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Abstract: The purpose of the present paper is to investigate the effect of the second
invariant of the deformation tensor on the axial and azimuthal shear deformation of an
incompressible hyperelastic solid with various strain energy functions. To this end, the
axial shear deformation of an incompressible cylinder with the modified Gent-Thomas,
Gent-Thomas, Gent-Gent, and Carroll strain energies subjected to an axial shear
traction is considered, where the displacement field is determined analytically for the
first three models and numerically for the fourth model. The phenomenon of strain
hardening at large elastic deformations, predicted either by the limiting chain
extensibility condition for the modified Gent-Thomas and Gent-Gent models or
phenomenologically by the Carroll model, is observed and it is shown that the second
invariant of deformation increases the strain hardening experienced by such materials.
Next, the azimuthal shear deformation of an incompressible annular wedge with the
modified Gent-Thomas, Gent-Thomas, Gent-Gent, and Carroll models is considered,
where the annular wedge is subjected to a controllable azimuthal shear deformation and
the angular displacement is determined analytically for all the above models. Again, the
second invariant of the deformation tensor is shown to have a significant effect on the
azimuthal shear deformation as reflected in the increase of the strain hardening of the
material in such deformation. In addition, the annular wedge with the modified Gent-
Thomas and Carroll models is shown to have a higher resistance in azimuthal shear
deformation than the other models mentioned above.
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1 INTRODUCTION

There are various models for hyperelastic materials
whose elastic response is determined based on a strain
energy function. If the material is isotropic and
incompressible, the strain energy function depends on
the first and second invariant of the deformation tensor
with the third invariant, in this case, being equal to one.
Although the elastic response of the materials whose
strain energy function depends only on the first invariant
has been studied quite extensively, the effect of the
second invariant on the elastic response of the materials
whose strain energy depends on both invariants has been
less studied. This is partly because the analysis of the
deformation field when the second invariant is present is
often more complicated which makes finding analytical
solutions less likely.

Among the strain energy functions, the Mooney-Rivlin
model is one of the simplest hyperelastic models for
incompressible solids. Another model known as the
Gent-Thomas model has also been able to meet the
experimental requirements rather well. This model is
suitable for continuous and bulk material analysis [1]
and models the response of vulcanized and porous
rubber better than the Mooney-Rivlin model [2-3].

In the present paper, the effect of the second invariant of
the deformation tensor on the axial and azimuthal shear
deformation for several strain energy models is studied.
The strain energy models include the Gent-Thomas [4],
modified Gent-Thomas, Gent-Gent [5], and Carroll
models [6]. The modified Gent-Thomas model, first
proposed by Gent [7], and the Gent-Gent model also
known as the Pucci-Saccomandi model [5], incorporate
the limiting chain extensibility parameter to model the
molecular polymeric behaviour of rubber-like materials.
This parameter is partly the cause of work or strain
hardening of the material at large deformations observed
at the macroscopic level. Other various models such as
the Gent [8], Van der Waals [9], and Edward Vilgis [10]
also incorporate the limiting chain extensibility
parameter but are not considered here since the strain
hardening effect is well represented by the four models
mentioned above. The Carroll model, being a
phenomenological model and not based on the
microstructure, also predicts the strain hardening
phenomenon.

In the first part of the present paper, a circular cylinder
undergoing axial shear deformation is considered. In the
context of this type of deformation, quite a large number
of studies have been performed so far. Due to the extent
of such studies, only a few ones more relevant to the
present study are mentioned here. In such studies,
deformation of a circular cylindrical tube is considered
with the assumption of a fixed internal boundary which
is subjected to a uniformly distributed axial shear
traction on the external boundary under various
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hypotheses. Such hypotheses include combined shearing
deformation of a prestressed tube (torsion, azimuthal,
and axial shear) [11], combined axial and azimuthal
shear deformation of an incompressible [12] and a
compressible material [13], deformation of a rubber
material with strain stiffening[14], deformation of a
material having strain energy with limiting chain
extensibility condition [15], motion of an elastic solid
having generalized neo-Hookean strain energy exposed
to a periodic shear on the inner boundary [16], and
deformation of materials that undergo strain hardening
[17].

In a study by Carroll, a new strain energy function for an
incompressible material having three parameters, based
on the behaviour of vulcanized rubber, was proposed [6].
In this study, the new model was developed based on the
Treloar, Rivlin-Saunders, and Jones’s experiments on
sheets of vulcanized rubber, with remarkable capability
for predicting the behaviour of rubber-like materials
over a wide range of deformations [18-19]. As
mentioned before, the Carroll model, being a
phenomenological model, predicts the strain hardening
phenomenon from a macroscopic viewpoint.

In the context of azimuthal shear deformation, many
studies have been carried out. Such investigations
include the study of a circular cylindrical tube with the
assumption of a fixed internal boundary and subjected to
a uniformly distributed azimuthal shear traction on the
external boundary, in which various hypotheses are
made. Such hypotheses include compressibility [20],
large shearing (extension, inflation, torsion, and helical
shear) in a prestressed tube [21], limiting chain
extensibility condition [22], and reinforcement by radial
fibers [23]. Also, some universal solutions for isotropic
and incompressible materials subjected to different
types of deformation such as azimuthal shear of an
annular wedge [24] have been investigated.

El Hamdaoui, Merodio, and Ogden [25] have analyzed
the ellipticity condition in an isotropic tube that is
subjected to a combined deformation such as axial
extension with axial and azimuthal shear wherein basic
equations were derived and loss of ellipticity was
examined.

In addition, combined deformation, such as the helical
shear (azimuthal and axial shear) of a hardening
generalized neo-Hookean elastic material  was
investigated by Horgan and Saccomandi [26]. In their
study, the components of stress and angular and axial
displacements are determined and compared with the
corresponding ones for the classical neo-Hookean
model.

It is noteworthy that in most of the above studies, the
strain energies that were considered depend only on the
first invariant of the deformation tensor, whereas the
strain energy models considered in the present paper
depend on both the first and second invariants of the
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deformation tensor. The importance of including the
second invariant of the deformation tensor in the strain
energy function is also discussed by Anssari-Benam and
Bucchni in [27].

In the present paper, the effect of the second invariant of
the deformation tensor on the strain hardening of
incompressible materials with various strain energy
models in the axial and azimuthal shear deformation is
compared. Such models include the modified Gent-
Thomas, Carroll, Gent-Gent, and Gent-Thomas models.
This comparison has not been reported before and
provides additional insight into the role of the second
invariant in the deformation of hyperelastic materials. In
addition, the axial and azimuthal shear deformations
considered in this study are nonhomogeneous
deformations for which the effect of the second invariant
on the deformation of hyperelastic materials with the
above strain energy models has yet to be investigated.
In Section 2 of the present paper, analysis of the axial
shear deformation for several models is carried out
whereby integration of the equations of equilibrium
yields the axial displacement field in quadrature form,
i.e., in the form of an integral. In Section 3, analysis of a
controllable azimuthal shear deformation for several
models is carried out. The use of controllable azimuthal
shear deformation makes it possible to obtain an
analytical solution for the stress field. The general
azimuthal shear deformation is treated in Ghafouri et. al.
[28] in which it may not be possible in general to obtain
analytical solutions.

The results obtained for the axial and azimuthal shear
deformation for various models are discussed and
compared in detail in Section 4. Finally, in Section 5,
some conclusions are drawn with respect to the effect of
the second invariant of the deformation tensor on the
response of an incompressible isotropic hyperelastic
solid in axial and azimuthal shear deformations.

2 AXIAL SHEAR DEFORMATION

It is assumed that an incompressible hyperelastic
isotropic cylinder is undergoing the deformation [29]:

r=R , =0 , z=Z+f(R) Q)

Where, (R, ©, Z) and (r, 6, z) are the cylindrical
coordinates in the reference and spatial configurations,
respectively, with Ry <R < R,, where R; and R, denote
the inner and outer radii, respectively. In this
deformation, a material point undergoes axial shear with
dependence on the radial direction. In addition, the inner
boundary of the cylinder is held fixed, i.e., f(r=r1)=0, and
its outer boundary is acted upon by a uniformly

distributed axial shear traction, t.(r=rz)=Ti, while the
other tractions, t,r and trg, at the outer boundary are zero.
The deformation gradient tensor F, the left Cauchy-
Green deformation tensor B, and its inverse B for this
deformation are, respectively:

1 00 10 f’
F={0 1 0|,B=|0 1 0 |
f"01 f/ 0 1+f"7 )
1+f% 0 —f'
B'=| 0 1 0
-fr 0 1

Where, f' =df/dR=df/dr. Incompressibility condition for
this deformation holds since det F=1.
The principal invariants of B are:

|, =trB=3+f 2,1, =trB* =3+f 2,

3
|, =detB =1 ®

Using the Cayley-Hamilton theorem for an isotropic,
incompressible material, the stress tensor is given by:

T=—pl+pB+4 B™ ()

Where, 1 and f.; are material parameters are defined as
[30]:

oW Loaw
LB, =-2(1,)2
T B (13) o1,

NI

Bi=21,) (5)

Therefore, the components of stress for the hyperelastic
material are:

t,=—p+B+p,01+f?) (6)
ty=—P+B+0, ™
t,=—p+B,0+f?)+4, ®)
t, =B -p ) (9)
t,=t,=0 (10)

In the above relations, p is a hydrostatic pressure
resulting from material incompressibility, which can be
determined using the equilibrium equations and the
boundary conditions.
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For later reference, the equilibrium equations in
cylindrical coordinates, in the absence of body forces,
are recorded below.
o,  1ot, ot

m

1
+=(t_ -t )=0 11
o r 00 oz r(rr ) (11)

atr& +£ ataa + at&z

2
+—(t,,)=0 12
o r 80 oz r(“g) (12)

ot JrlatgZ +atzz +1
or r 06 0z r

(t,)=0 (13)

In what follows, the stress field is used to determine the
axial force and axial displacement in the axial shear
deformation for several strain energy models.

The hydrostatic pressure can be determined using “Eqs.
(6) and (11)” as:

PO =B+ 4@ N+ [0 2 9

Finally, the axial force N’, needed to maintain the
deformation, is determined by the relation:

2z 1 n

N':thzzrdrd9=2n t,rdr (15)
0n n

2.1. Gent-Thomas Model

Gent and Thomas [4] proposed the following strain
energy function for an incompressible material:

Wor =Ky(1,-3)+K, In(%) (16)

Where, Ki and K; are material parameters obtained from
Kawabata’s experiments (biaxial tensile) [31]. These
parameters are given in “Table 1”.

Table 1 The Gent-Thomas material parameters using
Kawabata experimental data [29]

Parameters N/mm?
K1 0.153
K2 0.147

For the Gent-Thomas model defined in “Eq. (16)”, the
components of stress are found using “Eq. (3), Egs. (5-
10)” as:

2K,
+ £

Ly :_p+2K1_3 @+ f,Z) 17)
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2K
tog =—P+2K; - s f2’2 (18)
, 2K
tZZ:—p+2K1(1+f 2)—ﬁ (19)
K ,
t, = 2(K, + - :’2 i (20)
tr€ :tzﬁ :0 (21)

The shearing stress ty; is determined using “Eqg. (13)” and
the boundary condition t.,(r=r,) = T to be:

t =-12 (22)

Next, an equation for the axial shear function f is
obtained using “Eqs. (20) and (22)”, which may be
written as:

o T k32 g (23)
r r

Where o =T r2/2K; and K=(3K1+K2)/Kj.

Equation (23) has three roots, two of which are complex
conjugates and therefore not physically acceptable. The
only real root is found to be:

B a’> K
’ o 2 3 % 9r2 3
f =3—+(x/A +C +A) +—

: -4
(x/A2+C3+A)3
Where:
3
_a_3+3_a_ﬁ (25)
27r°  2r  6r
K a?
-~ _“ 26
3 9r? (26)

Equation (24) is rewritten using the dimensionless
parameter T=T1/K; as:
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Where:
A T3} L3, TrK (28)
216r® 4r  12r2
- K T?%
€=3 9)

Finally, the hydrostatic pressure is found using “Egs. (5),
(14), and (16)”, and also the axial force is found, using
“Eqgs. (5), (8), (16), and (15)” to be:

KZ

2K r22
= 2K, -2 (14 2)-[* 2 f2)d
PN = 2K, i (141 72 ) = [T (2 dr - (30)
[ b 12 2K2
N —2ﬂj(—p+2Kl(1+f )- 222 yrdr (31)
3+
n

In the above equations, f' is obtained from “Eq. (24)”.

2.2. Modified Gent-Thomas

The Gent-Thomas strain energy can be modified by
incorporating the limiting chain extensibility condition
according to [7]:

1,-3
W et =Ky IN@— 3

|
)+K, In(?z) (32)

m

Where, Jn is a constant resulting from the limiting chain
extensibility condition. As Jn—o in “Eq. (32)”, the
Gent-Thomas strain energy in “Eq. (16)” is recovered. A
similar model has been proposed by Pucci and
Saccomandi [5], however, the material parameters of
their proposed model are different from those in “Eq.
(32)”.

The components of stress for the modified Gent-Thomas
model, using “Eq. (3), Egs. (5-10), Eq. (32)”, and the
boundary condition t.(r=rz) = 0 are found to be:

2K, 2K,

=—p+ - 1+f 2
4 P 1_f’2 3+f " ) (33)
C oL 2Ky 2K,
w="P l_f'2 3+f 2 (34)
Jn
t, =—p+ 2K1,2 (1+f %) - 2K2,2
L 3+f (35)

m

=2 Ky
R (36)
I
t,=1t,=0 @37

For this material, similar to the Gent-Thomas model, the
shearing stress t, can be obtained from “Eq. (22)” .
Therefore, the equation for the axial shear function is
obtained using “Egs. (22) and (36)” as:

Tlrz 14 3 T1r2 (‘]m _3) f r2
2r(J,K,=Ky) 2r(J,K,=Ky) (38)
+‘]m(3kl+K2)f r_ 3‘]mTlrz

OnKi—Ky) 2@, K, —K,)r

In the above equation, as Jn—o0, “Eq. (23)” is recovered.
Equation (38) is rewritten using the dimensionless
parameter T=T1/K:

H f"‘+f"°’—H(Jm—3)f’2

r

(39)

+Kmef'—3Tme =0

r

Where:
b: Kl r2 , Km — (3K1+K2) (40)
2(KJ, —-Ky,) (J.K,—K,)

Equation (39) has four real roots only two of which have
positive signs that are physically relevant so that f
" (R)>0. The four roots of “Eq. (39)” are recorded in the
Appendix. Of the two positive roots, the second one is
real in the range 0<T<4.5 throughout the thickness of the
tube, while the fourth one is imaginary throughout the
thickness. In the range where 9.15<T<65, the fourth root
is real and the second root is imaginary throughout the
thickness of the tube. In the range where 4.5<T<9.15, the
second root is real on some interval in the radial
direction while the fourth root is real on the complement
of that interval. For example, for T=5.1, the fourth root
given by “Eq. (A4)” is real only for 2< r <2.24 while the
second root given by “Eq. (A2)” is real only on the
complementary interval 2.24< r <4.0. Hence, in the latter
range, integration is performed using both roots on two
complementary intervals in order to determine the
angular displacement. The hydrostatic pressure and the
axial force for this material, analogous to the Gent-
Thomas model, can be determined as :
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p(r) =2( f,z - f,z @+ %))
1-
i (41)
n ’ K K
-2 +—=2)dr
-[ 7 3+ f’z)
‘]m
— !2
27[]( p+1 f,z @+ 4)— frz)rdr (42)

m

Where, f ' is obtained from “Eq. (39)” and the
Appendix.

2.3. Pucci-Saccomandi or the Gent-Gent model

The Pucci-Sacamendi model is very similar to the
modified Gent-Thomas model with the only difference
being in their material parameters. The strain energy for
this model, also known as the Gent-Gent model, is
defined by [5]:

u 1,-3 I,
Wege =—=J, Inl— +C, In(—=

GG 5> om ( Jm) 2 (3) (43)
Where, Jn is the limiting chain extensibility parameter.
In “Eq. (43)”, Jn=88.13 and material parameters x and
C,, obtained using Treloar’s equibiaxial tension data
[31], are given in “Table 2”.

Table 2 The Gent-Gent material parameters [31]

Parameters N/mm?
P 0.3106
C2 0.0428

It is noted that the Gent-Gent strain energy is similar to
the modified Gent-Thomas strain energy, the only
difference is that the constants K; and K in the latter
model replace the constants /2 and C; in the former
model.

2.4. Carroll model

The phenomenon of strain hardening at large elastic
deformations can be examined from both the
microscopic and macroscopic points of view. From the
microscopic viewpoint, the material behavior at the
molecular level is constraint by the limiting chain
extensibility condition causing it to develop strain
hardening. Various models such as Gent, VVan der Waals,
and Edwards-Vilgis predict strain hardening by
incorporating the limiting chain extensibility condition
[8-10]. In the macroscopic viewpoint, however, strain
hardening may be predicted by a phenomenological
constitutive relation as embodied in the strain energy

© 2022 AU, Majlesi Branch

function. As an example, Carroll [6] proposed the
following strain energy function for an incompressible
material:

1
W, =Al +A 14 +A,l,2 (44)

Where, A1, Az, and Az are material parameters obtained
from Treloar’s equibiaxial tension tests given in “Table
3”.

Table 3 The Carroll model parameters using Treloar’s
equibiaxial tension tests [6]

Parameters N/mm?
A1 0.15
Ao 3.1x107
Az 0.095

The shear stress tr; for this model is found using “Eqgs.
(2-10)”, and “Eq. (44)” to be:

A
3 - )f ' (45)
3+f %)?

t, =(2A, +8A,(3+f ?)* +

Equation (45) is rewritten using the dimensionless
parameter, T=T1/A; as:

Ay
(2+822(@+1 2P+ —"L ) -1 =0 (40
= r
' (3+f 2)2

Finding an analytical solution for “Eq. (46)”, having a
high order, poses difficulties and therefore a numerical
solution is obtained using the Mathematica software.
The results are illustrated in “Figs. 1 and 2” and
discussed in detail in Section 4.

The hydrostatic pressure and the axial force for this
material can be calculated using “Egs. (5), (8), (14), (15),
and (44)” as:

A

p(r)= (2A, +8A,(3+f )’ ———=2——(1+f %))
(3+f )2
(47)
[P Rt
(3+f ’2)5
N'= Zﬂ'J‘(— p+(2A1 +8A2(3+ f(2)3)(1+f '2))I‘dr
r’12 (48)
—Zﬂj%rdr
L (3+ va)E
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Where, f' is the root of “Eq. (46)”.

3 AZIMUTHAL SHEAR DEFORMATION

In this Section, azimuthal shearing of an annular wedge
is considered. It is assumed that an incompressible
hyperelastic annular wedge is undergoing the
deformation [30]:

r=R, 0=0+g(R), z=Z7 (49)

Where, (R, ©, Z) and (r, 8, z) are the cylindrical
coordinates in the reference and spatial configurations,
respectively, with R; <R <R», where R; and Rz denote
the inner and outer radii, respectively. In this
deformation, a material point undergoes azimuthal shear
deformation with dependence on the radial direction. In
addition, the internal boundary of the annular wedge is
held fixed, i.e., g(r=r1)=0, and its outer boundary is acted
upon by a uniformly distributed azimuthal shear traction,
tro(r=r2)=To. The angle of twist at the outer boundary is
denoted by g(r=r;)=¥, while the other tractions, t, and
trz, at the outer boundary are zero.

In this section, a specific form of the shear deformation
given in “Eq. (49)” is considered [30], namely:

r=R, 0=0+DINR), z=Z (50)

Where, D is a constant and g(R)=D In(R). This is a
controllable deformation, i.e., it can be supported in
every hyperelastic incompressible isotropic material by
applying the appropriate surface tractions without
applying body forces. The advantage of using a
controllable deformation is that the applied shear
traction at the outer boundary can be found explicitly in
terms of the angle of twist. However, for the general
azimuthal shear deformation given in “Eq. (49)”
analytical solutions for some of the strain energy models
considered here are obtained in [31].

The angle of twist obtained using “Eq. (50)” is given by:

R, ,
¥=g(R=R,)=] "g'dR (51)

Where, ¢'(R)= ¢’(r)=D/r. Thus “Eq. (50)” is used to
obtain the constant D as:

¥-DIn()=D ="

I.
r In(-2)
rl

(52)

The deformation gradient tensor F, the left Cauchy-
Green deformation tensor B, and its inverse B for this
deformation are, respectively:

1 00
F= lI; 1 0},
In(-2)
n
0 01
S
In(-2)
n
B=FF' = ‘I; 1+( LI; > 0],
In(-%) In(-%) (53)
n n
0 0 1
14 ( II; 2 - \I: 0
In(-%) In(-2)
n n
B'=| - LI; 10
In(-%)
n
0 0 1

Incompressibility condition for this deformation holds
since det F=1. The principal invariants of B are:

bd

|n(72)
1

I, =1, =3+( )%, 1, =detB=1

(54)

The components of stress can be obtained using “Eqs.
(4), (53), and (54)” as:

b4

— 2
ty = p"‘ﬁl"‘ﬂ_l(l“‘(ln(z)) ) (55)
n
Yo
Lo :_p"‘ﬂl(l"’(m) )+B, (56)
n
t,=—p+A+p, (57)
g
to = (A=) i o
1

© 2022 1AU, Majlesi Branch



102 Int J Advanced Design and Manufacturing Technology, Vol. 15/ No. 1/ March — 2022

t, =t, =0 (59)

Where, p is the hydrostatic pressure.

3.1. Gent-Thomas model

For the Gent-Thomas model defined in “Eq. (16)”, the
components of stress are found, using “Eqgs. (5) and (55-
59)”, to be:

ty =P +2K; ~—— (Lt (——)?)
3+(I rz ¥ nC?) (60)
n(T) !
1
=P+ 2K, (L (——)) - — e —
In(:2) 3
n( rl) +(In(r—2)) (61)
h
2K
t;, =-p+2K; - \5 )
3+(——) (62)
In(-%)
N
K ¥
tro =20+ 5 D)
+(|T) n(T) (63)
n(T) !
1
ty, =t, =0 (64)

According to “Eq. (63)”, shear stress is constant and the
boundary condition is specified as to(r=r2)=To.
Therefore, it follows from “Eq. 63” that:

b K
2( )(K +—2):T
2y sy T (©5)
n |n(LZ)
n

Equation (65) is rewritten using the dimensionless
parameter T=To/K; as

Ky
— g K
=2 1
! (In('LZ))(1+ 34( ¥ )2) (66)
N |n(LZ)
N

3.2. Modified Gent-Thomas Model

The stress components for the modified Gent-Thomas
strain energy are found, using “Eqgs. (5), (32), and (55-
59)”, to be:

© 2022 AU, Majlesi Branch

trr:_p+ 2}51_,1 )
()
In(:2)
1— 1
In (67)
2K, v o,
- @+ (——))
3+ In('2)
|n(rri) h
1
2 )
tyy =P+ (4 (— )
(— ) (%)
In(-2) n
Loon
3, (68)
2K,
3+(— )
In( %)
2K, 2K,
tzz =—-p+ -
(e s
In(:2) In(:2) (69)
1— Jl 1
K K v
typ = 2(—————+ 2 ) (——)
I e S COR
In(:2) In(-2) i (0
1-— 1 1
‘]m
ty, =t, =0 (71)

For this model, similar to the Gent-Thomas model, the
applied shear traction in terms of the angle of twist can
be obtained using “Eq. (70)”, the outer boundary
condition, and the dimensionless parameter T=To/K; as;

Ky
_ 1 K ¥
T =2 ) (— )
() e () (7)
In(2) In(2) f
1- Jrl n

m

The angular displacement equation for the Gent-Gent
strain energy is similar to that of the modified Gent-
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Thomas strain energy, the only difference being that the
constants K; and K in the latter model replace the
constants /2 and C; in the former model.

3.3. Carroll Model
Analogous to the above-mentioned models, the shear
stress trq, for this model is found, using “Eqgs. (5), (44),
and (55-59)”, to be:

try = 21 +8A; 3+ (— ) (— )
() ()

1 r
@2 N
In(2)
1

The applied shear traction in terms of the angle of twist
for this model can be obtained, using “Eq. (73)” and the
outer boundary condition, as:

¥ ¥

(28 +8A, 3+ (——))*) (— —°
In(2)" " In(2)
n n
=0
E+(— 2 N

In(2) !
1

Equation (74) is rewritten using the dimensionless
parameter T=To/A; as:

— A Y v
T =(2+8-2@+(——)2))(— —)
A2y )
n n
2 (75)
T .
@+ )z M)
In('2)
n

4 RESULTS AND DISCUSSION

4.1. Results for the axial shear

For the axial shear, the boundary condition at the inner
boundary is given by f (R=R1)=0. At the outer boundary
the axial displacement is denoted by d so that f
(R=R2)=d.

Thus for the Gent-Thomas, modified Gent-Thomas, and
Gent-Gent materials, where the solution was reduced to
quadrature, integration of “Eq. (27)”, along with the two
positive roots of “Eq. (39)”, yields:

d=f(R= Rz)zj:f 'dR (76)

To evaluate the above integral numerically, the fourth
order Newton—-Coats (Boole's rule) numerical
integration technique [32] is used.

The Gent strain energy function is defined as [8]:

l,-3
Wg =~ 3y In(L—-L=) (77)

2

m
Where, 11 and Jm, are the shear modulus and the limiting
chain extensibility parameter, respectively.

Also, for the Gent model, the dimensionless axial shear
displacement was determined to be [15]:

2 2712
Jm[(l—nz)mz\/lﬁ?—\/u 42T ]

r 4Tn
2 78
n[l+ f1+ 4T ] (78)
‘]m
2T 2
[1+ /my}

Where, T=T1/za and 5=ra/ry.

+nTIn

Itis assumed that the cylindrical tube has the inner radius
Ri=2 cm, the outer radius R, =4 ¢cm with numerical
values of Ki, Ky, w2, Cy, A1, Az and As, shown in
“Tables 1, 2, and 3”, respectively. For the modified
Gent-Thomas strain energy, the value Jn=97.2 is
considered based on the uniaxial experimental data
reported by Gent [8].

The dimensionless axial shear traction for the Gent-
Thomas and modified Gent-Thomas models is defined
by T=T1/K1, and for the Gent-Gent and Carroll models is
defined as T=Ti/u and T=T1/A1, respectively.

In “Fig. 17, variations of the dimensionless axial
displacement versus the dimensionless axial shear
traction for the modified Gent-Thomas, Carroll, Gent-
Gent, and Gent models are plotted.
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Fig.1  The dimensionless axial displacement versus the
dimensionless axial shear traction for the Modified Gent-
Thomas, Carroll, Gent-Gent, and Gent models.

The modified Gent-Thomas and Carroll models are
shown to be in close agreement even though the former
is microstructurally-based, while the latter is a
phenomenological model. The close agreement between
the two models is considered as an advantage for the
modified Gent-Thomas model since the Carroll model
shows considerable capability in predicting the behavior
of rubber-like materials over a wide range of
deformations.

The effect of the limiting chain extensibility condition is
noticeable in the modified Gent-Thomas and Gent-Gent
models. For Jn=97.2, both these models show very
similar behavior in an axial shear deformation, and when
this constant is reduced to J»=88.3, the Gent-Gent model
shows a higher resistance in the axial shear deformation
indicating that the limiting chain extensibility parameter
has a noticeable effect on the response of the material in
such deformation.

Also, the Gent and the modified Gent-Thomas models
differ only in the term involving the I, where it is absent
in the former model and present in the latter. The two
models have the same value of J»=97.2. From “Fig. 1”
it is clear that the modified Gent-Thomas model shows
considerably more resistance in the axial shear
deformation than the Gent model. This must be due to
the presence of the second invariant of the deformation
tensor I, in the modified Gent-Thomas model which has
the effect of increasing the strain hardening experienced
by the material in such deformation. In “Fig. 27, the
effect of strain hardening for the modified Gent-Thomas,
Carroll, Gent-Gent, and Gent models is shown to be
quite pronounced for larger values of the axial shear
traction, while the strain hardening effect is absent in the
Gent-Thomas model due to the absence of the limiting
chain extensibility parameter in this model.
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Fig.2  The dimensionless axial displacement versus the
dimensionless axial shear traction for the Modified Gent-
Thomas, Carroll, Gent-Gent, Gent, and Gent-Thomas models.

4.2. Results for the azimuthal shear

For the azimuthal shear, the angle of twist for the Gent-
Thomas, modified Gent-Thomas, and Carroll models
can be determined using “Eqs. (66), (72), and (75)”,
respectively. For the azimuthal shear deformation, the
shear stress for the Gent model, using “Eqgs. (5), (55- 59),
and (77)”, is given by:

“ v
try =2 2 ( ) (79)
’ 1 in('2y
% h
In('2)
Lont)
J

m

Therefore, the applied shear traction for this model is
determined in terms of the angle of twist using “Eq.
(79)” at the outer boundary as:

1 b4

T = (—F
’ in(2)
L ' (80)
In(2)
L)
J

m

Where T=To/ 4.
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The angular displacement at the outer boundary,
represented by the angle of twist, versus the
dimensionless azimuthal shear traction for the above-
mentioned models is plotted in “Fig. 3”.

14
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Fig.3  Comparison of the angle of twist versus the
dimensionless azimuthal shear traction for the modified Gent-
Thomas, Gent-Gent, Carroll, and Gent models.

In “Fig. 37, the modified Gent-Thomas and Carroll
models experience smaller angular displacement in
azimuthal shear when subjected to the same shear
traction in comparison to other models such as the Gent-
Gent model. Therefore, they show higher resistance in
azimuthal shear than the other models considered here.
This is due to the fact that the coefficient multiplying the
term involving I, in the Gent-Gent model, namely C,=
0.0428 N/mm?, is less than the third of the corresponding
coefficient in the modified Gent-Thomas model, i.e.,
K= 0.147 N/mm?, Thus, the effect of I, is to enhance the
strain hardening of the material which causes the
resistance of the modified Gent-Thomas model in
azimuthal shear to increase.

The same can be inferred about the limiting chain
extensibility parameter Jn, since when its value is
changed from 97.2 to 88.3, making the polymeric chains
more resistant to extension, the material shows more
resistance in azimuthal shear deformation. Finally, for
the same value of the limiting chain extensibility
parameter, Jn =97.2, the Gent-Gent and Gent models
have a very similar response in azimuthal shear
deformation. This can be attributed to the small value of
the coefficient multiplying the term involving I, in the
Gent-Gent model, i.e., Co= 0.0428 N/mm?, causing the
effect of 1, to become so negligible as to render the
response of this model nearly identical to a model with
no dependence on I, such as the Gent model. As in the
axial shear deformation, the Gent-Thomas model
undergoes no strain hardening in azimuthal shear due to
the absence of the limiting chain extensibility parameter.

5 CONCLUSION

In the present paper, axial and azimuthal shearing
deformation of an incompressible hyperelastic solid
with the modified Gent-Thomas, Gent-Thomas, Gent-
Gent, and Carroll strain energy functions was
considered. For an incompressible cylinder undergoing
axial shear deformation, analytical solution for the
modified Gent-Thomas, Gent-Gent and Gent-Thomas
models, and numerical solution for the Carroll model
were obtained and plotted in “Fig. 2”. The last model
which is a macroscopically-based model predicts the
strain hardening effect at large elastic deformations
which is also predicted by the modified Gent-Thomas
model. In “Figs. 1 and 27, the modified Gent-Thomas
and Carroll models were shown to be in close agreement
even though the former is microstructurally-based while
the latter is a phenomenological model.

The response of the modified Gent-Thomas model in
axial shear was compared to that of the Gent model
where the second invariant of the deformation I, is
absent. It was concluded that for the same axial shear
traction applied to the outer boundary, a cylinder with
the modified Gent-Thomas model experiences less axial
displacement than the one with the Gent model
indicating that the second invariant increases the
resistance of the material in axial shear deformation
noticeably.

By comparing the response of the modified Gent-
Thomas model with the Gent-Gent model, it was shown
that the limiting chain extensibility parameter also
enhances the resistance of the material in the axial shear
deformation.

In addition, a controllable azimuthal shear deformation
was considered and the angular displacement was
obtained analytically for the modified Gent-Thomas,
Gent-Thomas, Gent-Gent, and Carroll models with the
results plotted in “Fig. 3”. The response of the Gent
model was also plotted in “Fig. 3”. It can be concluded
that the modified Gent-Thomas and Carroll models have
a higher resistance in azimuthal shear deformation than
the Gent-Gent model. This can be attributed to the
second invariant of deformation tensor since the
coefficient multiplying the term involving the second
invariant in the modified Gent-Thomas model is almost
three times as large as the corresponding coefficient in
the Gent-Gent model. In addition, it was shown that for
the same value of the limiting chain extensibility
parameter, the Gent-Gent model and the Gent model
have almost the same response in azimuthal shear due to
the small coefficient multiplying the second invariant in
the former model. It was also shown that the limiting
chain extensibility parameter increases the resistance of
the material in the azimuthal shear deformation.

© 2022 1AU, Majlesi Branch



106 Int J Advanced Design and Manufacturing Technology, Vol. 15/ No. 1/ March — 2022

In conclusion, it can be stated that when a polymeric
material with one of the strain energy models considered
above undergoes a nonhomogeneous shearing
deformation such as an axial or azimuthal shear, the
effect of the second invariant of the deformation tensor
is to increase the strain hardening experienced by the
material. This increase in the strain hardening due to the
presence of the second invariant, which has not been
studied in detail before, causes the material to become
more resistant and therefore, to undergo less
deformation under the same type of loading. The same
can be stated for the limiting chain extensibility
parameter whenever it is present in the model, such as in
the modified Gent-Thomas and Gent-Gent models.

APPENDIX

In this Appendix, the four roots of “Eq. (39)” are
reported as:

fro_ T 1\/x_0.4196Q_ S

4bT 2 bTS  3.7797bT
(A1)
(1, ,04196Q S -
2 bTS  3.7797bT
gt 1[ _04196Q S
© 4bT 2 bTS  3.7797bT
(A2)
1, ,0419Q S ~
2 bTS  3.7797bT
go___r L[ 04196Q S
4bT 2 bTS  3.7797bT
(A3)
1 [, 04196Q S E
2 bTS  3.7797bT
go__ v L[ 04196 S
4bT 2 bTS  3.7797bT
(A4)
+1 X +0'4196Q + S +E
2 bTS  3.7797bT
Where:
E = Y
4 Jx _0419Q S (A5)
bTS 3.7797bT

S =(|_+,/—4Q3+L2 : (A6)
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L=—-27bJ, rT (3, K2 -3)

T (3, ~3)(2b°T 2((J,, ~3)* +108],)~93 K, r?) (A7)
Q =b2T2((J, —3)*~36]_)—3r K. (A8)
X =20 g4 (A9)
3 47T 2
r r
Y =(L)4GE- )-8 K. —(——y
(bT )(4(3-J,)-8J, K, (bT) ) (A10)

Equations (A1) and (A3) above have negative signs.
Therefore, to ensure that f ' (R)>0, only “Eqs. (A2) and
(A4)” are considered which are the second and the fourth
roots of “Eq. (39)”, respectively. Equations (A2) and
(A4) are used to plot the angle of twist versus the
dimensionless azimuthal shear traction.
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