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Abstract: In critical manoeuvres where the maximum tire-road friction capacity is used, the 

vehicle's dynamic behaviour is highly nonlinear, and there are strong couplings between 

longitudinal and lateral dynamics. If the tire-road friction conditions change suddenly during 

these manoeuvres, the vehicle control will be very complicated. The innovation of this research 

is a control algorithm to manage vehicles on a curved path with sudden tire-road friction change. 

The main advantage of the proposed controller is that it is robust to the change of the friction 

coefficient and other unmodeled uncertainties and ensures vehicle stability with low 

computational volume. The evaluation of the proposed adaptive controller has been done using 

the full vehicle model in CarSim software and by defining three different manoeuvres, moving 

at a constant speed on a curved road, lane-change, and lane-change with braking. Also, in the 

obtained results, the noise of the yaw speed signals and longitudinal and lateral accelerations are 

considered. The estimation of the longitudinal and lateral velocities is also done using these data. 

The obtained results showed that the proposed integrated control can manage the highly 

nonlinear dynamics of the vehicle in the existence of a sudden and significant change in the 

friction coefficient.  
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1 INTRODUCTION 

Autonomous driving started in the 1980s [1-2] and has 

developed and progressed significantly over the past few 

decades [3]. Automatic driving can save time and reduce 

air pollution by reducing traffic. In addition, self-driving 

vehicles can significantly increase the comfort and 

safety. Based on accident statistics and the proportion of 

accidents caused by human error, there is a growing need 

for self-driving cars. The World Health Organization 

states that more than 1.35 million people die, and 20 to 

50 million people are injured due to annual accidents 

worldwide. Economic studies also show that the costs 

caused by accidents are more than 3% of the gross 

domestic product of the countries [4]. A study by the 

National Highway Traffic Safety Administration 

(NHTSA) in 2015 shows that human error was effective 

in about 94 percent of all car accidents [5]. 

The self-driving car has different parts, one of the most 

important of which is the control algorithm. The control 

section must perform the path tracking with the desired 

accuracy and also ensure vehicle stability. In a critical 

maneuver in which the longitudinal and lateral 

movements are performed simultaneously, the tire is in 

its saturated range. During the manoeuvre, the tire-road 

friction conditions also change. Due to uncertainties and 

very strong couplings between longitudinal and lateral 

dynamics in several levels of dynamics, kinematics, and 

tire forces, the problem of path following and 

maintaining the stability of the vehicle in a critical 

manoeuvre will be very challenging and complex. 

Literature review: So far, various control approaches 

have been proposed to solve this problem. One of the 

important manoeuvres in which longitudinal and lateral 

movements are performed at the same time is the lane 

change maneuverer. In [6-7], a review of the methods 

presented in the field of lane change control has been 

done. Depending on the desired manoeuvre, different 

controllers can be used. For simple manoeuvres where 

tire slip is negligible, a kinematic model can be used, and 

a controller can be designed for that [8-10]. Assuming 

that the slip of the tires is small, the relationship between 

force and slip is linear and it will be logical to use the 

linear dynamic model. In some references, the control 

algorithm has been studied based on a linear dynamic 

model [11-18]. One of the very important manoeuvres 

that play a role in reducing accidents is the collision 

avoidance manoeuvre. Numerous researchers have 

studied the problem of longitudinal and lateral integrated 

control with an emphasis on collision avoidance [19-23]. 

Model predictive control has been used many times in 

various areas of vehicle control due to its high capability 

in managing multi-objective constrained systems with 

uncertainty [24-26]. In some cases, predictive control 

has been used along with other methods. In [27], the 

direct Lyapunov approach has been used for longitudinal 

velocity control and nonlinear predictive control 

(NMPC) for lateral control. Despite having many 

capabilities, predictive control also brings challenges. 

By growing the model order, nonlinear terms, and 

constraints, the computational cost increases, and the 

possibility of getting stuck in the local minimum while 

doing the optimization problem increases. 

In [28], a comprehensive approach that combines 

planning and control mechanisms to enhance the quality 

of trajectories produced by intelligent vehicles is 

introduced. The trajectory planning component is 

engineered using the principles of the Iterative Linear 

Quadratic Regulator (ILQR), which incorporates the 

vehicle's nonlinear dynamics to optimize trajectory 

planning. In [29], a combined H∞ control approach is 

designed to enhance both the path-following capabilities 

and the lateral stability of autonomous in-wheel-motor-

driven electric vehicles (AIEVs) is presented. 

Motivation and innovation: The prior surveys show 

that valuable research has been conducted in this field. 

However, the problem of integrated longitudinal and 

lateral control of the vehicle in critical manoeuvres still 

needs more investigation. The primary objective of this 

work is to develop an adaptive control algorithm capable 

of providing integrated longitudinal and lateral control 

for highly nonlinear vehicle dynamics, while being 

robust to sudden changes in the friction coefficient and 

other uncertainties. A key goal is also to enable the 

control system to effectively follow curved paths, in 

addition to managing linear manoeuvres, by separating 

the control architecture. These objectives are motivated 

by the need to enhance vehicle safety and performance 

in challenging driving conditions where the available 

tire-road friction can vary unexpectedly. In [30-31], the 

motion control and integrated longitudinal and lateral 

control in the critical lane change manoeuvre on the 

highways have been done. To manage the variations of 

tire and road friction conditions, an adaptive control 

algorithm is proposed in [32]. This control algorithm 

uses the sliding mode approach, and by considering the 

nonlinear tire dynamics, it updates the tire forces in the 

control law by changing the friction conditions of the tire 

and the road. Despite having many advantages such as 

low computational cost, stability, and high tracking 

accuracy, this controller also has a fundamental 

limitation. 

This control algorithm is only used for lane change 

manoeuvres on the highways, where the lateral position 

variation is small compared to the longitudinal position. 

This article proposes a new control algorithm for critical 

manoeuvres to overcome this limitation. This algorithm 

can be used for the integrated longitudinal and lateral 

dynamics control of the vehicle on all roads (straight and 

curved roads). The accuracy of trajectory tracking of this 

algorithm is very high, and it also guarantees vehicle 

stability. This controller also can adapt to variations in 
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the tire-road friction conditions. This algorithm is robust 

to unmodeled uncertainties and parameter changes, and 

it will be helpful for manoeuvres where the vehicle 

dynamics are highly nonlinear and the tire capacity is in 

the saturated range. The details related to the design of 

the integrated controller, as well as the estimation 

algorithm of tire forces and friction coefficient, will be 

presented in sections 3 and 4, respectively. 

2 VEHICLE DYNAMIC MODEL 

In high-speed manoeuvres, it is possible to analyse the 

real behaviour of the vehicle only with a nonlinear 

dynamic model with many degrees of freedom. On the 

other hand, due to unmodeled uncertainties and the 

unknown value of the parameters, it is practically 

impossible to design a model-based controller based on 

complex dynamic models with high degrees of freedom. 

Considering these considerations, in this research, 7 

degrees of freedom model, including three degrees for 

movements in the yaw plane (𝑥, 𝑦 and 𝜓) and four 

degrees of freedom for four wheels, are used. The 

overview of this model is shown in “Fig. 1”. This model 

considers longitudinal and lateral load transfer caused by 

longitudinal and lateral accelerations. The simulations 

performed on a complete vehicle model show that the 

design of the controller based on the 7-degree-of-

freedom model (𝑥, 𝑦, 𝜓, 𝜔𝑓,𝑙 , 𝜔𝑓,𝑟 , 𝜔𝑟,𝑟 , 𝜔𝑟,𝑙) was 

practical and appropriate (Section 5). 

 

 
Fig. 1 The 7 degrees of freedom model. 

 
In “Fig. 1”, 𝑋 − 𝑌 are the inertial coordinate axes, and 

x-y are the local coordinate axes connected to the centre 

of mass (CG). Subscripts f and r refer to the front axle 

and rear axle of the vehicle. Also, the pairs (𝑓, 𝑙), (𝑓, 𝑟), 

(𝑟, 𝑟), and (𝑟, 𝑙)refer to the left front, right front, right 

rear, and left rear tires, respectively. 𝐹𝑥 and 𝐹𝑦 represent 

the longitudinal and lateral forces of the tire, 

respectively. The symbol 𝜔 also indicates the rotation 

around the wheel spinning axis. The longitudinal and 

lateral speeds at the CG are measured in local 

coordinates and are introduced by variables 𝑣, 𝑣𝑥 and 𝑣𝑦, 

respectively. 𝛿, 𝜓, and 𝛽 stand for the front wheel 

steering angle, vehicle yaw angle, and vehicle side-slip 

angle, respectively. The description and values of 

dynamic model parameters are presented in “Table 1”. 

The values of this table are extracted from D-Class 

Sedan vehicle in the CarSim software. 

In the following, the details of other parts of the dynamic 

model are stated. 
 

Table 1 Vehicle dynamic model parameters [30] 

Description Unit Value Parameter 

The total mass of the 

vehicle 
kg 1530 𝑚 

Vehicle yaw moment of 

inertia 
kgm2 2315 𝐼𝑧 

Front axle CG distance m 1.11 𝑙f 

Rear-axle CG distance m 1.67 𝑙r 

Track width m 1.55 𝑡𝑤 

Height of CG m 0.52 ℎ𝐶𝐺 

Aerodynamic drag 

coefficient 

--- 0.3 𝐶𝑑 

Braking gain (N.m)
/MPa 

700 𝑘𝑏 

Brake actuator time 

constant 

--- 0.06 𝜏𝑏 

Brake delay msec 31 𝜏𝑏𝑑 

Driveline efficiency --- 0.85 𝜂𝑑 

Driveline gain --- 4.1 𝑘𝑑𝑖𝑓𝑓  

Effective wheel radius m 0.325 𝑟𝑤 

Wheel's moment of inertia kg.m2 0.9 𝐼𝑤 

Rolling resistance 

coefficient 
--- 0.015 𝑓𝑟 

2.1. Vehicle Motion Equations [33] 

 

(1) 

(�̇�𝑥 − 𝑣𝑦�̇�) = [(𝐹𝑥𝑓,𝑙
+ 𝐹𝑥𝑓,𝑟

) cos 𝛿

− (𝐹𝑦𝑓,𝑙
+ 𝐹𝑦𝑓,𝑟

) sin 𝛿

+ (𝐹𝑥𝑟,𝑙
+ 𝐹𝑥𝑟,𝑟

) − 𝐹𝑎𝑒𝑟𝑜] 

  

(2) 

𝑚(�̇�𝑦 + 𝑣𝑥�̇�) = [(𝐹𝑥𝑓,𝑙
+ 𝐹𝑥𝑓,𝑟

) sin 𝛿

+ (𝐹𝑦𝑓,𝑙
+ 𝐹𝑦𝑓,𝑟

) cos 𝛿

+ (𝐹𝑦𝑟,𝑙
+ 𝐹𝑦𝑟,𝑟

)] 

(3) 
𝐼𝑧�̈� = 𝑙𝑓 [(𝐹𝑥𝑓,𝑙

+ 𝐹𝑥𝑓,𝑟
) sin 𝛿 + (𝐹𝑦𝑓,𝑙

+ 𝐹𝑦𝑓,𝑟
) cos 𝛿]

− 𝑙𝑟(𝐹𝑦𝑟,𝑙
+ 𝐹𝑦𝑟,𝑟

) 

 

Where, �̇� and �̈� are the rotational velocity and 
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acceleration of the vehicle, respectively. 𝐹𝑎𝑒𝑟𝑜 also 

represents the aerodynamic force applied to the front 

surface of the vehicle defined by “Eq. (4)”, [33]: 

 

(4) 𝐹𝑎𝑒𝑟𝑜 =
1

2
𝜌𝐶𝑑𝐴𝐹(𝑣𝑥 + 𝑣𝑤𝑖𝑛𝑑)2 

 

Where, 𝜌 is the air density and 𝑣𝑤𝑖𝑛𝑑 is the wind speed. 

𝐴𝐹 also represents the effective front surface of the 

vehicle and is equal to 1.6 + 0.00056(𝑚 − 765), [33]. 

2.2. Tire Model 

For the behaviour of the tire model to be close to the real 

behaviour, complex and accurate models should be used 

[33-35]. Accurate models have many parameters that 

must be identified. Identifying these parameters will be 

a major challenge considering the variations in tire and 

road conditions. Even if these parameters are identified, 

due to the accumulation of dynamic modelling errors 

and identification errors, the resulting tire and road 

friction model may significantly differ from the actual 

friction behaviour. In addition, the selected model for 

controlling the base model should be as simple as 

possible. Fortunately, if robust control approaches are 

used, it can be ensured that the unmodeled uncertainties 

of the tire will be well covered. Considering these 

considerations, based on the friction circle, a version of 

Pacejka's tire model, which has been used for control 

applications in this field [36-37], will be used [38]. Of 

course, for integrated control with friction estimation, 

this tire model will be used with modifications that will 

be explained in section 4. 

 

(5) 
𝐹𝛾𝜏,𝜀

=
𝜎𝜅𝜏,𝜀

𝜎𝜏,𝜀

𝜇𝜏,𝜀𝐹𝑧𝜏,𝜀
 ,   𝜅 ∈ {𝑥, 𝑦},   𝜏 ∈ {𝑓, 𝑟} ,    𝜀

∈ {𝑙, 𝑟} 
 

In this Equation, 𝐹𝑧𝜏,𝜀
 represents the vertical load of each 

tire and 𝜇𝛾𝜏,𝜀
 stands for the longitudinal or lateral tire-

road friction coefficient. 𝜎𝜏,𝜀 also represents the total tire 

slip, which is a function of the longitudinal slip (𝜎𝑥𝜏,𝜀
) 

and lateral slip (𝜎𝑦𝜏,𝜀
) of the tire (𝜎𝜏,𝜀 =

√(𝜎𝑥𝜏,𝜀
)
2
+ (𝜎𝑦𝜏,𝜀

)
2
) [38]. By considering the effect of 

load transfer caused by longitudinal and lateral 

accelerations using D'Alembert's principle, the vertical 

force of tires can be approximated with the following 

relationship. It must be recognized that the effect of 

vehicle suspension has been ignored. 
 

(6) 

𝐹𝑧𝑓,𝑙
= 𝑚 [

𝑔𝑙𝑟 − 𝑎𝑥ℎ𝐶𝐺 − 𝐹𝑎𝑒𝑟𝑜ℎ𝑎𝑒𝑟𝑜/𝑚

2𝑙

−
𝑙𝑟
𝑙

ℎ𝐶𝐺

𝑡𝑤
𝑎𝑦] 

  

(7) 

𝐹𝑧𝑓,𝑟
= 𝑚 [

𝑔𝑙𝑟 − 𝑎𝑥ℎ𝐶𝐺 − 𝐹𝑎𝑒𝑟𝑜ℎ𝑎𝑒𝑟𝑜/𝑚

2𝑙

+
𝑙𝑟
𝑙

ℎ𝐶𝐺

𝑡𝑤
𝑎𝑦] 

  

(8) 

𝐹𝑧𝑟,𝑙
= 𝑚 [

𝑔𝑙𝑓 + 𝑎𝑥ℎ𝐶𝐺 + 𝐹𝑎𝑒𝑟𝑜ℎ𝑎𝑒𝑟𝑜/𝑚

2𝑙

−
𝑙𝑓

𝑙

ℎ𝐶𝐺

𝑡𝑤
𝑎𝑦] 

  

(9) 

𝐹𝑧𝑟,𝑟
= 𝑚 [

𝑔𝑙𝑓 + 𝑎𝑥ℎ𝐶𝐺 + 𝐹𝑎𝑒𝑟𝑜ℎ𝑎𝑒𝑟𝑜/𝑚

2𝑙

+
𝑙𝑓

𝑙

ℎ𝐶𝐺

𝑡𝑤
𝑎𝑦] 

 

2.2.1. Longitudinal Slip Ratio [38] 

 

(10) 𝜎𝑥𝜏,𝜀
=

𝑣𝑟𝑤𝜏,𝜀
− 𝑣𝑐𝑤𝜏,𝜀

max(𝑣𝑟𝑤𝜏,𝜀
, 𝑣𝑐𝑤𝜏,𝜀

)
 , 𝜏 ∈ {𝑓, 𝑟}, 𝜀 ∈ {𝑙, 𝑟} 

 

In the above Equations, 𝑣𝑐𝑤𝜏,𝜀
 is the longitudinal velocity 

of the tire contact point with the road surface and 𝑣𝑟𝑤𝜏,𝜀
 

is the longitudinal velocity equivalent to the rotation of 

the wheel [34]. 

2.2.2. Tire Slip Angle [33] 

(11) 𝜎𝑓,𝑙 = 𝜎𝑓,𝑟 = 𝛿 − arctan (
𝑣𝑦 + �̇�𝑙𝑓

𝑣𝑥

) 
  

(12) 𝜎𝑟,𝑙 = 𝜎𝑟,𝑟 = −arctan (
𝑣𝑦 − �̇�𝑙𝑟

𝑣𝑥

) 

 

2.3. Wheel Dynamics 

The wheel motion Equation establishes the relationship 

between the longitudinal force and the traction and 

braking torques [33]. 

 

(13) 
𝐼𝑤�̇� 𝜏,𝜀 = −𝐹𝑥𝜏,𝜀

. 𝑟𝑤 + (𝑇𝑑𝜏,𝜀
− 𝑇𝑏𝜏,𝜀

) − 𝑓𝑟𝐹𝑧𝜏,𝜀
𝑟𝑤  ,

𝜏 ∈ {𝑓, 𝑟} ,    𝜀 ∈ {𝑙, 𝑟}  
 

Where, �̇� is the angular acceleration of the wheel, 𝑇𝑑𝜏,𝜀
 

is the traction torque, 𝑇𝑏𝜏,𝜀
 is the braking torque applied 

to the wheel.It is assumed that the torque applied to the 

left and right wheels of the front axle are equal to each 

other. This assumption is also valid for the wheels of the 

rear axle. It must be recognized that the traction torque 

is applied only to the front wheels. It is also assumed that 

in the braking mode, the distribution ratio of the rear-to-

front braking torques is equal to γ. The parameter γ is 

determined using the pressure distribution valve of the 

hydraulic system [33]. Therefore, the torques applied to 

the wheels can be defined as “Eq. (14) and Eq. (15)”. 
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(14) 𝑇𝑑𝑓,𝑙
= 𝑇𝑑𝑓,𝑟

=
𝑇𝑑

2
,     𝑇𝑑𝑟,𝑙

= 𝑇𝑑𝑟,𝑟
= 0 

  

(15) 𝑇𝑏𝜏,𝑙
= 𝑇𝑏𝜏,𝑟

=
𝑇𝑏𝜏

2
,    𝜏 ∈ {𝑓, 𝑟}  

 

It should be noted that 𝑇𝑑 and 𝑇𝑏  represent the sum of 

traction and braking torques applied to the wheels, 

respectively. 

2.4. Power Train Model 

It can be presumed that the torque converter is 

completely locked in high-speed maneuvers. So, the 

relationship between the engine torque (𝑇𝑒) and the total 

traction torque (𝑇𝑑) can be expressed as “Eq. (16)”, [33]. 

 

(10) 𝑇𝑒 =
𝑇𝑑

𝜂𝑑𝑘𝑑𝑖𝑓𝑓𝑛𝑔

   
 

Where, 𝑛𝑔 is the gear transmission ratio. 

Also, the throttle opening percentage is a function of the 

engine's net torque (𝑇e) and its rotation speed (𝜔𝑒). This 

function is available as a lookup table (𝛼𝑡ℎ = 𝑓(𝜔𝑒 , 𝑇𝑒)). 

2.5. Brake Dynamics 

The relationship between the brake torque and the 

pressure in the main cylinder (𝑃𝑏) can be approximately 

expressed by “Eq. (17)”, [39]: 

 

(17) 
𝑇𝑏(𝑠)

𝑃𝑏(𝑠)
=

𝑘𝑏𝑒
−𝜏𝑏𝑑𝑠

 𝜏𝑏𝑠 + 1
 

3 LONGITUDINAL AND LATERAL INTEGRATED 

CONTROL 

The proposed control method is a robust control 

approach that can also be used for curved roads. This 

controller includes two kinematic and dynamic parts. 

Separating the system control into two kinematic and 

dynamic parts makes it possible to control the system 

position variables. Therefore, in this way, it becomes 

possible to follow curved paths. The general structure of 

the controller is such that first, in the kinematics section, 

the desired longitudinal and lateral velocity is 

determined based on the tracking longitudinal and lateral 

position errors. Then, in the dynamic control, 

appropriate inputs are calculated to reach the desired 

velocities required in the kinematic control, considering 

the vehicle dynamics. 

3.1. Kinematic Control 

The desired position vector is 𝑝𝑅 = [
𝑋𝑅

𝑌𝑅
], which 

represents the desired longitudinal and lateral positions, 

respectively. Also, the vehicle position vector is defined 

as 𝑝 = [
𝑋
𝑌
] (“Fig. 2”). The error vector, e, is also 

expressed as the difference between the desired position 

vector and the vehicle position vector. 

 
Fig. 2 Description of inertial and local coordinate system: 

(a): positions, (b): velocities (β=0), (c): accelerations, and  

(d): velocities (β≠0). 

 

𝑒 = 𝑝𝑅 − 𝑝 = [
𝑋𝑅 − 𝑋
𝑌𝑅 − 𝑌

] 

 

The error dynamics for kinematic control is also 

expressed as: 

 

(18) �̇� + 𝐾𝑐𝑒 + 𝐾𝑖,𝑐 ∫ 𝑒
𝑡

0

𝑑𝑡 = 0   
 

Where, 𝐾𝑐 and 𝐾𝑖,𝑐 are positive definite control gain 

matrixes. According to “Fig. 2” and assuming 𝑅 =

[
cos𝜓 − sin𝜓
sin 𝜓 cos𝜓

], the velocity components in the 

inertial coordinates can be related to the components of 

the local coordinates as: 

 

(19) [�̇�
�̇�
] = 𝑅 [

𝑣𝑥

𝑣𝑦
] 

 

By combining “Eq. (18) and Eq. (19)”, the desired 

velocity vector 𝑣𝑐 can be written as: 

(20) 𝑣𝑐 = [
𝑣𝑥𝑐

𝑣𝑦𝑐
] = 𝑅−1 [�̇�𝑅 + 𝐾𝑐𝑒 + 𝐾𝑖,𝑐 ∫ 𝑒

𝑡

0

𝑑𝑡] 

3.2. Dynamicic Control 

The goal of dynamic control is to make 𝑣𝑥 and 𝑣𝑦 tend 

to values 𝑣𝑥𝑐
 and 𝑣𝑦𝑐

 respectively. Therefore, the error 

of longitudinal and lateral velocities can be expressed as: 
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(21) 𝑒𝑣𝑥
= 𝑣𝑥𝑐

− 𝑣𝑥  

(22) 𝑒𝑣𝑦
= 𝑣𝑦𝑐

− 𝑣𝑦 

 

The error dynamics of longitudinal and lateral velocities 

can be defined as:  

(23) �̇�𝑣𝑥
+ 𝐾𝑣𝑥

𝑒𝑣𝑥
+ 𝐾𝑖,𝑣𝑥

∫ 𝑒𝑣𝑥

𝑡

0

𝑑𝑡 = 0 

(24) �̇�𝑣𝑦
+ 𝐾𝑣𝑦

𝑒𝑣𝑦𝑖 + 𝐾𝑖,𝑣𝑦
∫ 𝑒𝑣𝑦

𝑡

0

𝑑𝑡 = 0 

 

Where 𝐾𝑣𝑥
, 𝐾𝑖,𝑣𝑥

, 𝐾𝑣𝑦
 and 𝐾𝑖,𝑣𝑦

 are positive definite 

control gain matrixes. 

3.2.1. Longitudinal Control 

Equation (23) can be used to calculate the longitudinal 

control input (throttle opening rate or brake cylinder 

pressure). By simplifying, we have: 

(25) �̇�𝑥 = �̇�𝑥𝑐
+ 𝐾𝑣𝑥

𝑒𝑣𝑥
+ 𝐾𝑖,𝑣𝑥

∫ 𝑒𝑣𝑥

𝑡

0

𝑑𝑡 

 

On the other hand, by combining the Equation of 

longitudinal motion and wheel dynamics (“Eq. (1) and 

Eq. (13)”), �̇�𝑥 can be defined as: 

 

(26) 

�̇�𝑥 =
1

𝑚
[
𝑇𝑓 − 𝑓𝑟𝑟𝑤𝐹𝑧𝑓

− 𝐼𝑤(�̇�𝑓,𝑙 + �̇�𝑓,𝑟)

𝑟𝑤
cos 𝛿 + 

(
𝑇𝑟 − 𝑓𝑟𝑟𝑤𝐹𝑧𝑟

− 𝐼𝑤(�̇�𝑟,𝑙 + �̇�𝑟,𝑟)

𝑟𝑤
)−𝐹𝑦𝑓

sin 𝛿

− 𝐹𝑎𝑒𝑟𝑜] + 𝑣𝑦�̇� 

 

By setting the right side of “Eq. (25) and Eq. (26)” equal, 

the total torque applied to the front and rear wheels can 

be calculated as: 

(27) 

𝑇𝑓cos 𝛿 + 𝑇𝑟 = 𝑚𝑟𝑤 (�̇�𝑥𝑐
+ 𝐾𝑣𝑥

𝑒𝑣𝑥

+ 𝐾𝑖,𝑣𝑥
∫ 𝑒𝑣𝑥

𝑡

0

𝑑𝑡 + 𝑣𝑦�̇�)

+ 𝑟𝑤 (𝐹𝑦𝑓
sin 𝛿 + 𝐹𝑎𝑒𝑟𝑜)

+ 𝐼𝑤([�̇�𝑓,𝑙 + �̇�𝑓,𝑟] cos 𝛿 + �̇�𝑟,𝑙

+ �̇�𝑟,𝑟)

+ 𝑟𝑤 [𝑓𝑟𝐹𝑧𝑓
cos 𝛿 + 𝑓𝑟𝐹𝑧𝑟

] 

 

The dynamics of the brake system and the power train 

are different, and each has its inputs. So, in the following 

steps, extracting the control input for each one is 

described separately. 

 

 

 

3.2.1.1. Braking Mode 

In braking mode, the ratio of the braking torque of the 

rear wheels to the front is assumed to be γ. In addition, 

the torque applied to the left and right wheels is the same 

in each of the axles. According to these assumptions and 

“Eq. (27)”, the braking torque applied to each can be 

expressed by: 

  

(28) 

𝑇𝑏 = 1/(cos 𝛿 + 𝛾) [𝑚𝑟𝑤 (�̇�𝑥𝑐
+ 𝐾𝑣𝑥

𝑒𝑣𝑥

+ 𝐾𝑖,𝑣𝑥
∫ 𝑒𝑣𝑥

𝑡

0

𝑑𝑡 + 𝑣𝑦�̇�)

+ 𝑟𝑤 (𝐹𝑦𝑓
sin 𝛿 + 𝐹𝑎𝑒𝑟𝑜)

+ 𝐼𝑤([�̇�𝑓,𝑙 + �̇�𝑓,𝑟] cos 𝛿 + �̇�𝑟,𝑙

+ �̇�𝑟,𝑟)+𝑟𝑤 (𝑓𝑟𝐹𝑧𝑓
cos 𝛿

+ 𝑓𝑟𝐹𝑧𝑟
)] 

 

By determining the total braking torque, the brake 

cylinder pressure can be determined using “Eq. (17)”. 

3.2.1.2. Traction Mode 

As mentioned, torque is not applied to the rear wheels in 

traction mode. According to “Eq. (16) and Eq. (27)”, the 

required engine torque can be expressed as: 

 

(29) 

𝑇𝑏 = 1/(𝜂𝑑𝑘𝑑𝑖𝑓𝑓𝑛𝑔cos 𝛿) [𝑚𝑟𝑤 (�̇�𝑥𝑐
+ 𝐾𝑣𝑥

𝑒𝑣𝑥

+ 𝐾𝑖,𝑣𝑥
∫ 𝑒𝑣𝑥

𝑡

0

𝑑𝑡 + 𝑣𝑦�̇�)

+ 𝑟𝑤 (𝐹𝑦𝑓
sin 𝛿 + 𝐹𝑎𝑒𝑟𝑜)

+ 𝐼𝑤([�̇�𝑓,𝑙 + �̇�𝑓,𝑟] cos 𝛿 + �̇�𝑟,𝑙

+ �̇�𝑟,𝑟)+𝑟𝑤 (𝑓𝑟𝐹𝑧𝑓
cos 𝛿

+ 𝑓𝑟𝐹𝑧𝑟
)] 

 

The throttle opening percentage can be determined by 

determining the engine torque and the engine speed. 

3.2.2. Lateral Control 

First, we multiply both sides of “Eq. (2)” by 𝑙𝑟  and add 

the resulting Equation with Equation (3). 

 

(30) 

𝑚𝑙𝑟(�̇�𝑦 + 𝑣𝑥�̇�) + 𝐼𝑧�̈�

= 𝑙 [(𝐹𝑥𝑓,𝑙
+ 𝐹𝑥𝑓,𝑟

) sin 𝛿

+ (𝐹𝑦𝑓,𝑙
+ 𝐹𝑦𝑓,𝑟

) cos 𝛿] 

 

By combining “Eq. (5), Eq. (11), and Eq. (30)”, �̇�𝑦 can 

be defined as “Eq. (31)”. 
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(31) 

�̇�𝑦 =
𝑙

𝑚𝑙𝑟
[𝐹𝑥𝑓

sin 𝛿

+ 𝑏 (𝛿 − arctan (
𝑣𝑦 + �̇�𝑙𝑓

𝑣𝑥

))

− 𝐼𝑧�̈�] − 𝑣𝑥�̇� 

 

Where 𝑏 =
𝑙 cos 𝛿

𝑚𝑙𝑟
(

𝜇𝑓,𝑙

𝑠𝑓,𝑙
  𝐹𝑧𝑓,𝑙

+
𝜇𝑓,𝑟

𝑠𝑓,𝑟
  𝐹𝑧𝑓,𝑟

). On the other 

hand, using “Eq. (24)”, �̇�𝑦 can be written as: 

 

(32) �̇�𝑦 = �̇�𝑦𝑐
+ 𝐾𝑣𝑦

𝑒𝑣𝑦
+ 𝐾𝑖,𝑣𝑦

∫ 𝑒𝑣𝑦

𝑡

0

𝑑𝑡 

 

By setting the right side of “Eq. (31) and Eq. (32)” equal, 

the steering angle 𝛿 can be determined as: 

 

(33) 

𝛿 =
1

𝑏
[
𝑚𝑙𝑟
𝑙

(�̇�𝑦𝑐
+ 𝐾𝑣𝑦

𝑒𝑣𝑦
+ 𝐾𝑖,𝑣𝑦

∫ 𝑒𝑣𝑦

𝑡

0

𝑑𝑡 + 𝑣𝑥�̇�)

− 𝐹𝑥𝑓
sin 𝛿−1 + 𝐼𝑧�̈�]

+ arctan (
𝑣𝑦 + �̇�𝑙𝑓

𝑣𝑥
) 

4 ONLINE ESTIMATION ALGORITHM OF TIRE 

FORCES AND TIRE-ROAD FRICTION 

COEFFICIENTS 

It can be seen carefully in “Eq. (28), Eq. (29), and (33)” 

that the tire forces must also be known to calculate the 

control inputs. Since the complex dynamics of tires 

depend on environmental changes, tire wear, and 

unpredictable road conditions, the online estimation of 

these forces is necessary. In references [40-44], methods 

of identifying parameters of complex tire models, 

friction coefficient, and tire forces have been reviewed. 

Generally, past research in this field can be classified 

into cause-based and effect-based estimation methods. 

The concentration of cause-based methods is on 

studying and diagnosing effective factors in the tire-road 

interaction, and the friction coefficient is identified using 

specific analytical theories [43]. Effect-based techniques 

also use vehicle response to determine the friction 

coefficient [44]. 

In this research, according to the concept of friction 

circle and the use of vehicle kinematic characteristics 

that can be measured or estimated by sensors, tire forces, 

and friction coefficients are computed online with a 

straightforward algebraic algorithm and updated in the 

control law.  

 

Since the proposed method works based on the vehicle 

response, it is an effect-based estimation technique. The 

details of the proposed method are presented below. 

4.1. Calculation of The Longitudinal and Lateral 

Tire Forces 

For simplicity, the vehicle's motion Equations are first 

rewritten in the following form: 

 

(34) 𝑚𝑎𝑥 = 𝐹𝑥𝑓
cos 𝛿 − 𝐹𝑦𝑓

sin 𝛿 + 𝐹𝑥𝑟
− 𝐹𝑎𝑒𝑟𝑜 

  

(35) 𝑚𝑎𝑦 = 𝐹𝑥𝑓
sin 𝛿 + 𝐹𝑦𝑓

cos 𝛿 + 𝐹𝑦𝑟
 

  

(36) 𝑚𝑎𝑦 = 𝐹𝑥𝑓
sin 𝛿 + 𝐹𝑦𝑓

cos 𝛿 + 𝐹𝑦𝑟
 

 

Now, we multiply both sides of “Eq. (35)” by (−𝑙𝑓) and 

add both sides of the resulting Equation with Eq. (36) to 

obtain “Eq. (37)”. 

 

(37) 𝐹𝑦𝑟
=

𝑙𝑓𝑚𝑎𝑦 − 𝐼𝑧�̈�

𝑙
 

 

Knowing 𝑎𝑦 and �̈� then 𝐹𝑦𝑟
 can be calculated. 

According to “Eq. (34) and Eq. (35)”, to calculate 𝐹𝑦𝑓
, 

the longitudinal forces of the tires must be determined 

first. Besides, because the distribution of traction and 

braking torques are unlike, 𝐹𝑥𝑓
and 𝐹𝑥𝑟

 are also different 

for braking and traction modes. Therefore, these two 

states are separated from each other in the following. 

4.1.1. Traction Mode 
For front-wheel drive vehicles, 𝐹𝑥𝑓

 can be computed 

from the wheel dynamic “Eq. (13)”. 

(38) 𝐹𝑥𝑟
=

𝐼𝑤
𝑟𝑤

(�̇� 𝑟,𝑙 + �̇� 𝑟,𝑟) + 𝑓𝑟𝐹𝑧𝑟
 

 

Considering that the values of 𝐹𝑥𝑟
 and 𝐹𝑦𝑟

 have been 

determined to calculate 𝐹𝑥𝑓
 and 𝐹𝑦f

 both sides of “Eq. 

(34) and Eq. (35)” are multiplied by cos 𝛿 and sin 𝛿, 

respectively, and next, the sum of the sides of two 

Equations yields: 

(39) 

𝑚(𝑎𝑥 cos 𝛿 + 𝑎𝑦 sin 𝛿)

= 𝐹𝑥𝑓
+ (𝐹𝑥𝑟

− 𝐹𝑎𝑒𝑟𝑜) cos 𝛿

+ 𝐹𝑦𝑟
sin 𝛿 

 

By replacing the equivalent terms for 𝐹𝑦𝑟
 and 𝐹𝑥𝑟

 from 

“Eq. (37) and Eq. (38)” in “Eq. (39)”, the value of 𝐹𝑥𝑓
 

can be determined as: 
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(40) 

𝐹𝑥𝑓
= (𝑚𝑎𝑥 + 𝐹𝑎𝑒𝑟𝑜 −

𝐼𝑤�̇� 𝑟

𝑟𝑤
− 𝑓𝑟𝐹𝑧𝑟

) cos 𝛿

+ (𝑚𝑎𝑦

+
𝐼𝑧�̈� − 𝑙𝑓𝑚𝑎𝑦

𝑙
) sin 𝛿 

 

Finally, by replacing the equivalent terms for 𝐹𝑥𝑓
 and 𝐹𝑦𝑟

 

from “Eq. (40) and Eq. (37)” in “Eq. (35)”, the value of 

𝐹𝑦𝑓
 will be obtained as: 

 

(41)  𝐹𝑦𝑓
=

𝑚𝑎𝑦 − 𝐹𝑥𝑓
sin 𝛿 − 𝐹𝑦𝑟

cos 𝛿
 

4.1.2. Braking Mode 
Considering the traditional braking torque distribution 

strategy, “Eq. (34)” can be written as: 

 

(42) 𝑚𝑎𝑥 = (𝛾 + cos 𝛿)𝐹𝑥𝑓
− 𝐹𝑦𝑓

sin 𝛿 − 𝐹𝑎𝑒𝑟𝑜 

 

Now multiplying the sides of “Eq. (35) and Eq. (42)” by 

sin 𝛿 and cos 𝛿, respectively, and then adding the two 

sides of the resulting Equations together yields: 

 

(43) 

𝑚(𝑎𝑥 cos 𝛿 + 𝑎𝑦 sin 𝛿)

= (𝛾 cos 𝛿 + 1)𝐹𝑥𝑓

− 𝐹𝑎𝑒𝑟𝑜 cos 𝛿 + 𝐹𝑦𝑟
sin 𝛿 

 

By replacing 𝐹𝑦𝑟
 from “Eq. (37)” in “Eq. (43)” and 

making appropriate simplifications for 𝐹𝑥𝑓
, the “Eq. 

(44)” will be obtained as: 

 

(44) 

𝐹𝑥𝑓

=

[
 
 
 
 (𝑚𝑎𝑥 + 𝐹𝑎𝑒𝑟𝑜) cos 𝛿 + (

𝐼𝑧�̈� + 𝑙𝑟𝑚𝑎𝑦

𝑙
) sin 𝛿

(𝛾 cos 𝛿 + 1)

]
 
 
 
 

 

 

By replacing the equivalent terms for 𝐹𝑥𝑓
 and 𝐹𝑦𝑟

 from 

(45) and (37) in “Eq. (41)”, the value of 𝐹𝑦𝑓
 can be 

determined. Until this stage, the values of 𝐹𝑥𝑓
, 𝐹𝑥𝑟

, 𝐹𝑦𝑓
, 

𝐹𝑦𝑟
 have been determined. 

4.2. Calculation of Tire Friction Coefficients 

According to “Eq. (28), Eq. (29), and (33)”, it can be 

seen that it is not necessary to calculate the tire-road 

friction coefficients to determine the control inputs at 

any moment. However, to check the accuracy of the 

considered tire model and to evaluate the method of 

estimating the longitudinal and lateral forces of the tire, 

in this section, the method of calculating the friction 

coefficient of front axle tires (𝜇𝑓,𝑙 and 𝜇𝑓,𝑟) will be 

explained. Similarly, the friction coefficient values of 

rear axle tires (𝜇𝑟,𝑙 and 𝜇𝑟,𝑟) can be calculated. To 

calculate the friction coefficient of the front axle tires 

(𝜇𝑓,𝑙 and 𝜇𝑓,𝑟), the longitudinal and lateral forces of each 

of the front axle tires should be calculated. In the 

dynamic model section, it was stated that for each axis, 

the longitudinal forces of the left and right tires are 

almost equal. 

 

(45) 𝐹𝑥𝜏,𝑙
≈ 𝐹𝑥𝜏,𝑟

≈
𝐹𝑥𝜏

2
,    𝜏 ∈ {𝑓, 𝑟}  

 

Using “Eq. (5), Eq. (11), and Eq. (47)” for the front tires, 

we have: 

 

(46) 
𝐹𝑥𝑓

2
= 𝜎𝑥𝑓,𝑙

𝜇𝑓,𝑙

𝜎𝑓,𝑙

𝐹𝑧𝑓,𝑙
 

  

(47) 
𝐹𝑥𝑓

2
= 𝜎𝑥𝑓,𝑟

𝜇𝑓,𝑟

𝜎𝑓,𝑟

𝐹𝑧𝑓,𝑟
 

  

(48) 𝐹𝑦𝑓,𝑙
= 𝜎𝑦𝑓

𝜇𝑓,𝑙

𝜎𝑓,𝑙

𝐹𝑧𝑓,𝑙
 

  

(49) 𝐹𝑦𝑓,𝑟
= 𝜎𝑦𝑓

𝜇𝑓,𝑟

𝜎𝑓,𝑟

𝐹𝑧𝑓,𝑟
 

 

By dividing both sides of “Eq. (47)” by “Eq. (48)” and 

dividing “Eq. (49)” by “Eq. (50)”, “Eq. (51) and Eq. 

(52)” will be obtained, respectively. 

 

(50) 
𝜎𝑥𝑓,𝑟

𝜎𝑥𝑓,𝑙

=
𝜎𝑓,𝑟

𝜎𝑓,𝑙

𝜇𝑓,𝑙

𝜇𝑓,𝑟

𝐹𝑧𝑓,𝑙

𝐹𝑧𝑓,𝑟

 

(51) 
𝐹𝑦𝑓,𝑙

𝐹𝑦𝑓,𝑟

=
𝜎𝑓,𝑟

𝜎𝑓,𝑙

𝜇𝑓,𝑙

𝜇𝑓,𝑟

𝐹𝑧𝑓,𝑙

𝐹𝑧𝑓,𝑟

 

 

By combining “Eq. (51) and Eq. (52)”, between the 

lateral force of the front tires, “Eq. (53)” is obtained. 

(52) 
𝐹𝑦𝑓,𝑙

𝐹𝑦𝑓,𝑟

=
𝜎𝑥𝑓,𝑟

𝜎𝑥𝑓,𝑙

 

Considering that the value of 𝐹𝑦𝑓
 is known, the lateral 

force of each of these tires can be calculated using “Eq. 

(53)”. By determining the normal force, longitudinal 

force, and lateral force of each of the front tires, the 

approximate value of the tire-road friction coefficient of 

each of these tires can be calculated as: 
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(53) 
𝜇𝑓,𝜀 =

√(𝐹𝑥𝑓,𝜀
)

2

+ (𝐹𝑦𝑓,𝜀
)

2

𝐹𝑧𝑓,𝜀

,     𝜀 ∈ {𝑙, 𝑟} 

5 OBTAINED RESULTS 

To evaluate the effectiveness of the proposed adaptive 

control, CarSim and MATLAB/Simulink software 

packages have been used. The dynamic model used for 

simulation has 14 degrees of freedom to include the 

dynamics of the suspension system, brake system, power 

chain, steering system, and the dynamics of the steering 

wheel actuator. Pacejka 5.2 (Symmetric) tire model is 

also used for tires. The vehicle used in the simulations is 

a typical D-class sedan with default parameters from 

CarSim database. 

The block diagram of longitudinal-lateral adaptive 

integrated control is shown in Fig. 3. To evaluate the 

performance of the control algorithm in conditions 

closer to reality, the Vehicle State Calculation block is 

considered. This block is responsible for estimating the 

speed, filtering the noise of the sensors, and calculating 

some vehicle states. In this simulation, it is presumed 

that longitudinal acceleration, lateral acceleration, and 

steering angle rate are measured by IMU and have noise. 

To consider the effect of noise, the Band-Limited White 

Noise block of Simulink is used. It is also assumed that 

the coordinates of the vehicle CG, wheel speed, and gear 

ratio are accessible. The considered noise power value 

for �̇�, 𝑎𝑥 and 𝑎𝑦 is equal to 0.001 deg/sec, 0.5 × 10−6𝑔 

and 10−6𝑔, respectively. A 1st order low-pass 

Butterworth filter with a pass frequency of 10 Hz was 

used for filtering. For the steering wheel angle, the 

saturation limit is ±10 deg. In the simulation, the steering 

wheel angular position actuator's dynamics is also 

considered a second-order transfer function with a 

natural frequency of 6.3 Hz and damping of 0.95 [45]. 

The reference method [30] has also been used to 

estimate longitudinal and lateral velocities. 

To evaluate the performance of the integrated control 

proposed in this section, three different maneuvers have 

been planned, including moving on a curved road, the 

critical lane change in braking mode, and the critical lane 

change in traction mode. In the following, the details of 

the obtained results of these scenarios are described in 

detail. 

 

 

Fig. 3 Block diagram of integrated longitudinal and lateral 

control. 

 

5.1. Maneuver I: Constant Speed on A Curved Road 
In this maneuver, the vehicle speed is assumed to be 

constant and equal to 36 km/h. Figure 4a shows the 

desired path and the direction of the vehicle. With a 

general look, it can be said that the desired path of the 

vehicle has been followed with appropriate accuracy. In 

order to investigate the tracking more precisely, the 

longitudinal and lateral tracking errors are shown in 

“Fig. 4c and Fig. 4d”, respectively. According to these 

figures, it can be seen that the maximum of longitudinal 

and lateral tracking errors is insignificant and is around 

0.4 m. In the part with the curved path, as expected, the 

steering angle of the wheel is almost constant and its 

value is equal to 1.6 deg (“Fig. 4-b”). Considering the 

constant speed during the maneuver, it is expected that 

the amount of throttle opening and the torque applied to 

the wheels will be constant. Examining “Fig. 4e and Fig. 

4f” confirms this point well. The amount of throttle 

opening is 10%, and the amount of torque applied to 

each front wheel is 20 N.m. 

 

5.2. Maneuver Ii: Lane Change with Braking 

This maneuver is planned to evaluate the integrated 

control performance in high-speed braking maneuvers. 

The vehicle’s initial speed is assumed to be 140 km/h. It 

is assumed that the vehicle first moves for 3 seconds 

with a constant braking acceleration of -2.5 m/sec2 and 

then changes lanes with the same braking acceleration. 

After the lane change, the vehicle continues to move 

with the same acceleration for 10 seconds (“Fig. 5”).  
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Fig. 4 Integrated control performance in the curved path: (a): reference path and vehicle path, (b): steering wheel angle, (c): 

longitudinal tracking error, (d): lateral tracking error, (e): throttle opening percentage, and (f): traction torque applied to the wheels. 
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(d) (c) 

  
(f) (e) 

 

Fig. 5 Integrated control performance in braking lane change: (a): reference path and vehicle path, (b): steering wheel angle, (c): 

longitudinal tracking error, (d): lateral tracking error, (e): master cylinder brake pressure, and (f): braking torque 

 

 

5.3. Maneuver Iii: Lane Change with Accelerating 

The characteristics of the maneuver are shown in “Fig. 6 

and Fig. 7a”. This maneuver includes two lane changes, 

the first lane change is done with a constant acceleration 

of 1.5 m/sec2, and the second lane change is done with a 

constant speed. The changes in the maximum available 

tire-road friction coefficient (𝜇𝑟𝑜,𝑚𝑎𝑥) in terms of the 

longitudinal position of the road are presented in “Fig. 

6a”. In the middle of the first lane change (150 m to 155 

m), 𝜇𝑟𝑜,𝑚𝑎𝑥  changes from 0.9 to 0.7. Also, In the middle 
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of the second lane change (410 m to 415 m), 𝜇𝑟𝑜,𝑚𝑎𝑥  

decreases from 0.7 to 0.4. The initial speed of the vehicle 

is 100 km/h. 

 

 
(a) 

 
(b) 

Fig. 6 Traction Lane change maneuver: (a): variations of 

road friction coefficient, and (b): reference longitudinal 

acceleration. 

 
 

The vehicle motion path and tracking errors are shown 

in “Fig. 7”. It can be seen in this figure that the desired 

motion path has been followed well and with little error. 

The maximum longitudinal tracking error is less than 1 

m (“Fig. 7b”), and the maximum lateral tracking error is 

less than 30 cm (“Fig. 7c”). 

 
(a) 

 
(b) 

 
(c) 

Fig. 7 The complete performance of the integrated control 

in lane change: (a): reference path and vehicle path, (b): 

longitudinal tracking error, and (c): lateral tracking error. 

 

 
The longitudinal and lateral control inputs are also 

shown in “Fig. 8a and Fig. 8b”, respectively. 
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(a) 

 
(b) 

Fig. 8 Integrated control inputs in traction lane change: 

(a): Throttle valve opening percentage, and (b): Wheel 

steering angle. 

 
In order to assess the changes in the longitudinal and 

lateral speed variations and the accuracy of the speed 

estimation, the longitudinal and lateral speeds of the 

vehicle, along with their estimated values, are shown in 

“Fig. 9a and Fig. 9b”, respectively. 

Finally, car friction coefficients and their estimated 

values are presented in “Fig. 10.” The accuracy of the 

tire friction coefficient estimation can be assessed by 

examining “Fig. 10”. In “Fig. 10b”, it can be observed 

that the friction coefficient of the tire reaches its 

maximum available value of 0.7 within 6.2 seconds. 

This indicates that the tire has reached its maximum 

frictional capacity at this point in time. Considering this 

finding, it can be concluded that the proposed integrated 

adaptive control strategy is capable of performing its 

task effectively and following the desired path with 

acceptable accuracy, even under critical driving 

conditions involving changes in road friction and tire 

dynamic nonlinearities. 

One of the key advantages of the proposed control 

approach is its robustness. The controller was designed 

based on a 7-degree-of-freedom vehicle model, yet the 

simulations were conducted using the full vehicle 

dynamic model. This suggests that the presented control 

strategy has successfully accounted for various 

parametric and unmodeled uncertainties, demonstrating 

its ability to handle the complexity of the actual vehicle 

dynamics. Furthermore, the ability of the control system 

to fully utilize the tire's maximum frictional capacity, as 

evident from the friction coefficient reaching 0.7, 

implies that the control strategy is effectively managing 

the available tire-road adhesion. 

 

 
                                          (a) 

 

 
                                          (b) 
Fig. 9 Estimation of velocities in traction lane change: (a): 

longitudinal speed, and (b): lateral speed. 

 

This is a crucial aspect, especially in critical driving 

scenarios where the vehicle's performance and stability 

are heavily dependent on the optimal utilization of the 

tire-road interface. By combining the accurate 

estimation of the tire friction coefficient, the effective 

handling of tire dynamic nonlinearities, and the 

demonstrated robustness against uncertainties, the 

proposed integrated adaptive control approach shows 

promise in maintaining the vehicle's desired path-

tracking performance and stability, even in challenging 

driving conditions characterized by changes in road 
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friction and other nonlinear vehicle dynamics. 
 

 
(b) 

 
(a) 

  
(d) (c) 

Fig. 4 Estimation of road tire friction coefficients in traction lane change: (a): left front tire, (b): right front tire, (c): right rear 

tire, and (d): left rear tire. 

 

6 CONCLUSIONS 

The proposed adaptive control algorithm represents a 

significant advancement in managing highly nonlinear 

vehicle dynamics and sudden changes in friction 

coefficients. This control strategy has substantial 

potential for real-world driving applications. The key 

practical implications include the controller's robustness 

to accommodate changes in friction coefficient and other 

uncertainties, as well as its capability to accurately track 

curved paths. These features are critical for enhancing 

driving safety and control, especially in challenging road 

conditions or when integrated with advanced driver 

assistance systems. The simulation results demonstrate 

the effectiveness of the integrated adaptive control in 

managing complex maneuvers, such as constant-speed 

cornering, lane changes under braking, and lane changes 

under traction. These findings suggest the controller 

could be successfully implemented in real-world 

vehicles, providing enhanced stability and performance. 

Furthermore, the accurate estimation of the friction 

coefficient underscores the potential for this control 

approach to contribute to advanced tire-road interaction 

models and friction estimation algorithms, with far-

reaching implications for vehicle safety and 

performance systems. For future work, it is 

recommended to evaluate the controller's performance 

when integrated with electronic stability control (ESC), 

as well as to validate the simulation results through 

extensive testing on physical prototypes. Exploring the 

controller's behavior under extreme conditions, such as 

split-μ scenarios, and investigating the potential for 

incorporating machine learning techniques could further 

enhance the controller's adaptability and robustness. By 

addressing these future research directions, the practical 

applicability and impact of the proposed adaptive 

control algorithm can be expanded, paving the way for 

its widespread adoption in real-world vehicle 

applications. 
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