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Abstract: In this study, forced convection heat transfer of water/alumina Nano fluid 
in a rectangular microchannel with cross-flow injection is studied. The Nano fluid 
enters the microchannel with a temperature of 293 K and cools its walls. The upper 
wall of the microchannel is at constant temperature of 303 K. On the lower wall, 
there are two holes for injection of Nano fluid flow. Other parts of the microchannel 
wall are insulated. Slip velocity boundary condition is used for the walls of the 
microchannel. Simulations are performed for different injection velocities and the 
results are presented as velocity and temperature fields, and variation of the Nusselt 
number. The results show that the slip velocity on the channel wall and the Nusselt 
number increase by increasing the injection velocity. It is revealed that the Nusselt 
number is maximum at the channel entrance and decreases along the channel. After 
each injection, local Nusselt number increases due to the increase of the temperature 
gradient in the microchannel. Moreover, an optimal value for the ratio of the 
injection velocity to the inlet velocity is achieved using performance evaluation 
criteria (PEC). It is concluded that 𝑣𝑖𝑛𝑗 𝑢𝑐⁄ = 10 is an optimal value of the injection 
velocity, leading to maximum PEC.  
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1 INTRODUCTION 

In recent years, microchannels have been used for heat 

rejection in various engineering applications, including 

medical applications, ink jet printers, and micro 

electromechanical systems [1-2]. The use of 

nanoparticles as a coolant fluid has attracted the 

researchers due to the increase in the heat transfer 

coefficient. Nano fluids are suspensions of nanoparticles 

or carbon nanotubes in base fluids such as water, 

ethylene glycol and oil. They play an essential role in 

heating and cooling processes. The name of the Nano 

fluid was first proposed by Choi [3] to characterize a 

mixture of nanoparticles dispersed within the base fluid. 

Adding nanoparticles to base fluid usually results in an 

increase in the viscosity.  

Akbarinia et al. [4] investigated forced convection of 

water/alumina Nano fluid in a two-dimensional 

microchannel and demonstrated that viscosity increases 

with the volume fraction of nanoparticles (φ). Many 

studies have been carried out to evaluate the thermal 

conductivity of nanoparticles relative to the base fluids 

[5-14]. For example, Kamali et al. [15] investigated 

forced convection heat transfer of water/copper Nano 

fluid in a micro-tube under constant heat flux boundary 

condition numerically. Their results showed that the heat 

transfer coefficient and Nusselt number (Nu) are 

increased compared to the base fluid. Several studies 

have shown that Nu and heat transfer increase with the 

Reynolds number (Re) and φ [16-23].  

In addition, the decrease in the diameter of the solid 

nanoparticles due to an increase in the effective surface 

and the uniform distribution of particles along the 

channel leads to an increase in Nu [24-26]. 

Investigations showed that slip velocity and Nu increase 

with the magnetic field intensity [27-29]. In thermal 

channels, the fluid temperature near the hot surfaces is 

always higher than that of the channel center. Thus, if 

low temperature fluid can be mixed with the hot one 

adjacent to the target surface, the heat transfer rate 

increases considerably. For this purpose, various 

techniques such as injecting fluid jets, suction and 

blasting have been used in areas close to the target 

surface. Nano fuids have been used as a cooling fluid to 

improve heat transfer in most of the studies conducted in 

this field.  

Jha and Aina [30] studied the hydrodynamic and thermal 

behavior of the fully developed flow in vertical 

microchannel with porous medium considering the slip 

velocity and temperature jump on the channel walls in 

the presence of injection and suction. They found that as 

the injection velocity increases, volume flow rate 

increases and the heat transfer decreases. Furthermore, 

the possibility of the occurrence of reverse flow on the 

cold wall decreases with the Knudsen number.  

Lopez et al. [31] investigated the heat transfer and 

entropy generation of water/alumina Nano fluid in a 

porous microchannel by considering the effect of 

injection, slip velocity and radiation heat transfer. They 

found that Nu increases on the hot wall and decreases on 

the cold wall by increasing φ and injection velocity.  

In the present study, forced convection heat transfer of 

water/alumina Nano fluid flow in a rectangular 

microchannel is simulated, while the Nano fluid flow is 

injected vertically through two holes on the lower wall. 

The effect of injection velocity on heat transfer is 

investigated and its optimal value is determined using 

PEC. The main objective of the present paper is to 

provide the optimal value of injection velocity in a 

microchannel in the presence of a Nano fluid.  

2 PROBLEM STATEMENT  

A two-dimensional and horizontal rectangular 

microchannel with length L and height H is considered 

as shown in “Fig. 1ˮ.  

 

 

Fig. 1 Schematic of the problem. 

 

The water/alumina Nano fluid flow enters the 

microchannel with velocity of uc and temperature of Tc 

= 293 K and exits after cooling the walls of the 

microchannel. The upper wall temperature is equal to Th 

= 303 K and the lower wall is insulated. On the lower 

wall, two holes of diameter d = 6 μm are embedded 

through which the Nano fluid flow is injected into the 

microchannel with the velocity vinj. The flow inside the 

microchannel is considered as steady and laminar and 

the fluid is assumed to be Newtonian. The slip velocity 

boundary condition is imposed on the upper and lower 

walls of the microchannel and the temperature jump is 

ignored. The thermophysical properties of the Nano 

fluid are presented in “Table 1ˮ. The Reynolds number 

of the inlet flow is considered to be Re = 1. In this study, 

the slip length on the microchannel walls is β = 0.1 μm 

and φ = 2%. 
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Table 1 Thermophysical properties of water/alumina Nano 

fluid [32] 

(𝑐𝑝)
𝑛𝑓

 

(𝐽/𝑘𝑔. 𝐾) 

𝑘𝑛𝑓 

(𝑊
/𝑚. 𝐾) 

𝜇𝑛𝑓 

(𝑃𝑎. 𝑠) 

𝜌𝑛𝑓 

(𝑘𝑔/𝑚3) 

𝜙 
(%) 

0.613 4179 
8.91
× 10−4 

997.1 0 

0.653 3922.4 
9.37
× 10−4 

1056.5 2 

0.695 3693.3 
9.87
× 10−4 

1116 4 

3 GOVERNING EQUATIONS 

The governing equations for steady and laminar Nano 

fluid flow are as follows: 

 

Continuity equation: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0 (1) 

 

Momentum equation in x-direction: 

 

𝑢 𝜕𝑢/𝜕𝑥 + 𝑣 𝜕𝑢/𝜕𝑦 = −1/𝜌_𝑛𝑓   𝜕𝑝/
𝜕𝑥 + 𝜇_𝑛𝑓/𝜌_𝑛𝑓  ((𝜕^2 𝑢)/(𝜕𝑥^2 ) +
(𝜕^2 𝑢)/(𝜕𝑦^2 ))  

(2) 

 

Momentum equation in y-direction: 

 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑛𝑓

𝜕𝑝

𝜕𝑦
+

𝜇𝑛𝑓

𝜌𝑛𝑓
(

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2)  (3) 

 

Energy equation: 

 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) (4) 

 

Boundary conditions are as follows: 

 

For 𝑥 = 0  ,   0 ≤ 𝑦 ≤ ℎ 
𝑢 = 𝑢𝑐   , 𝑣 = 0  , 𝑇

= 𝑇𝑐      

For 𝑥 = 0  ,   0 ≤ 𝑦 ≤ ℎ 

𝜕𝑢

𝜕𝑥
= 0  , 𝑣 = 0  ,

𝜕𝑇

𝜕𝑥
= 0     

For 0 ≤ 𝑥 ≤ 𝑙  ,   𝑦 = 0 
𝑢 = 𝑢𝑠  , 𝑣 = 0  ,

𝜕𝑇

𝜕𝑦
= 0     

For 0 ≤ 𝑥 ≤ 𝑙  ,   𝑦 = ℎ 
𝑢 = 𝑢𝑠  , 𝑣 = 0  , 𝑇

= 𝑇ℎ     

 

Where, 𝑢𝑠 is slip velocity on upper and lower walls and 

defined as follows: 

𝑢𝑠 = ±𝛽 (
𝜕𝑢

𝜕𝑦
)

𝑦=0,ℎ

 (5) 

 

Moreover, 𝛽 is slip coefficient and the positive and 

negative signs correspond to lower and upper walls, 

respectively. Using the following non-dimensional 

parameters, the governing equations and boundary 

conditions are non-dimensionalized. 

 

(6) 

𝑋 =
𝑥

ℎ
 ,    𝑌 =

𝑦

ℎ
  ,    𝑈 =

𝑢

𝑢𝑐
 ,    𝑉 =

𝑣

𝑢𝑐
    ,    𝐵 =

𝛽

ℎ
    

𝜽 =
𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
 , 𝑃 =

𝑝

𝜌𝑛𝑓𝑢𝑐
2 , 𝑅𝑒 =

𝑢𝑐ℎ 

𝜗𝑓
, 𝑃𝑟 =

𝜗𝑓

𝛼𝑓
      

 

Hence, dimensionless governing equations are: 

 

(7) 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0 

  

(8) 𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

𝜗𝑛𝑓

𝜗𝑓𝑅𝑒
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2)  

  

(9) 𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

𝜗𝑛𝑓

𝜗𝑓𝑅𝑒
(

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2)  

  

(10) 𝑈
𝜕𝜃

𝜕𝑋
+ 𝑌

𝜕𝜃

𝜕𝑌
=

𝛼𝑛𝑓

𝛼𝑓𝑅𝑒. 𝑃𝑟
(

𝜕2𝜃

𝜕𝑋2
+

𝜕2𝜃

𝜕𝑌2
) 

 

In addition, non-dimensional governing boundary 

conditions are as follows: 

 

For 𝑋 = 0  ,   0 ≤ 𝑌 ≤ 1 𝑈 = 1  , 𝑉 = 0  , 𝜃 = 0     

For 𝑋 =
𝑙

ℎ
  ,   0 ≤ 𝑌 ≤ 1 

𝜕𝑈

𝜕𝑋
= 0  , 𝑉 = 0  ,

𝜕𝜃

𝜕𝑋
= 0 

For 0 ≤ 𝑋 ≤
𝑙

ℎ
  ,   𝑌 = 0 

𝑈 = 𝑈𝑠  , 𝑉 = 0  ,
𝜕𝜃

𝜕𝑌
= 0 

For 0 ≤ 𝑋 ≤
𝑙

ℎ
  ,   𝑌 = 1 𝑈 = 𝑈𝑠  , 𝑉 = 0  , 𝜃 = 1   

 

Where dimensionless slip velocity is defined as follows: 
 

(11) 𝑈𝑠 = ±𝐵 (
𝜕𝑈

𝜕𝑌
)

𝑌=0,1
 

The density of Nano fluid is calculated using the 

following relation [33]: 
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(12) 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠 

 

Thermal diffusion coefficient of Nano fluid is defined 

as:  

 

(13) 𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

 

 

Specific heat capacity of Nano fluid is calculated using 

bongrino relation [34]:  

 

 (14) (𝜌𝑐𝑝)
𝑛𝑓

= (1 − 𝜑)(𝜌𝑐𝑝)
𝑓

+ 𝜑(𝜌𝑐𝑝)
𝑠
 

 

Viscosity and thermal conductivity of nanofluid are 

obtained using Brinkman [35] and Patel et al. [34] 

relations, respectively: 

 

(15) 𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙)0.25
 

  

(16) 𝑘𝑛𝑓 = 𝑘𝑓 (1 +
𝑘𝑠𝐴𝑠

𝑘𝑓𝐴𝑓

+ 𝑐𝑃𝑒

𝑘𝑠𝐴𝑠

𝑘𝑓𝐴𝑓

) 

 

Where, c = 25000 is an experimental constant. kf = 0.613 

W/mK is thermal conductivity of the base fluid and ks = 

40 W/mK is that of nanoparticles. The ratio of molecular 

of the base fluid to that of solid nanoparticles is defined 

as follows [32]: 

 

(17) 
𝐴𝑓

𝐴𝑠

=
𝑑𝑓

𝑑𝑠

(
𝜑

1 − 𝜑
) 

 

In addition, Pe is defined as follows: 

 

(18) 𝑃𝑒 =
𝑢𝑠𝑑𝑠

𝛼𝑓

 

 

us is related to the effect of the Brownian motion and is 

calculated as follows: 

 

(19) 𝑢𝑠 =
2𝐾𝑏𝑇

𝜋𝜇𝑓𝑑𝑠
2
 

 

Where, Kb = 1.3807 × 10-23 J/K is the Boltzmann 

constant. The molecular diameter of water and solid 

nanoparticles is df = 2 A° and ds = 40 nm, respectively 

([36]). 

The local Nusselt number (Nux) is:  

 

(20)  𝑁𝑢𝑥 = −
𝑘𝑛𝑓

𝑘𝑓

(
𝜕𝜃

𝜕𝑌
)

𝑌=1
 

 

The average Nusselt number (Num) is: 

 

(21)  𝑁𝑢𝑚 =
1

𝐿
∫ 𝑁𝑢𝑥𝑑𝑋

𝐿

0

 

 

Performance evaluation criteria (PEC) for lower wall is 

defined as follows [29]: 

 

[22] 𝑃𝐸𝐶 =
(

𝑁𝑢
𝑁𝑢𝑖

)

(
∆𝑃
∆𝑃𝑖

)

1
3⁄

  

 

Where, ΔP is the microchannel pressure drop and the 

subscript i is related to the absence of flow injection 

from the lower microchannel wall. 

4 GRID STUDY 

The values of dimensionless temperature and 

dimensionless velocity on the point (l/2, l/2) for Re = 1 

for the injection flow are shown in “Table 2ˮ on various 

grid resolutions. The grid resolutions of 60×600 and 

70×700 lead to similar results approximately. Hence, the 

grid resolution of 60×600 is selected for further 

simulations.  

 
Table 2 Dimensionless temperature and dimensionless 

velocity on the point (l/2, l/2) for various grid resolutions at 

Re = 1 

70 × 700 60 × 600 50 × 500  

0.8824 0.8824 0.8825 𝜃 

2.103 2.103 2.102 𝑈 

5 VALIDATION  

The validation of this study has been carried out with the 

results of Jalali and Karimipour [32] who investigated 

the effect of vertical injection on the channel wall. The 

dimensionless velocity profile at the vertical line X = 

0.6L is plotted in “Fig. 2ˮ, for input Reynolds number of 

Re = 10, φ = 0.02 and the slip coefficient of B = 0.1, and 

injection Reynolds number of 1. Moreover, in “Fig. 3ˮ, 

the variation of Nux along the microchannel wall are 

compared with the reference results for input and 

injection Reynolds numbers of Re = 100, B = 0.1 and ∅ 

= 0.02. The present results are in excellent agreement 

with those of Jalali and Karimipour [32]. 
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Fig. 2 Dimensionless velocity profile at the vertical line 

X = 0.6L for input Reynolds number Re = 10, ∅ = 0.02, B = 

0.1, and injection Reynolds number of 1. 
 

 
Fig. 3 Nux for input and injection Reynolds numbers of 

100, ∅ = 0.02, and B = 0.1. 

6 RESULTS 

Forced convection heat transfer of the water/alumina 

Nano fluid in a rectangular microchannel is numerically 

investigated as shown in “Fig. 1ˮ. The present 

simulations are carried out for various injection 

velocities on the lower wall of the microchannel. Figures 

4 and 5 show dimensionless velocity and dimensionless 

temperature profiles for Nano fluid flow along the 

vertical line X = 0.5L at the input Reynolds number Re 

= 1, ∅ = 0.02 and B = 0.1 for different injection 

velocities. It is observed that the velocity distribution is 

parabolic and fully developed. It is not zero on the walls 

of the microchannel due to the slip boundary condition.  

The maximum velocity occurs at the channel center. In 

addition, the velocity and maximum velocity increase at 

the cross-section of the microchannel by increasing the 

injection velocity. This is confirmed by continuity 

governing equation. 

In the case of the dimensionless temperature profile, as 

shown in “Fig. 5ˮ, the temperature is higher in the 

vicinity of the hot wall. 

 

 
Fig. 4 Dimensionless velocity profile at the vertical line 

X = 0.5L for input Reynolds number Re = 1, ∅ = 0.02, B = 

0.1, and different injection velocities. 
 

 
Fig. 5 Dimensionless temperature profile at the vertical 

line X = 0.5L for input Reynolds number Re = 1, ∅ = 0.02, B 

= 0.1, and different injection velocities. 
 

It decreases with the injection velocity due to low 

temperature of the input flow to the microchannel. It is 

also shown in “Fig. 6ˮ that the dimensionless 

temperature decreases along the microchannel after each 

injection. 
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Fig. 6      Dimensionless temperature profile for 𝑣𝑖𝑛𝑗 𝑢𝑐 = 5⁄ . 
 

Figure 7 illustrates the effect of different values of the 

injection velocity on the non-dimensional microchannel 

slip velocity for input Reynolds number Re = 1, ∅ = 0.02 

and B = 0.1. As can be seen, the slip velocity initially 

decreases along the microchannel wall. After each 

injection, it increases to eventually reach a constant 

amount at the microchannel outlet. As the injection 

velocity increases, the slip velocity increases. 

 

 
Fig. 7 Dimensionless slip velocity at the upper wall for 

input Reynolds number Re = 1, ∅ = 0.02, B = 0.1, and 

different injection velocities. 

 

Effect of injection velocity on Nux is shown in “Fig. 8ˮ 

for Re=1, ∅ =0.02 and B=0.1. It is found that Nu 

increases as the injection velocity increases. At the 

microchannel entrance, Nu is maximum due to the 

difference in the temperature between the Nano fluid and 

the microchannel wall, and then, Nu decreases by 

decreasing the temperature gradient along the 

microchannel. After each injection on the lower wall, an 

increase in Nu is observed. It is due to an increase in the 

nanofluid temperature gradient. The variations of Num 

for various injection velocities are also shown in “Fig. 

9ˮ. As mentioned above, the temperature gradient and 

Num increase with injection velocity. 

 

 
Fig. 8 Nux calculated on the upper wall for input Reynolds 

number Re = 1, ∅ = 0.02, B = 0.1, and different injection 

velocities. 

 

 
Fig. 9 Num calculated on the upper wall for input 

Reynolds number Re = 1, ∅ = 0.02, B = 0.1, and different 

injection velocities. 
 

 
Fig. 10 Pressure drop for input Reynolds number Re = 1, 

∅ = 0.02, B = 0.1, and different injection velocities. 
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Fig. 11 PEC variation for input Reynolds number Re = 

1, ∅ = 0.02, B = 0.1, and different injection velocities. 

 

In “Fig. 10ˮ, variations of the pressure drop of nanofluid 

are plotted for different injection velocities. As the 

injection velocity increases, the pressure drop increases. 

Figure 11 shows the PEC for Re = 1, ∅ = 0.02 and B = 

0.1 and various dimensionless injection velocities. The 

figure demonstrates that the changes in the PEC number 

are not considerable with the increase in the 

dimensionless injection velocity greater than 30. It can 

be concluded that 𝑣𝑖𝑛𝑗 𝑢𝑐⁄ = 10 is an optimal value of 

the injection velocity, leading to maximum PEC (or 

maximum heat transfer rate). 

 

7 CONCLUSION 

Forced convection of water/alumina Nano fluid in a 

rectangular microchannel with an aspect ratio of AR = 

30 was numerically simulated. The slip coefficient of the 

walls was B = 0.1 and two holes were inserted at the 

bottom wall of the microchannel to inject the Nano fluid. 

The effect of injection velocity on velocity and 

temperature distributions was investigated. The 

following results were obtained: 

• The slip velocity is maximum at the channel inlet and 

increases along the channel by each injection. It 

ultimately reaches a constant value at the channel outlet. 

Slip velocity increases with the injection velocity.  

• Nu is maximum at the channel entrance and decreases 

along the channel. After each injection, Nux increases 

due to the increase of the temperature gradient in the 

microchannel. 

• The pressure drop and Num increase with the injection 

velocity. 

• The maximum heat transfer rate occurs for 𝑣𝑖𝑛𝑗 𝑢𝑐⁄ =

10. There is no significant change in the PEC by further 

increasing.  
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