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Abstract: Piezoelectric Microcantilevers (MCs) are efficient tools in switches of
MEMS, AFMs and nano-resonators. Creating maximum vibrating motion with
minimum excitation voltage is important in reducing power consumption and noise
in this type of MCs. Therefore, investigating the factors affecting the excitability of
MCs, as well as the degree of the effect of each of these factors, have an important
role in the design and optimal selection of this type of resonators. Therefore, the aim
of this paper was to investigate the excitability of this type of MCs. Modeling is
conducted according to Hamilton principle and Euler-Bernoulli theory. Equation of
motion was solved using Galerkin method with respect to geometrical
discontinuities. Finally, eFAST sensitivity analysis was performed on excitability of
MCs using statistical methods. Sensitivity analysis results show that the length and
thickness of the piezoelectric layer are the most influential parameters on the
excitability of MCs. At L1/L=0.74, the excitability reaches its maximum value.
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1 INTRODUCTION

MCs are extensively used in AFM [1-2], mass sensing
[3-5], nano-manipulation [6-7], imaging surfaces with
nanometer resolution [8] and MEMS switches [9-10]
because they are highly flexible, sensitive to atomic and
molecular force, and fast in response. MCs are also used
as micro-and nano-resonators in medical diagnostics,
environmental safety and national security settings [11-
12]. Among MCs, piezoelectric MCs are known as the
new generation and can be used in imaging AFM [13],
bio mass sensing[14-15]. The advantage of this type of
MCs compared to other cantilevers (without
piezoelectric layer) is that they can be used as a self-
actuator, self-sensor, and self-actuator self-sensor
simultaneously. When they are used as the actuator,
these MCs provide more bandwidth compared to regular
piezotubes [16]. Therefore, they are suitable for higher
speed imaging in AFM. If one uses piezoelectric MC as
a sensor, an accuracy equal to laser measurement can be
obtained [17], therefore the piezoelectric MCs can
replace laser system in AFMs. Therefore, disadvantages
such as expensive lasers, large space needed for lasers,
and problems in liquid environments can be solved.
Modeling the piezoelectric vibrating motion of MC has
been considered in previous studies. Wolf and Gottlieb
[18] studied vibrating motion of a MC with an overall
piezoelectric layer in non-contact mode of AFM using
multiple time scale (MTS) method. Fung and Huang
[19] used the finite element to model piezoelectric MC
in non-contact mode. Mahmoodi and Jalili [20-21] used
the non-linear vibration theory to study the vibrating
motion of a piezoelectric cantilever. They studied
cantilever with piecewise piezoelectric layer containing
geometric discontinuities, they used uniform beam
method in vibration modeling.

Mahmoodi and Jalili [22] used MTS method to drive 2x
and 3x resonance subharmonics of piezoelectric MCs
and compared the results with experimental results. The
main body of MCs is usually made wider due to the
presence of piezoelectric layer. Tip is selected with
narrower section to enhance the sensitivity of the
bending [21]. Therefore, MC has two discontinuities.
The first discontinuity is at the piezoelectric layer and
the second discontinuity is where the MC becomes
narrower. Salehi-Khojin [23] modeled piezoelectric MC
using non-uniform beam method and compared the
results with the experimental results. They showed that
this model has good accuracy in the simulation MC
piezoelectric.

The vibrating motion of the resonator is important, and
creating maximum amplitude using minimum excitation
is an important factor in the optimum design of this
equipment. Therefore, in this paper, sensitivity analysis
of the excitability of piezoelectric MC is investigated for
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the first time. Sensitivity analysis aimed at
understanding the performance of piezoelectric MCs and
investigating the effects of geometry on their
performance. Sensitivity analysis can help to optimize
the geometry of piezoelectric MCs, in which the
excitability of MC is maximized. For this purpose,
differential Equations governing the motion of the
piezoelectric MCs are solved considering the geometric
discontinuities, and then, sensitivity analysis is
conducted on the excitability of MCs using the eFAST
method.

2 DYNAMIC MODELING OF MC

Discontinuous MC that shown in “Fig. 1” is selected for
the dynamic modeling. Piezoelectric layer is a
mechanical part, which is bent by applying an electrical
voltage, thus, it can bend the MC by applying stress.
This layer is located on the MC and is surrounded by two
electrodes.
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Fig.1  Schematic view of piezoelectric MC.

Using Hamilton's principle and the Euler-Bernoulli
theory, Equation of motion of a piezoelectric MC can be
obtained as follows [3]:
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Where H,, is the Heaviside function:
Hy, =Hx—L) 8

The electrical voltage, which is applied to the
piezoelectric layer and bends the MC, enters the
Equation of motion of MC through the
electromechanical coupling coefficient, C.. The
governing Equation can be solved using the separation
of variables:

v(x,t) = z $n(x) gn (1) 9)
n=1

Where, gn are generalized time-dependent coordinates,
and @, is the n™ mode shape. Due to the geometrical
discontinuities, the MC has to be divided into three
homogeneous beams to improve the accuracy of
calculations. The first part of MC includes piezoelectric
layer and electrodes, the second part does not include
piezoelectric layer, and the third part is the tip.
Accordingly, @n can be expressed in the following form:

Q1 (x) O0<sx<Il
Pn(x) ={pan(x) Ly <x<L, (10)
(Pgn(X) L2 <x<L

Where:

(pin(x) = AinSinPinx + BincosPinx + Cipsinfipx +
Dincoshfi,x (11)

Bin = (Wimi/(ED)Y*, Ay, Bin, Cin and Dy, are
constants which can be obtained by the boundary
conditions of MC, the continuity conditions, as well as
normalization condition with respect to mass in each
vibrating mode. Boundary conditions and continuity of
beam in each stepped point are:

?1(0) = 0; 1, (0) = 0;

P3n(L) = 0,03, (L) = 0
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Substituting “Eq. (12)” into “Eq. (11)” results in the

formation of the characteristics matrix Equation which
can be expressed as:

Jacobyzx12 X Hizxy =0 (13)
Where H is vector of mode shape coefficients:

H = [A1nB1n Cin Din Azn Bon Con DanAsn Bsn C3n Dsyl — (14)
And Jacob is the characteristics matrix given in
appendix. Solving det[Jacob]=0 leads to the derivation

of natural frequencies. Separating the variables of the
differential Equation of motion using “Eq. (9)” gives:

Gn + wrzan + pnGn +J.P() =0 (15)
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The ordinary differential Equation of motion (15) for k
modes can be written in matrix form as:

Mg+Cqg+Kg=F (19)
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The steady state representation of “Eq. (19)” can be
written as:

Y =AY +B (21)
In which:
0 | 0 q
A = 1 1 , B = 1 ,Y = .
M K M C 2kx2k M F 2kx1 q 2kx1
(22)

By using numerical methods, “Eq. (21)” can be solved.
Here, the Runge-Kutta method is used in Matlab.

3 SENSITIVITY ANALYSIS OF EXCITABILITY

An important factor in piezoelectric MCs is their
excitability. Certainly the higher the excitability of MCs,
the less input energy is needed to create a higher
amplitude. This not only reduces power consumption of
MCs, but also reduces the input noise. Since
piezoelectric beams are self-actuator, their excitability
depends on beam geometry and material. To achieve the
higher excitability, MC geometry has to be chosen
optimally.

Sensitivity analysis is a method for optimization that can
be used in all sciences and optimization projects. It can
be used to analyze the effect of inputs on output. In this
section, sensitivity analysis is aimed at understanding
how a piezoelectric MC functions and at calculating
optimum geometrical dimensions to achieve maximum
excitability in this type of resonators. Since the
excitability of these MCs depends on the geometric
parameters, statistical methods have to be utilized to
perform sensitivity analysis. One of the best and most
accurate methods is eFAST method, which is used in this
study. In “Eq. (14)”, the coefficient J is excitation
coefficient. Sensitivity analysis is performed on this
coefficient to evaluate the excitability.

Figure 2 shows the effects of MC base layer geometry
on excitability. Since excitability depends on Ce, and this
coefficient is directly correlated with the thickness of the
MC base layer, it is expected that increasing the
thickness of this layer increases excitability. “Fig. 2a”
shows that excitability increases with increase in
thickness. However, increase in thickness of the base
layer increases the rigidity of MC, and as a result,
reduces its amplitude. Therefore, despite the fact that
this geometric characteristic increases the excitability, it
cannot be considered as an appropriate parameter in
optimizing piezoelectric MC. As can be seen in “Fig.
2b”, the width of this layer has no significant effect on
excitability, and increasing it slightly reduces
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excitability. According to the results (“Fig. 2¢”), the best
length for the base layer is about 490 micrometers, in
which the excitability reaches its peak.
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Fig.2  Effect of the geometric dimensions of the base layer
on the excitability of the MC.

Effect of the geometric dimensions of the piezoelectric
layer on excitability of MC is shown in Figure 3. As can
be seen, the increase in thickness and width of the
piezoelectric layer increases the excitability as well.
Comparing the results of “Figs. 3a and 2a” shows that
the effect of base layer thickness is more significant than
thickness of the piezoelectric layer. Although the
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increase in piezoelectric layer thickness increases the
excitability of MC, resonance amplitude of MC
decreases by increasing its rigidity. According to “Fig.
3c¢”, increasing the length of piezoelectric layer increases
excitability. Excitability reaches its maximum value at
Li/L=0.74.
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Fig.3  Effect of the geometric dimensions of the
piezoelectric layer on excitability.

Figure 4 shows the effects of width and length of the tip
on excitability. According to the results, to enhance the
excitability, it is recommended to select a narrow and
long tip for MC.
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Fig.4  Effect of width and length of the tip on excitability.

Sensitivity percentage of MC excitability to each of the
geometric dimensions is shown in “Fig. 5”. As can be
seen, the most effective geometrical parameter on the
excitability is the ratio of Li/L. Therefore, this parameter
iS an important geometric parameter in designing
piezoelectric MCs and optimizing its properties. In
addition to the length of piezoelectric layer, the
thickness of the piezoelectric is an effective geometric
property, which has to be considered in designing
optimum MC.
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Fig.5  Sensitive percentage of excitability to geometric
dimensions of MC.



4  CONCLUSIONS

Vibrating behavior of MC as nano-resonator was
modeled and investigated. In order to model the
vibrating motion of MC, Hamilton principle and Euler-
Bernoulli theory were applied. Since, in this type of
MCs, the tip has smaller width to enhance the sensitivity,
piezoelectric layer doesn’t cover the MC. Therefore, MC
has a geometric discontinuity that must be considered in
dynamic modeling. Accordingly, the differential
Equation of motion was solved considering geometrical
discontinuities of MC with Galerkin approximation and
with respect to continuity conditions. In order to study
the effects of geometry on the excitability of MC,
statistical eFAST sensitivity analysis method was
conducted. Sensitivity analysis results show that Li/L
and thickness of piezoelectric layer are the most
influential geometrical parameters on the excitability of
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MCs. These parameters have to be taken into account in
the design and selection of MCs. The width of MC and
the tip are the least influential parameters, therefore they
can be given lower priority in design and selection of
MCs. According to the results of the sensitivity analysis,
when the length of MC is equal to 490 micrometers, and
L1/L=0.74, the excitability of MC is maximized. To
enhance the excitability, it is recommended to select a
narrow and long tip for MC. According to the results, the
increase in the thickness of MC increases its excitability.

5 APPENDIXES

Description of characteristic matrix:

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 Sina,L, ) Cosa,L,Q
0 0 0 0 y,Cosa,L,Q)0  —y,Sina,L,Q
0 0 0 0 —y2Sina,L,Q0 —y2Cosa,L,0
Jacob = 0 0 0 0 Y3Cosa,L,Q  y3Sina,L,0
Sina,L,Q Cosa,;L,Q Sinha,L,Q Cosha,L,8) —Sina,L;Q —Cosa,L.Q
yiCosa L —y,Sina;L;Q  y,Coha;L;Q  y;Sinha;L;Q  —Cosa,L,;Q Sina,L,Q
—yESina;L.Q —y?Cosa;L Q y2Sinha,L,Q y?Cosha;L,Q  Sina,L,Q Cosa,LQ
y3Cosa,; L0 y3Sina,L,.Q  y3Coha;L.Q y3Sinha,;L,Q  Cosa,L;Q —Sina,L, 0
0 1 0 1 0 -1
1 0 1 0 1 0
0 0 —Cosa3LQ Sina;LQ Cosha3LQ Sinhas;LQ 7
0 0 —SinazLQ)  —CosasLQ SinhasLQ CoshasLQ
Sinha,L,Q Cosha,L,Q0  —Sinasl,Q0 —CosasL,Q0 —SinhasL,Q0 —Cosha;L,0Q
y,Cosha,L,Q  y,Sinha,L,Q0 —Cosas;L,Q SinazL,Q —CoshazL,Q) —SinhasL,Q)
y2Sinha,L,Q yiCosha,L,Q Sinazl,Q  Cosasl,Q —SinhazL,Q0 —CoshazL,0
y3Cosha,L,Q y3Sinha,L,Q Cosazl,Q —SinazL,Q —Coshazl,Q —SinhazL,Q (A1)
—Sinha,L;Q —Cosha,LQ 0 0 0 0
—Cosha,L,Q0 —Sinha,L,Q 0 0 0 0
—Sinha,L;Q —Cosha,L,Q 0 0 0 0
—Cosha,L;Q —Sinha,LQ 0 0 0 0
0 -1 0 0 0 0
-1 0 0 0 0 0
Where:
_ 4’ mi . .on_ (EDi ( a n-1
@ = (El)i/L' Yio= (EDjs1 (aiH) ’
Q=wl? (A.2)
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