavior, the initial energy of the impactor is equal 

to the sum of the energies due to localized indentation in the contact area together with global deformation [15]. The 

global deformation usually includes bending, shear and membrane deformations in the panel. The energy balance 

model neglecting the membrane effect can be written as: 

 

21

2
i i cm v E U   (18) 

 

where im   and iv  are the mass and initial velocity of the impactor, respectively, U is the bending and shear strain 

energy and cE  is the indentation energy in the contact area. The indentation energy can be expressed as: 
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The principle of minimum energy is again utilized to derive and approximate solution for the global deformation. 

The function related to transverse deformation is, W, and the rotation with respect to the x-and y-axis,


 and 


  can 

be defined as follows. 
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In which   , 0  and 0  are the amplitudes of shape functions for transverse deflection and rotations. Functions 

f(x), f(y), g(x), h(x), and g(y), are selected to satisfy the displacement and force boundary condition at the edges. The 

strain energy for the symmetric sandwich panel by neglecting the in-plane deformation with respect to the transverse 

deformation is as: 
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where s
ijD  is the bending stiffness matrix and 44

sA and 55
sA are the transverse shear stiffness of the panel. The 

superscript “s” denotes the sandwich panel. If h<<H, the transverse shear stiffness is given as 44 55 13
s sA A G H   , 

where 13G   is the shear modulus of the core. Substituting the derivatives of the expression in Eq. (20) into Eq. (21) 

gives the strain energy in terms of   , 0  and 0  as follows: 
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The external work is defined as:  
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Therefore, the total potential energy is: 
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To simplify the calculation, the following term is assumed: 
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Minimizing    with respect to   , 0  and 0 , the equilibrium of the system is obtained as: 
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By solving the above system of equations and defining parameters such as 7 8 9 10 11 12, , , , ,A A A A A A and 13A  , the 

parameter values for , 0  and 0  are achieved as follows: 
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Then: 
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Substituting Eq. (30) in to Eq. (23) gives: 
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Substituting Eq. (13) in to Eq. (30) gives: 
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Now, by inserting Eqs. (19) and (31) into Eq. (18), the equation of energy-balance is rewritten as follows: 

 
1 1

2 max max
14 2

1

2 1( 1)

n

n n

i i

F K F
m v A

nn

 

 


 (33) 

 

Considering Eq. (33) based on K, we will have: 
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1
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n nn
i i
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n
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  
    

   

 (34) 

 

By equating the two independent values obtained of parameter K (Eq. (18) and Eq. (35)), we have: 
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  


 
 

 

 (35) 

where 
21

2
i iT m v  . It is observed in Eq. (32), that maximum force is a function of the unknown parameter (n). In 

addition, contact stiffness can be obtained in terms of exponent parameter, n, using Eq. (31). Here, the main issue is 

to obtain the maximum impact force. 

2.2 Calculating the maximum contact force 

In this study, the two-degrees-of-freedom (TDOF) spring-mass model is proposed and employed to predict 

maximum contact force. According to Fig. 4, the set of equations of motion of the TDOF system is as follows: 
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(36) 

where im   and sm  are the effective mass of the impactor and the sandwich panel, respectively. *K  and gK  are 

the linearized contact coefficient in Choi`s linearized contact law and the dynamic global stiffness of the sandwich 

panel. Furthermore, 1X   and 2X   are the displacements of the impactor and the structure, respectively. In the above 

equation, using Choi`s linearized model [8], instead of the nonlinear Hertzian contact law, the contact force can be 

obtained as: 

 

   
1 1

* * *

2 1 max,
n

n nF t K K x x K K F


     

 

(37) 

 

 

 

 

 

 

 

Fig.4 

The two-degree-of-freedom model. 

 

Using Eq. (27) gK  is obtained as: 
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 (38) 

 

The initial conditions of Eq. (36) are as follows: 

 
0 0

1 2 1 , 20 0, x x 0it x x v       (39) 

 

Considering Eq. (36), the displacement of the impactor and sandwich panel can be written as: 

 

1 1 2 2sin , sin ,x C t x C t    (40) 

 

Substituting Eq. (40) into Eq. (38), we will have: 
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 (41) 

 

Using Eq. (41), the natural frequency can be expressed as follows: 
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The mode shape can be obtained as: 
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 (43) 
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1
0  and 2

0   are the first and second mode shapes, respectively. The motion`s equation of the spring-mass 

system can be written as follows: 

 

   
1 2

1 0 0

1 1 1 2 2 2

2

sin sin
1 1

x
C t C t

x
   

      
        

    
 (44) 

 

Because there is no damper in the system, 1 1 0   , by applying the boundary condition (Eq. (39)). 

 

   
0 0

1 11 2 2 1

1 0 0 1 0 0

,
v v

C C
 

 
   

 (45) 

 

Finally, using (Eq. (45) and Eq. (44)), the contact force history can be achieved as follows: 

 

        * * 1 2

2 1 1 0 1 2 0 2sin sinF t k x x k C t C t        (46) 

 

To obtain the maximum contact force, maxF , we take the first derivative of Eq.(46) as follows: 

 

 
       1 * 2 *

1 1 0 1 2 2 0 21 cos 1 cos 0
dF t

C t C t
dt

           (47) 

 

Afterwards, by substituting the maximum obtained contact time ( *t ) in Eq. (46), the corresponding maximum 

contact force can be obtained. Also, substituting maximum contact force into Eq. (37), the linearized contact 

stiffness can be achieved. The process for obtaining the modified contact law is shown in Appendix A. In the 

modified contact law, the maximum impact force between the impactor and the impacted surface of the target 

structure during the impact is first estimated, after that using Eqs. (35) and (37), parameters K and n are obtained. 

Again, using Eq. (46), maximum contact time is calculated. Finally, maximum contact force is achieved using Eq. 

(46) and previous value is compared. Then, process continues until convergence. In Eq. (36), the effective mass of 

the target structure can be approximated by assuming that the velocity profile is similar to the deformation profile 

for the sandwich panel [6]. 

The kinetic energy (KE) is as follow: 
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2 2
2 1 1

a a

s t b c x y

x y
KE h h h d d
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

      
           

         
   (48) 

 

where s   is the mass density of the sandwich panel. After integration of Eq. (48), KE is: 

 

 
20

232

225
s t b cKE h h h a     (49) 

 

The KE using the effective sandwich mass sm   is also given as: 

 
201

2
sKE m   (50) 

 

Therefore, the effective sandwich panel mass is: 
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3    VALIDATION AND RESULTS 

3.1 Model validation 

In this section, the low-velocity impact response of rectangular sandwich panel made of AS4/3501-6 carbon/epoxy 

face sheets and Nomex honeycomb core with/without initial in-plane forces will be investigated.  The panel is 

subjected to the low-velocity impact of a hemispherical-nose cylindrical impactor made of casehardened steel with 

the radius of R  and length of L . Dimensions of the structure as well as the material and geometrical properties of 

the face sheet, core and indenter are stated in Tables 1-2. It is assumed that the stacking sequence of laminate used in 

the present analysis in the top and bottom face sheets is considered as 8[0,90] s . In order to consider the effect of 

strain rates, the dynamic stiffness of the face sheets is assumed to be equal to its static value, while the dynamic 

crushing strength of the core of the sandwich structure is 10% higher than the static value [6]. Based on the 

governing Eq. (46), the impact force history curve for the mentioned composite sandwich panel is plotted in Fig. 5 

and compared with the experimental results obtained from Shokrieh et al. [17] as well as the analytical results 

reported by Hoo Fatt and Park [6] and Malekzadeh et al. [10]. It is obvious that the peak load predicted by the 

present analytical result about 0.85% less than the result obtained by the experimental test, while this discrepancy is 

about 5% and 8.2% for the analytical results reported by Hoo Fatt andPark [6] and Malekzadehet al.[10], 

respectively. 

 
Table 1 

Material and geometrical properties of composite sandwich plates and the impactor. 

Face-sheet Core 

2178 178a a mm     364 /c kg m  (density) 

0.0635kh  (ply thickness) 3.2d mm (cell diameter) 

31632 /f kg m  (mass density) 12.7ch mm (core thickness) 

Ply stiffness 3.83q Mpa ( crushing resistance) 

11 144.8 ( )E Gpa longitudinal stiffness   25.4D mm (diameter) 

22 9.7 ( )E Gpa transverse stiffness  660L mm (length) 

12 7.1 ( mod )G Gpa in plane shear ulus   0 3.48M kg (mass) 

,
11 0.3 ( )poission s ratio   0 1.42 /V m s (initial velocity) 

 
Table 2 

Mechanical properties of HRH/8-4.0 Nomex honeycomb. 

properties 

11 22 80.4E E Mpa   (in-plane stiffness) 

33 1.005E Gpa  ( transverse stiffness) 

12 32.2G Mpa  ( in-plane shear modulus) 

23 75.8G Mpa  ( out-plane shear modulus) 

13 120.6G Mpa  (out-plane shear modulus) 

12 0.25    (Poisson‟s ratio) 

13 0.2    (Poisson‟s ratio) 

23 0.2    (Poisson‟s ratio) 

 

 

 

 

 

 

 

 

Fig.5 

Impact force vs. time for carbon/epoxy composite sandwich 

plate subjected to hemispherical-nose cylinder. 
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Based on the present model, effect of the in-plane initial tensile stresses on the force vs. time curve is illustrated 

in Fig.6. Accordingly, if the zero in-plane force values are considered as the reference, i.e. 0xx xy yyN N N    , 

then by applying these forces to the sandwich panel subjected to low-velocity impact, the maximum contact force 

will be increased, while simultaneously the contact duration will be reduced. Furthermore, the results shown in Fig.6 

are in good agreement with those obtained in [10]. 

 

 

 

 

 

 

 

 

 

 

Fig.6 

The effect of the in-plane initial tensile stresses on the force vs. 

time curve. 

 

As seen in Fig.7,  the value of  the tensile preload from 0 to 600
m

s
  is increased. By increasing initial in-plane 

force values, the maximum contact force is increased. In addition, according to Fig.7 the effect of increase initial in-

plane force values on the contact stiffness parameter, k, and the power parameter, n, of the modified exponential 

equation are shown in Table 3. It is observed that with increasing the initial in-plane forces, the contact stiffness 

parameter, k, is increased, while the power parameter, n, is reduced. Obviously, it can be concluded from Fig.7 that 

the increase of the contact force is due to the increasing of the contact stiffness parameter k. 

 

 

 

 

 

 

 

 

 

Fig.7 

The variation of the contact force history of the sandwich panel 

in various initial in-plane forces. 

 
Table 3 

The effect of the in-plane initial tensile stresses on the contact stiffness and the power parameter. 

In-plane initial stresses 

kN

m
 

Maximum contact force 

max ( )F kN  

The contact stiffness 

( )
n

kN
K

m
  

The power parameter 

n 

No pre-stress 5.85 5.36e6 0.8 

100 ( )x y

kN
N N

m
    

 

6.08 

 

6.29e6 

 

0.79 

300 ( )x y

kN
N N

m
   

 

6.45 

 

8.23e6 

 

0.78 

600 ( )x y

kN
N N

m
   

 

6.82 

 

1.12e7 

 

0.76 
 

3.2 Effect of mass and velocity of impactor in a constant impact energy level with/without in-plane forces 

Effect of different masses and velocities of the impactor in a constant impact energy level is shown in Fig.8. It is 

assumed that the mass and velocity are equal to 3.48 kg and 1.42 m/s, 6.96 kg and 1 m/s, 10.44 kg and 0.82 m/s, 
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respectively. All of mentioned cases are in a constant impact energy level of 3.51 J. At a constant impact energy 

level, regardless of the in-plane forces, the maximum contact force of curve is reduced by decreasing the velocity of 

the impactor (from Curve 1 to Curve 3 and from Curve 3 to Curve 5), while the contact duration is increased from 

2.67 ms to the minimum 4.67 ms. By applying the tensile preload 300 ( )x y

kN
N N

m
   , the maximum contact 

force in curve 1 compared to the previous one about 10 percent is reduced, while this reduction is about 8 percent 

for curve 3. It is also observed that, the effective parameter in reducing the contact force based on nF k   

equation is indentation,  .  

 

 

 

 

 

 

 

 

 

 

Fig.8 

Effect of various mass and velocity values of the impactor in a 

constant energy level with/without initial in-plane forces. 

3.3 Effect of core thickness-to-sandwich panel thickness ratio with/without in-plane forces on low-velocity impact 

response 

In order to find the effect of the core thickness-to-sandwich panel thickness ratio, ch

h
 , different values of parameter 

ch

h
were selected so that, in each case, the force vs. time curves (Fig.9) and  indentation vs. time curve (Fig.10) 

were illustrated with/without considering the initial in-plane forces. The obtained results demonstrated that with an 

increase in the core thickness, the flexibility of the structure is increased, thus, the contact duration is reduced, while 

the maximum contact time is increased.  

 

 

 

 

 

 

 

Fig.9 

The effect of the core thickness-to-sandwich panel thickness 

ratio, ch

h
, with/without initial in-plane forces on maximum 

contact force. 

  

 

 

 

 

 

 

Fig.10 

The effect of the core thickness-to-sandwich panel thickness 

ratio, ch

h
, with/without initial in-plane forces on top facesheet 

deflection. 
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3.4 Effect of thickness of face sheet on low-velocity impact response in sandwich panel with initial tensile preload 

In Table 4, effects of four different types of the stacking sequence of laminate forces on the maximum contact force 

and maximum indentation with 300
kN

m
  biaxial tension forces are investigated. Characteristics of the impactor and 

target structure are in accordance with Tables 1-2. The thickness of all layers in the face sheets of the panels is 

assumed identical and equal to 0.0635 mm. The mass of the impactor is 3.48 kg and the tip of the impactor has a 

diameter of 25.4 mm. When the thickness of laminate increases, the contact force increases as well. According to 

Table 5, the value of k  increases but the value of n decreases as the thickness (flexural rigidity) of the skin 

increases. According to Table 4, with increasing the number of plies and ply thickness, the indentation on the top 

face sheet is reduced. Therefore, thicker laminates have the least indentation. As a result, it is clear that contact 

stiffness „k‟ and parameter „n‟ are dependent on laminate thickness. 

 
Table 4  

Effect of laminate thickness on modified contact laws with initial in-plane forces. 

Lamination               k               n          max ( )F N            max ( )m   

3 3 3: 0 ,90 ,0A      65.695 10   0.8266 5453.0 42.2277 10  

4 4 4: 0 ,90 ,0B     65.917 10  0.8223 5719.3 42.1565 10  

5 5 5: 0 ,90 ,0C     66.073 10  0.8154 5973.1 42.0511 10  

6 6 6: 0 ,90 ,0D     66.1859 10  0.8117 6031.7 41.9523 10   
 

3.5 Indentation variations for sandwich panel due to the low-velocity impact in the presence of the initial in-plane 

forces 

Fig. 11 shows the effect of velocity of the impactor on the indentation of the sandwich structure considering the 

initial in-plane forces. In Fig.11, if the initial in-plane force of zero is considered as the reference, the indentation in 

sandwich panel will be reduced by applying the force. Due to the similarity of the velocity variations for all of the 

applied forces, only the large diameter depicted in the elliptical shapes is reduced. Therefore, by applying larger 

values of the in-plane forces, it can be concluded that the elliptical shapes will be inclined toward the circular 

shapes. It is interesting to note that, when the impactor‟s velocity approaches zero, the maximum indentation will be 

obtained.  

 

 

 

 

 

 

 

 

 

Fig.11 

The variation of the indentation of the sandwich panel in 

various velocities with inital in-plane forces. 

3.6 Effect of in-plane-tensile forces on response of sandwich panel subjected to low-velocity impact 

Force-time curve of the sandwich plate for different values of in-plane tensile forces is illustrated in Fig.12. If the in-

plane forces of zero are considered as the reference, it can be seen from the figure that when the in-plane forces such 

as xxN  , yyN  and xyN  are applied to the sandwich panel simultaneously,  larger changes will be observed in the 

force vs. time curve until xxN  or yyN  are applied to the panel alone. Similarly, when the forces xxN  and yyN are 

applied to the panel at the same time, the maximum contact force will be more changes in comparison with the case 

in which xxN  or yyN are applied to the panel alone. Obviously, it can be concluded from Fig.12 that as the in-plane 
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forces such as xxN , yyN  and xyN  are applied to the sandwich panel simultaneously, maximum contact force about 

10 percent is reduced in comparison with the case in which xxN  or yyN are applied to the structure alone. 

 

 

 

 

 

 

 

 

 

Fig.12 

Impact force history for the different values of the initial in-

plane forces. 

3.7 Effect of  
a

h
  parameter on dynamic response of sandwich panel with/without the initial in-plane forces 

Fig.13 shows the effect of the length-to-thickness ratio 
a

h
 of the square-sandwich panel on dynamic response of 

sandwich panel with/without considering the initial in-plane forces. As observed in this figure, with increasing the 

dimensionless parameter
a

h
 and simultaneous use of the in-plane forces, the power parameter (n) is reduced. In the 

case of 16
a

h
 , the difference of the results obtained from the cases with/without considering the in-plane forces for 

power parameter n will be insignificant and it seems that with a further increase in parameter
a

h
, effect of the in-

plane forces on parameter (n) can be neglected. However, Fig.14 has a different status in terms of parameter k, since 

it seems that there is a difference even in the value of greater length-to-thickness ratio. As a result, in the presence of 

the initial in-plane forces, the effect of parameter k on the parameter 
a

h
 will be significant. 

 

 

 

 

 

 

 

Fig.13 

Effect of 
a

h
 parameter on the power parameter, n, of the 

modified exponential equation with/without the initial in-plane 

forces. 

  

 

 

 
 

 

Fig.14 

Effect of 
a

h
 parameter on the contact stiffness parameter, k , 

of the modified exponential equation with/without the initial 

in-plane forces. 
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3.8 Effect of initial tensile forces on the contact force indentation relationship 

Fig. 15 shows the effect of considering the initial in-plane forces on the force-indentation curve based on power-law 

contact force indentation relationship ( nF K ).  As it can be observed, the power parameter (n) is reduced by 

increasing the in-plane forces from curve 1 to curve 4, while the contact stiffness parameter k and the maximum 

contact force are increased. It is interesting to note that, according to Fig.15 by increasing the initial in-plane forces, 

the curves approach the y-axis.  

 

 

 

 

 

 
 

 

 

Fig.15 

Effect of initial tensile forces on the contact force indentation 

relationship. 

  

4    CONCLUSIONS 

For most sandwich panels, the local deformation of the core dominates the global deflection due to a low-modulus 

core. Consequently, the traditional Hertzian contact law should be modified to cater for sandwich panels. In this paper, 

a new systematic iterative analytical process for the low-velocity impact analysis of composite sandwich plates 

with/without initial in-plane forces was presented. 

In this method, using the principle of minimum potential energy and the energy-balance model between the 

indenter and the sandwich plate, the unknown coefficients of the exponential equation were obtained analytically 

assuming exponential equations such as the Hertzian contact law. The maximum contact force using the 2DOF spring-

mass model was found through an iterative systematic analytical process. By presenting the exponential equation in 

which coefficients are calculated analytically, the process of solving is performed in less time. In order to study the 

effect initial in-plane forces upon the panel, it is assumed that the in-plane normal and shear loads act along the top face 

sheets edges statically. The validity of the present formulation is verified with existing analytical models and 

experimental results. Due to the flexibility of the core, the impact force history curves are different from the ones 

predicted by the Hertzian contact law. In addition, due to the crushing of the core soft, with the increase in the 

indentation of sandwich structures, the exponent parameter of the traditional Hertzian law decreases. For the considered 

case, the results showed that the impactor‟s velocity is a more effective parameter in the maximum contact force at 

constant energy levels in comparison with the mass of the impactor. When the impact energy level increases, the 

maximum impact force and the contact duration increase, although the values of contact coefficient, k  and  n of the 

modified contact law decrease. In addition, it can be concluded that as the in-plane forces are applied to the sandwich 

panel simultaneously, maximum contact force in comparison with the case in which initial in-plane forces are 

applied to the structure alone, is reduced. It is also observed that the variation of contact force-indentation relation 

approaches linearity when face sheet thickness decreases. 

The results indicated that some geometrical parameters, e.g. the length-to-thickness ratio 
a

h

 
 
 

  , the core 

thickness-to-panel thickness ratio ch

h
 , kinetic energy, and initial velocity of the impactor, are important factors with 

the greatest influence on contact coefficients and impact process. 

The results showed that, in the presence of the initial in-plane forces, the effect of parameter k on the parameter 

a

h
 would be significant while with increase in parameter

a

h
, effect of the in-plane forces on parameter (n) can be 

neglected. 
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APPENDIX A  

The process to obtain the new analytical method. 
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