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Abstract

The notion of a bead metric space is defined as a nice generalization of the uniformly convex normed
space such as CAT (0) space, where the curvature is bounded from above by zero. In fact, the bead
spaces themselves can be considered in particular as natural extensions of convex sets in uniformly
convex spaces and normed bead spaces are identical with uniformly convex spaces. In this paper, we
define a new version of bead space and called it CN -bead space. Then the existence of fixed point for
asymptotically nonexpansive mapping and total asymptotically nonexpansive mapping in CN -bead
space are proved. In other word, Let K be a bounded subset of complete CN -bead space X. Then
the fixed point set F (T ), where T is a total asymptotically nonexpansive selfmap on K, is nonempty
and closed. Moreover, the fixed point set F (T ), where T is an asymptotically nonexpansive selfmap
on K, is nonempty.
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1 Introduction

T
he notion of a bead metric space is defined
in [4] and [5] as a nice generalization of the

uniformly convex normed space. In this paper, we
define a new version of bead space and called it
CN -bead space. This idea enables us to show the
existence of fixed point for total asymptotically
nonexpansive mapping in this setting. Due to
this, some definitions and a lemma are given as
following:

Let K be a subset of a complete metric space
X. A mapping T : K → K is said to be nonex-
pansive provided that

d(Tx, Ty) ≤ d(x, y), x, y ∈ K.

The mapping T is called asymptotically nonex-
pansive, if there exists a nonnegative sequence
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{kn}n≥1 with limn→∞ kn = 0 such that

d(Tnx, Tny) ≤ (1 + kn)d(x, y),

for all x, y ∈ K and n ≥ 1. This class of map-
pings was introduced by Goebel and Kirk [3] as a
generalization of the class of nonexpansive map-
pings. In 2006, Alber et. al. [1] introduced the
class of total asymptotically nonexpansive map-
pings as below:

Definition 1.1 Let K be a subset of complete
metric space X. A mapping T : K → K is called
total asymptotically nonexpansive, if there exist

nonnegative real sequences {k(1)n } and {k(2)n }, n ≥
1, with k

(1)
n , k

(2)
n → 0 as n → ∞, and strictly in-

creasing and continuous functions Ψ : R+ → R+

with Ψ(0) = 0 such that

d(Tnx, Tny) ≤ d(x, y) + k(1)n ψ(d(x, y)) + k(2)n

(1.1)
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Remark 1.1 If ψ(λ) = λ, then 1.1 takes the
form

d(Tnx, Tny) ≤ (1 + k(1)n )d(x, y) + k(2)n (1.2)

In addition, if k
(2)
n = 0 for all n ≥ 1, then to-

tal asymptotically nonexpansive mappings coin-
cide with asymptotically nonexpansive mappings.

If k
(1)
n = 0 and k

(2)
n = 0 for all n ≥ 1, then we

obtain from (1.1) the class of nonexpansive map-
pings.

Definition 1.2 (see [4, Definition 1]) Let (X, d)
be a metric space and ∅ ̸= A ⊂ X a bounded set.
An x ∈ X is a central point for A respect to X if

r(A) := inf{t ∈ (0,∞) : ∃z ∈ X,
A ⊂ B(z, t)}

= inf{t ∈ (0,∞) : A ⊂ B(x, t)}.

The center c(A) for A is the set of all central
points for A, and r(A) is the radius of A.

Definition 1.3 (see [4, Definition 6]) A metric
space (X, d) is a bead space if the following is sat-
isfied:
for every r > 0, β > 0 there exists a δ > 0 such
that for each x, y ∈ X with d(x, y) ≥ β there ex-
ists a z ∈ X such that

B(x, r + δ) ∩B(y, r + δ) ⊂ B(z, r − δ).

Lemma 1.1 (see [4, Lemma 10]) Let (X, d) be
a bead space and ∅ ̸= A ⊂ X be bounded. Then
c(A) consists of at most one point. If in addition
(X, d) is complete, then c(A) is a singleton.

Finally, we recall the definition and some proper-
ties of CAT (0) spaces (see [2] and [6]) as follows:
Let (X, d) be a metric space. A geodesic path
joining x ∈ X to y ∈ X (or, more briefly, a
geodesic from x to y) is a map c from a closed in-
terval [0, l] ⊂ R to X such that c(0) = x, c(l) = y,
and d(c(t), c(t́)) = |t − t́| for all t, t́ ∈ [0, l]. In
particular, c is an isometry and d(x, y) = l. The
image α of c is called a geodesic (or metric) seg-
ment joining x and y. When it is unique, this
geodesic is denoted by [x, y]. The space (X, d) is
said to be a geodesic space if every two points of
X are joined by a geodesic, and X is said to be
uniquely geodesic if there is exactly one geodesic
joining x to y for each x, y ∈ X. A subset Y ⊆ X
is said to convex if Y includes every geodesic seg-
ment joining any two of its points. A geodesic

triangle △(x1, x2, x3) in a geodesic metric space
(X, d) consists of three points inX (the vertices of
△) and a geodesic segment between each pair of
vertices (the edges of △). A comparison triangle
for geodesic triangle △(x1, x2, x3) in (X, d) is a
triangle △̄(x1, x2, x3) := △(x̄1, x̄2, x̄3) in the Eu-
clidean plane E2 such that dE2(x̄i, x̄j) = d(xi, xj)
for i, j ∈ {1, 2, 3}. A geodesic metric space is said
to be a CAT (0) space [2], if all geodesic triangles
of appropriate size satisfy the following compar-
ison axiom. Let △ be a geodesic triangle in X
and △̄ be a comparison triangle for △. Then △
is said to satisfy the CAT (0) inequality if for all
x, y ∈ △ and all comparison points x̄, ȳ ∈ △̄:
d(x, y) ≤ dE2(x̄, ȳ).

Let X be a complete CAT (0) space, (xn) be a
bounded sequence in X and for x ∈ X set:

r(x, (xn)) = lim sup
n→∞

d(x, xn).

The asymptotic radius r((xn)) of (xn) is given by

r((xn)) = inf{r(x, (xn)) : x ∈ X},

and the asymptotic center A((xn)) of (xn) is the
set:

A((xn)) = {x ∈ X : r(x, (xn)) = r((xn))}.

In the next section, the notion of CN -bead space
is introduced and some fixed point theorems are
proved.

2 CN-bead space

The definition of bead space is generalized and
called CN -bead space as follows:

Definition 2.1 A metric space (X, d) is a CN -
bead space, if it is bead space and satisfy the fol-
lowing inequality:

d(w, z)2 ≤ 1

2
d(x, z)2 +

1

2
d(y, z)2 − 1

4
d(x, y)2,

(2.3)
for specified x, y, z in Definition 1.3 and arbitrary
w ∈ X.

Lemma 2.1 Let K be a bounded subset of a
complete CN -bead space X. Suppose ϕ(u) =
lim supn→∞ d(xn, u), where (xn) is a sequence in
K. Then there exists x0 ∈ K such that

ϕ(x0) = inf{ϕ(x) : x ∈ K}
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Set A := {xn : n ∈ N}. Obviously, A is a
bounded set, so by Lemma 1.1, c(A) = {x0}. By
Definition 1.2, if we set t = lim supn d(xn, x) =
ϕ(x), then we get

r(A) = inf{ϕ(x) : x ∈ K} = ϕ(x0).

Lemma 2.2 Let K be a bounded subset of a com-
plete CN -bead space X, and T : K → K be a
total asymptotically nonexpansive mapping. De-
fine ϕ(u) = lim supn d(T

nx, u) for each u ∈ K.
Then limm ϕ(T

m(w)) = ϕ(w), where w ∈ K is
such that ϕ(w) = inf{ϕ(u) : u ∈ K}.

Since T is total asymptotically nonexpansive, we
have

d(Tn+m(x), Tm(w)) ≤ d(Tn(x), w)

+k
(1)
m ψ(d(Tn(x), w))

+k
(2)
m

for any n,m ≥ 1. Let n go to infinity, then

ϕ(Tm(w)) ≤ ϕ(w) + k(1)m ψ(ϕ(w)) + k(2)m

Let m go to infinity, which implies
limm→∞ ϕ(Tm(w)) = ϕ(w).

Theorem 2.1 Let K be a bounded subset of com-
plete CN -bead space X. Then any total asymp-
totically nonexpansive mapping T : K → K has
a fixed point. Moreover, the fixed point set F (T )
is closed.

For each u ∈ K define

ϕ(u) = lim sup
n→∞

d(Tn(x), u).

Let w ∈ K such that ϕ(w) = inf{ϕ(u) : u ∈ K}.
We have seen that ϕ(Tm(w)) = ϕ(w) as m→ ∞.
Let

B(Tm(w), r + δ)∩ B(T h(w), r + δ)
= B(z, r − δ),

the inequality (2.3) implies

d(Tn(x), z)2 ≤ 1
2d(T

n(x), Tm(w))2

+1
2d(T

n(x), T h(w))
2

−1
4d(T

m(w), T h(w))
2
.

Let n go to infinity, then

ϕ(w)2 ≤ ϕ(z)2

≤ 1
2ϕ(T

m(w))2 + 1
2ϕ(T

h(w))
2

−1
4d(T

m(w), T h(w))
2

which implies

lim sup
m,h→∞

d(Tmw, T hw)
2 ≤ 0,

therefore (Tn(w)) is a Cauchy sequence. Let
v = limn→∞ Tn(w). Since T is continuous, then
T (v) = v and this proves that F (T ) ̸= ∅. Again,
since T is continuous, F (T ) is closed. The next
two corollaries are straightforward result of The-
orem 2.1.

Corollary 2.1 Let K be a bounded subset of
complete CN -bead space X. Then any asymp-
totically nonexpansive mapping T : K → K has
a fixed point.

Corollary 2.2 Let K be a bounded subset of
complete CN -bead space X. Then any nonexpan-
sive mapping T : K → K has a fixed point.
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