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Duality of g-Bessel sequences and some results about RIP g-frames
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Abstract

In this paper, first we develop the duality concept for g-Bessel sequences and Bessel fusion sequences
in Hilbert spaces. We obtain some results about dual, pseudo-dual and approximate dual of frames
and fusion frames. We also expand every g-Bessel sequence to a frame by summing some elements.
We define the restricted isometry property for g-frames and generalize some results from (B. G.
Bodmann et al, Fusion frames and the restricted isometry property, Num. Func. Anal. Optim. 33
(2012) 770-790) to g-frame situation. Finally we study the stability of g-frames under erasure of
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1 Introduction

Et H, K be two separable Hilbert spaces and
L {W;}icr be a sequence of closed subspaces of
IC, where I is a subset of Z. For any frame {f; }icr
there exists at least one dual frame, i.e., a frame
{gi }ier for which

F=Y_<fgi>f

il

VfeH.

If { fi}ier is a Bessel sequence with bound B < 1,
how can we find two sequences {g; }icr and {p; }ier
such that { f;+¢; }ier and {p; }icr are dual frames,
i.e., such that

F=Y<fpi>(fi+g)
el

=> < fifitg>pi

el
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for all f € H. In this paper we obtain some the
more general results of the type (1). Let L(H, W;)
be the collection of all bounded linear operators
from H into W;. Recall that a family of operators
A= {A € L(H,W;) : i € I} is said to be
a generalized frame, or simply a g-frame for H
with respect to {W;};er if there exist constants
0 < C < D < oo such that

CIFAP< Y INfIP< DIFIP VfeH. (L1)

el

The constants C' and D are called g-frame bounds
and sup;c; A; is called the multiplicity of the g-
frame. We call A a tight g-frame if C = D and it
is a Parseval g-frame if C = D = 1. A is called a
g-g-frame for H if C' = 1—; and D = 1+« for some
e > 0. If the right-hand side of (1.1) holds, then
A is said a g-Bessel sequence for H with respect
to {W;}ier. The representation space associated
with a g-Bessel sequence A = {A;};cs is defined
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(Z@Wz)p =
iel
{{gi}iel|gi e W, Z||gi\|2< oo}.

el

The synthesis operator of A is defined by

Ty : (Z@Wl)p —H
el

Ta({gi}ier) = > _ Ajgi

el

The adjoint operator of T, which is called the
analysis operator also obtain as follows

Ti M — (Z@Wi)p

el
Thf = {Aif}ier-

By composing Ty with its adjoint T, we obtain
the fusion frame operator

SA H—>H
SAf =TaTif =) AIAf,

iel

which is a bounded, self-adjoint, positive and in-
vertible operator and Cly < Sy < DIy. The
canonical dual g-frame for {A;};c; is defined by
{A;}ier with A; = AZ-le, which is also a g-frame
for H with g-frame bounds % and %, respectively.
Also we have

F=Y MAf=Y AANf VfeH

el el

For more details about the theory and applica-
tions of frames we refer the readers to [1, 8, 9,
10, 11] and for fusion frames to [2, 4, 5, 7], about
g-frames to [3, 12, 13].

The paper is organized as follows: Section 2,
contains an extension of g-Bessel sequences to
dual g-frames. In this Section, we consider the
dual, pseudo-dual and approximate dual frames,
fusion frames and we obtain several characteri-
zations of all this dual frames. In Section 3, we
generalize the restricted isometry property to the
g-frame situation. In Section 4, we study the con-
ditions which under removing some element from
a g-frame, again we obtain another g-frame.
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2 Dual, approximate dual and
pseudo-dual of g-frames

Let A = {A;}ier and T' = {I';};cr be g-Bessel
sequences for H with synthesis operators Ty and
T respectively. Then we say that A and I' are
dual g-frames for H if TA\T{ = Iy or TTy = Iy.

In the following we show that any pair of g-
Bessel sequences can be extended to pair of dual
g-frames. This result, generalizes a result of
Christensen, Oh Kim and Young Kim [9] to the
situation of g-frames.

Theorem 2.1 Let A = {A;}icr and T' = {T; }ier
be two g-Bessel sequences for H with respect
to {Witier. Then there exist g-Bessel se-
quences {Zj}tjes and {Q;}jcy for H with re-
spect to {V;}jeg, such that {A;}ier U{Z;}jes and
{Titier U{Q;}jes form a pair of dual g-frames
for H with respect to {W;}icr U{Vj}jecs.

Proof. Assume that {®;};c; and {¥;};c; are
any pair of dual g-frames for H with respect to
{Vj}jes and let © = Iy — TrTy. Then for any
f € H we have

f=0Of+TrTyf
=> W®;0f+ Y TiAf.

jeJ il

If we set Z; = ®;0 and Q; = V¥, for all j € J.
Then {Ai}iGIU{Ej}jGJ and {Fi}ieIU{Qj}jeJ are
dual g-frames for H with respect to {W;};cr U
{Vities.

Theorem 2.2 Let F be a Bessel sequence for H
with Bessel bound B < 1 and let £ be Parseval
frame for H. Then there exists a Bessel sequence

G for H such that F4+& and G+E& are dual frames.

Let F = {fi}ier and € = {e;}ics. Since B < 1,
Iny + TFT¢ is an invertible operator in L(#H). If
we define

O=—(Iy+ T]:Tg)flT]:Tg

and g; = ©*¢; for all i € I. Then G = {g;}icr is a
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Bessel sequence for H and for all f € H we have

f=Un+TrTe)Of + TeTe f + TFT f
=TeTeOf + TeTe f+ TFTeO f + TFIe f

:Z<@faei>€i+z<f7€i>ei
i€l icl
+Y <Ofei>fit+> < foei>fi
icl il
:Z < figit+ei > (fi+e),
icl
which this finishes the proof. The following corol-
laries are generalizations of Theorem 2.2 to the
g-frames situation. We leave the proofs to inter-
ested readers.

Corollary 2.1 Let A = {A;}icr be a g-Bessel
sequence for H with respect to {W;}ier with g-
Bessel bound B < 1. Then there exists g-Bessel
sequence {L;}ier for H with respect to {W}icr,
such that {Z; + A;}ier and {Z; + T }ier are dual
g-frames for H with respect to {W;}icy, where
{Z:}ier is a Parseval g-frame for H with respect
to {Wi}ie].

Corollary 2.2 For every g-Bessel sequence A =
{A;}icr with Bessel bound B < 1 and each
Parseval g-frame = = {Z;}ier for H with re-
spect to {W;}icr, there exists g-Bessel sequence
{Titier for H with respect to {W;}ier such that
{Ai+Z;}ier and {L;}ier are dual g-frames for H
with respect to {W;}ier.

Corollary 2.3 For every g-Bessel sequence
{A;i}ier for H with respect to {W;}icr there exist
g-Bessel sequence {U';}ic;r and a tight g-frame
{Ei}ier for H with respect to {W;}icr such that
{A; + Ei}ier and {T;}ier are dual g-frames for
H with respect to {W;}icr.

Let W = {W;}ier be a sequence of closed sub-
spaces in H, and let A = {a;}ier be a family of
weights, i.e., a; > 0 for all i+ € I. A sequence
Wa = {(W;, i) }ier is a fusion frame, if there ex-
ist real numbers 0 < C < D < oo such that for
all f € H:

ClIfIP< Y aflmw, (NIP< DISI,

iel

(2.2)

where myy, is the orthogonal projection from H
onto W;. The constant C, D are called the fu-
sion frame bounds. If the right-hand inequal-
ity of (2.2) holds, then we say that W, is a
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Bessel fusion sequence with Bessel fusion bound
D. Moreover if F; = {fij}jes, is a frame for
W; for all i € I. Then W = {(W;, i, Fi) bier
is called a fusion frame system for H. The con-
stants A, B are called the local frame bounds if
they are the common frame bounds for the local
frame F; = {fij}jey, for all i € I. A collection of
dual frames G; = {gij};es, , @ € I associated with
the local frames is called local dual frames. By
Theorem 3.2 from (7], if W = {(W;, i, Fi) bier
is a fusion frame system for H with fusion frame
bounds C, D and local frame bounds A, B, then
F = {aifij}icr,jes, is a frame for H with frame
bounds AC and BD. Also if F = {Olifij}iel,jeJi
is a frame for H with frame bounds C' and D,
then W = {(W;, a;, Fi) }ier is a fusion frame sys-
tem for H with fusion frame bounds % and %.

Definition 2.1 Let W, = {(Wi,o;)}ier and
Z3 = {(Z;, Bi) }icr be Bessel fusion sequences for
H with synthesis operators Ty, and Tz, respec-
tively. Then

(i) Wa, Zp are dual fusion frames for H if
TWaT;ZB = IH or TZQT;VB = IH

(i1) Wha, Z3 are approzimate dual fusion frames
Jor Hoif Iy = Tw, T3 [I< 1 or [Ty —
TZaT;V5||< 1.

(i19) Wa, 23 are called pseudo-dual fusion frames
]7‘37“7-[ ifTWaTEB or TZaTltvg s a bijection on

Theorem 2.3 For each 1t
and J; = Ji U Ji be a partition of J; and
let W = {(Wivai7{fij}j€Ji1)}iEI and Z =
{(Ziﬂﬁiﬂ{gij}jEJiz)}iEI be two fusion frame sys-
tem for H. Define

uz-j = {
1 rs .
—=mz.fij JEJi
Vij = ‘{5 ZZfZ] ] .
39 J € Ji2
foralli € 1,5 € J;. Then the following conditions
are equivalent:

(1) Wa = {(Wi, i) Yier and Z5 = {(Zi, Bi) bier
are (dual, pseudo-dual, approrimate dual)
fusion frames.

e I let af > 0

%fi]’ J€Ji
%Ww@j J € Ji2

and
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(2) {aiuijlicrjes, and {Bivijtier jes; are (dual,
pseudo-dual, approximate dual) frames for

H.

Proof. This claim follows immediately from the
fact that for f € H we have

Z Z < f, Bivij > ajug;

i€l jEJZ‘

=Y @i Y < froy >y
iel Jjedin
+D i Y < fiuig >
el J€Ji2
1 ~ 1
:Zazﬂi Z < f, ﬁﬂzifij > ﬁft]

el j€Jin

1 1 ~
+Zai/8i Z < ﬁgij > %WWigij

el j€Ji2

:Z a;ﬁi Z <mz,(f), fij > fis

el J€Ji
;i -
+>° ;lﬁwi(z < [ 9i5 > 9ij)
iel j€Jia

= Z ai,@ﬂTWﬂrZi (f)

i€l

Theorem 2.4 Let {(Wi,@i,{fij}je]i)}iej be a
fusion frame system and let Z3 = {(Z;, B;) }icr be
a fusion Bessel sequence for H. Put g;; = wzi(ﬁj)
foralli € 1,5 € J;. Then the following conditions
are equivalent:

(1) Wa = {(Wi, i) }tier and Zg = {(Z;, Bi) bier
are (dual, pseudo-dual, approrimate dual)
fusion frames.

(2) F = {aifijtierjes;, and G = {Bigij}tier jeJ,
are (dual, pseudo-dual, approrimate dual)

frames for H.

Proof. First we prove that G is a Bessel se-
quence for H. Let D be the Bessel fusion bound
of Zg and A, B be the local frame bounds of
{(Wi, i, {fij}jes)tier, then for all f € H we
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have

SN 1< £, Bigiy > 1P

i€l jEJZ‘

=" B2< fomz (i) >
el jeJd;

=Y B Y < ma (). fiy > P

iel je€J;

2
<3 Llmwrz (DI
el
1 2 o D)o
<3 2 BRlma (DI ZUSIE
i€l
Let Tr and Tg be the synthesis operators for F
and G respectively. Then for all f € H we obtain

Tw.Tz,(f) =Y aiBimwwz,(f)

il

=i Y <mz(h), fij > fij
el jed;

IZ Z < f, Bigij > i fij
il jeJ;

=TrTg(f).

This finishes the proof.

Theorem 2.5 Let W, = {(Wi,a;)}tier and
Zg = {(Zi, Bi) }icr be Bessel fusion sequences for
H and let T € B(H) be a bounded invertible op-
erator such that T*TW; C W, , T*TZ; C Z,.
Then

(1) Wy and Zg are (dual, pseudo-dual) fusion
frames if and only if TWao = {(TW;, ;) }icr
and T Zg = {(T'Z;, Bi) }ier are (dual, pseudo-
dual) fusion frame for H.

(2) If Wy and Z3 are approzimate dual fusion
frames and ||T|||T~ = 1 then TW,
{(TWi, i) tier and TZg = {(T'Z;, Bi) Yier
are also approximate dual fusion frames for
H.

Proof. (1) Since T is invertible and T*TW,; C

W, , T*TZ; C Z; hence for all i € I mpw, =

Trw,T' | nry, = Tny, T~ This implies that

Trw.Trz, = TTWaTgBT—l, that from this the

claim follows immediately.

(2) We have
| [ds~Trow, T2, |
=TT~ = TTw, T5,T7|
<|[Idy — T, Tz, |-
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From this the result follows at once.

Theorem 2.6 Let W, = {(W;, i) }ier be a fu-
sion frame and let Z, = {(Z;, ;) bier be a Bessel
fusion sequence for H. Suppose thatT : H — H
s a bounded invertible operator such that TW; C
Zi for alli € I. Then 2, = {(Zi, ) }ier and
TWa = {(TW;,a;)}ier are pseudo-dual fusion
frames for H. Moreover if TWq is a Parseval
fusion frame then Z, and TW, are dual fusion
frames.

Proof. Since TW; C Z; hence mrw,7z,
wz,mrw; = 7w, for all i« € I. It follows that
Trw, Tz, = S7w, which finishes
the proof.

= Tz, Try,

Definition 2.2 Let {Wi}ie[ and {Wi}ie[ be
closed subspaces in H and € > 0. If for every
f € H we have

ZO{%HT(WZ(

icl

— mi, (DI el £

Then we say that {(Wz, a;) }ier is a e-perturbation
of {(Wi, i) bier-

Theorem 2.7 Let W, = {(Wi,4)}ier , 25 =
{(Zi, Bi)}icr be Bessel fusion sequences with
Bessel fusion bounds Dy, Do respectively for H.
Let Wa = {(Wuaz)}zel be a e-perturbation of
Wa and eDy < 1. If W, and Z3 are dual fusion
frames, then Wa and Zg are also approximate
dual fusion frames for H.

Proof. By Proposition 2.4 from [4] W, is a
Bessel fusion sequence for H. Now for all f € H
we have

If = Ty, Tz, (I
=|Tw, Tz, () = Ty, Tz, (NI

= Hs1”1p |< TW®Tz®(f) - TV~V®T§®(f),g > ’2
=

< sup (Zazﬁlllﬂw f) -

lgll=1 \ 47

< sup Z 2| mw. (f)

lgll=1 527

x> Bz (g

el

m (Dlllnz()1)
i, (DI

)< eDall£II*.

From this the result follows at once.
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3 RIP for g-frames

In this section we generalize the restricted isom-
etry property for g-frames. We denote that I is
a Hilbert space and Hy is a Hilbert space with
dimension N and {e]} ", an orthonormal basis
for Hy. Moreover, the Hilbert-Schmidt norm of
operator T' € L(Hy, K) is defined by

N
ITNEs= Dl Tes .

Jj=1

Proposition 3.1 Let A = {A;}icr be a g-frame
for H with respect to {W;};cr with g-frame bounds
A and B and H be finite-dimensional. Then

YierllNill s
A< elTIHS B
- dim H

Proof. Since

ZHA 7rs= Z < Shej, e >

el
and Aly < Sp < Bly, we have

N
AdimH = A) |le;?

j=1

N
< Z Saej,ej >
j:

N
Zueju = BdimH.

This yields
AdimH < [|Ai|Fs< BdimH.
i€l
From this the claim follows immediately.

Theorem 3.1 Let A = {A;}M, be a g-frame for
Hn with respect to {Wz}f‘il Then

(i) The optimal g-frame bounds of A are the
smallest and biggest eigenvalues of g-frame
operator Sy .

(i3) If {\}Y, is a representation of eigenvalues
of Sn. Then

N M

>N = IAillEs
j=1 i=1
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and

M
Aj = I,
=1

where {ej}é-v:l is the orthonormal basis con-
sisting of eigenvectors of S .
Proof. To prove (i), since Sy is a self-adjoint,
Hpy has an orthonormal basis include eigenvec-
tors of Sp. Let {e; }jvzl be an orthogonal basis of
‘Hy include of eigenvectors of Sp. Let {)\j}évzl be

eigenvalues of {e; }é\le Then for any f € Hy we

have
S Im< Saf 1 >
=1
N
=< < fej>Szejf>
j=1
N
= < fiej >< Spej, f >
j=1
N
=3 < fiej >< Nej, f >
i=1
N
:Z)\j’< f,ej > |2.
j=1
Now from
)\min S )\z S )\maxa (1 S 1 S N)
we obtain

M
Nuinll 12 S MR IPS AL 1%

=1

To prove (ii) we have:

Z Z<)\ ej,ej >
J: :
< Shej,ej >= ZZHA el

lel

N
Z [ Ase; = ZHAz‘H%{s-

2

||M§ TMz

We also have

)\j =< )\jej,ej >=< SAej,ej >

M
= [ Aies >
i=1
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Corollary 3.1 Let {A;}M, be an A-tight g-
frame for Hy with respect to {W;}M, and
|Aillgs=1 for all1 <i < M. Then A = %

Proof. This is a direct result from Proposition
3.1.

Definition 3.1 Let A; € L(H,W;) for alli € I.
Then

/) itier 1s called an orthonormal g-system

(1) {Ai}ic led h I g-sy
for H with respect to {Wi}tier, if AiNjg; =
0ij9; for alli,j € 1,g9; € W;.

(i7) If H = {A;(Wi)}tier, then we say that
{A;}icr is g-complete.

(1i1) We say that {A;}ier is a g-orthonormal basis
for H with respect to {W}icr, if it is a g-
orthonormal g-complete system for H with
respect to {Wj}jer.

(1v) {Ai}ier is called a g-Riesz basis for H with

respect to {W,}icr, if {Aitier is g-complete

and there exist real numbers 0 < A < B < o0

such that:

2
AN g P Ayl
jed jed

<BY llgll*

jed

for all finite subset J C I and g; € Wj.
Moreover, {A;}icr is called an €-g-Riesz ba-
sis for H, if A = 1—% and B = 1+ ¢ for
some ¢ > 0. Also {A;}ier is an e-g-Riesz
sequence if {A;}icr is an e-g-Riesz basis for
{Af(Wi)}ieI-

The next proposition is similar to a result of Bod-
mann, Cahill and Casazza [6] to the situation of
g-frames.

Proposition 3.2 Let {A;}icr be an e-g-Riesz se-
quence for H with respect to {W;}ier and let
{I; } ", be a partition of I. Then

1+EZ” > Mgl <ZZHng||2

Jj=1 kel; J=1kel;

<A+ 1Y gl

j=1 kel;

~
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for every 1 < j < L and any sequence { gk }ker; €
(Lker; ®Wi)pz- Also

HfQJZMWWWZimwﬂ

=1 kel; Jj=1kel;

<@+ Y01 Mgl

j=1 kel
Proof. Let 1 < j < L and {gjk}kGIj €
( Ekef OWk) 2

IS Adgl?
1+5JZI 2 Ko
3 lgsel?

L
kel

1
L
Z Z||9]k||2< Z (L+2)ll Z Akgij

j=1kel; kel

L
=(L+e) ) 1> Abgpl™

j=1 kJEIj
This yields

1+€22N§jmwm

Jj=1 kel;

gizwwmﬁmmH

kel; j=1kel;

~

L
<1+ 1S gl

j=1 kel;
It is known that if {A;};cs is a g-Riesz basis for
‘H with respect to {W;};c; with g-Riesz constants
A and B, then {A;}icr is a g-frame for H with
respect to {W;};cr with same bounds A and B.
The next lemma is analogous to Lemma 3.3 in [6]
to the situation of g-frames.

Lemma 3.1 Let A = {A;}ier be an e-g-Riesz ba-
sis for H with respect to {W;}icr. Then for all

neN 1
T
(I+¢)n
H < Sy < (1+¢€)"Iyand

o7

Proof. Since {A;};c; is an e-g-Riesz basis for
H with respect to {W;}ier, so this family is a g-
frame for ‘H with bounds 1}r - 1+e respectively.
Hence ﬁ < ||SallI€ (1 +¢) and 1+€ < |ISyt<
(1 +¢€). On the other hand for any f € H and
n € Nwe have ||S [ ~"|| FII< [SRAI< (1Sal™I£1-
From this we have || Sy 1[Iy < S% < ||Sa||" Ix.
Consequently

1
(L4

Iy < ||SyHI T Iy < S)

< [[Sall" Ty < (1 + )" Iy

This shows that (F=0 +E) I
H < S} < (14¢)"Iy and so (1+a) Iy < S "<
( _1_6)71]%'

Proposition 3.3 Let {A;}icr be an e-g-Riesz se-
quence for H with respect to {W;}icr. Then

1< f.g>|< 2 +&%,

for all partition {I, I}

of I and f €
{AF(Wi)tien, g € {A7 (Wi tier, with |[f]|= llgll=
1.

Proof. Let F; C I1,F; C I, be arbitrary fi-
nite subsets, g; € W;(i € FiUF2) and ¢ =
Yier, Nigiand ¥ = 7, A7g; with conditions
ll¢l|=|¥||= 1. Then for any |[A|=1 we have
2(< o, \p >) 42
2
(I+¢) 2
—ls— Z llgil"—1

i€ UF>

(S gl o) -

i€F i€Fy

(ll*+l1211%) =

(<o, M >) = -1

o+ 202
2

(1+€)

< 1 =2 +¢2

This yields

< @, > ]—max<g0,)«,/) >< 2 + &2,

IA=1
which implies that |< f,g > |< 2e + €2

Definition 3.2 For every 1 < i < M, let A; €
L(Hn,W;). Then we say that the family {A;}L,
has the restricted isometry property with constant
0 < e <1 for sets of size s < N, if for every
I C{1,2,..,M} with |I|< s, the family {A;}ier
is an e-g-Riesz sequence for Hy with respect to

{Witier
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The next theorem is a generalization of Theorem
4.2 in [6] to the g-frames situation.

Theorem 3.2 Let {A;}}, be a tight g-frame for
Hn with respect to {W;} M, with the restricted
isometry property with constant 0 < ¢ < 1 for
sets of size s < N. Suppose that {I; } © ., is an
arbitrary partition of {1,2,..., M} wzth || < s.
Define V; = {A;(W;) }bier, for all < j <L,
then {VJ}JL:1 18 a fusion frame for Hy with fusion

S llAlys (40 S IAillrs g
(1+e)N > N

frame bounds

D AP Nl £

i€l

<(1+) YA

i€l

1+5

Proof. By the hypothesis {A;}icy; is a g-frame
for V; with respect to {Wi}ier, forall 1 <j < L
with g-frame bounds 1%_5, 1 + € respectively. Let
S; be g-frame operator of {A;}ics, and {e;}'; be
the orthonormal basis of eigenvectors of S; with
eigenvalues {A\;}Y, then \; = 0 for all |I;|< i <
Nand 4z <A < d < < A < 1+e
Since {ei}uj 1 is an orthonormal basis for V;, hence
v, f = Z'Jl < f,e; > ¢;, for any f € Hy. Now
we have

N
Sif =58> < frei>ei)
i=1
N 171
:Z < f,e,- > Sjei :Z < f,ei > \e;
=1 =1

which implies that

1251

<Sif f>=)_Nl< frei>

i=1
Thus we have

ZH NiflP= 1~ <Sif.f>

ZEI

=> 7\< frei > [P< |lmy; |12

icl;

< Al +eo)l< fre > P

i€l;
=(1+e) < Sif.f>=1+2) ) [INf]*
i€l
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It follows that

Z D ollAif)P< ZHWV fI?

] liel;

<(1+e) ZZHA fI%
j=li€l;
Now by Proposition 3.1 we have
ity AillFrs iz 2
(TN If1I7< ZHW Sl

< (1+¢) Zizl”AiHHS
- N

IF112.

Corollary 3.2 Under the assumptions of Theo-
rem 3.2 if

{1’27...7L}g{1’27...,M}

and there exists a family {Jj}JL:1 such that
Zleuj\g s and J; C Ij for all1 < j < L.
Then

arer ZHZ NgillP< | z S atal

j=1lieJ;

<(1+¢)? ZHZ Afgill®.

j=1 ieJ;

Proof. This follows from the Proposition 3.2.
The following theorem will give another method
for obtaining a fusion frame from an unit norm
tight frame for Hy without having the restricted
isometry property. Another form of this result
can be found in [6] Theorem 4.2.

Theorem 3.3 Let {fi}}, be an unit norm tight
frame of vectors for Hy and let {I; }JL:1 be a parti-
tion of {1,2, - M} Define Wj = {fi}ie1;, then
the family {W } 1S afuswn fmme for Hy with

fusion frame bounds 4 and % where
L dimW; q L dimW; 1
A =min min —, B = max max —
j=1 k=1 >\jl~c j=1 k=1 )‘jk

and {)\]k}(;miwj is the family of eigenvalues of

frame operator associated to {f;}ici, -

Proof. Let S; be the frame operator associated
to {fi}ier; and let {ejx}_, be the orthonormal
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basis for Hx of eigenvectors of S; with eigenval-
ues {Ajx}&_ ;. Then Aj;, = 0 for any dimW; <
k < N and {e]k}ilml 7 is a orthonormal basis for

W;. Thus

dim W

<SiffE= ) Apl< feen >
k=1

Now for any f € Hy we have

2
1<k<d1mW )\ Z|< f fl > ‘

ze[
<S5 >
1<k<d1mW )‘jk f7 f
dim W

-y Ak

maxi<k<dim W, Ajk

’< f?ejk>

k=1
<lmw, |17
dim W
< < foei > |2
Z m1n1<k<dlmW )‘ ’ f7 !
= <S5, >
= 1B, e b i1
2
= < >
1<k<d1mW ik Z' fofi> 1
ZGI
This yields
L
2
ZZl<k<d1mW Ajk |< fofi>|
Jj=liel;
L
2
< lmw, £
j=1
< < > |2
_Z 1<k<d1mW >\ o< hfi> 1
j=liel;
Put
L dim W 1 dimW; 1
A=min min —, B :mLaX max’ —.
j=1 k=1 Ajg J=1 k=1 Ajg
Then

L

AM BM

THfHQS ZHWijHQﬁ T||f||2-
=1

The next corollary generalizes Theorem 3.3 to the
g-frames situation which the proof leave to inter-
ested readers.
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Corollary 3.3 Let {A;}M, be a tight g-frame for
Hy with respect to {W;}M, and let {Ij}JL:1 be a
partition of {1,2,---, M}. Define

Vi = {A; (W) }ie,-

Then the family {V} 1 is a fusion frame for Hy
with fusion frame bounds

ASM A3

g B izl Al

N N
where
L dimVj 1 L dimV; 1
A = min min —, B = max ma¥ —
j=1 k=1 )\jk J=1 k=1 Aj

and {)\]k}zmivj is the family of eigenvalues of g-

frame operator associated to {A;}iey; -

4 Stability of g-frames

Our purpose of this section is to study the con-
ditions which under removing some element from
a g-frame, again we obtain another g-frame. The
next theorem gives an erasure result of g-frames
so that Theorem 4.3 obtained in [5] is a special
case of it.

Theorem 4.1 Let A = {A;}icr be a g-frame for
H with respect to {W;}ticr with g-frame bounds
A and B and let J C I. Then {A;}icr—y is
a g-frame for H with respect to {W;}ici—y with
bounds

*H Ly =) Sy ATA)

ied

7% and B,

if and only if Iyg — > i ; SXlAffAi be a bounded

inwvertible operator on H.

Proof. For any f € H we have

F= Sy'AAf

el
=D SPIAAf + Y SAIAE
i€J el—J

Thus

I =Y SN = ) SyTATA,

ieJ iel—J
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Moreover we have

15— S Sy AT A ]
e

_ —1 A%

5 s
iel—J

= sup | < Z SyTAIAf, g > |
llgll=1 iel—J

< Nif NSy lg > |

= sup | )
llgll=1 iel—J

< sup > lAifllAisy gl

llgll= ZEI J
1
(Y IASy gl)?

1
(>0 IAfIP)2(
el—J

el—J

< sup \FIISA gl Y sz

llgll=1 icl—J

VB 1
<002 APy,

iel—J

N

Now if Iy —
Then

Y ics Sy 'AA; is invertible on H.

fH I =) Sy 'AA,

ied

H Iy =) Sy A £

ieJ

< 3l

el—J

)R

On the other hand, since A is a g-frame hence
{Ai}ier—s is a g-Bessel sequence. It follows that
{A;}icr—j is a g-frame. Conversively, suppose
that {A;}ier—s is a g-frame for H with respect to
{Wi}icr—s, with g-frame bounds A and B. We
first show that Iy — > ,c; Sy AFA; is injective.

Let
(I =) Sy 'ATA)f =0=
icJ
SO0 AA) = ST SETATA =0
iel—J icl—J

hence ) ;;_;A7A;f = 0. It follows that

> A

iel—J

= > <NfAS>

iel—J

=< > MM f>=0

i€el—J

AllfIIP <
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which implies that f = 0. Also, if (I —
Sies SATAFA) f =0then Y, ;AN Sf =
0 and therefore Sglf = 0, it follows that f = 0.
This finishes the proof.

Corollary 4.1 Let {A;}icr be a g-frame for H
with respect to {Wi}icr and let J C I. If there
exists 0 £ fo € H such that 3, ; Sy A A fo =
fo. Then {A;}icr—y is not a g-frame for H.

Proof. If there exists 0 # fo €
H such that >, ;Sy'AfAifo = fo, then
Sier—s SyIATA; fo =0, hence Y, o, AfA fo =
0. It follows that

> Aifoll® =

iel—J

Z < A;fo, Nifo >
icl—J

=< > Sy'ATAifo, fo>=0
iel—J

Therefore {A;}icr— is not a g-frame.

Corollary 4.2 Let {A;}icr be a A-tight g-frame
for H with respect to {W;}icr and let J C I. If
there exists 0 # fo € H such that Y, ; A A fo =
Afo, then {A;}ier—g is not a g-frame for H.

5 Conclusion

In this paper, we proved that the sum of any
Bessel sequence with Bessel bound less than one
with a Parseval frame is a frame and computed
its obtimal bounds. We also showed that a Bessel
sequence is an inner summand of a frame and
changed every Bessel sequence to a dual frame by
summing it with any Parseval frame. Moreover,
we proved that any pair of g-Bessel sequences can
be extended to pair of dual g-frames. This result,
generalizes a result of Christensen, Oh Kim and
Young Kim in [9] to the situation of g-frames.
We defined the restricted isometry property for
g-frames and generalized some results from [6] to
g-frames.

Acknowledgements
The authors would like to thank the editors and

anonymous reviewers for their constructive com-
ments and suggestions.



M. S. Asgari et al, /IJIM Vol. 7, No. 1 (2015) 51-61

References

[1] M. Azhini, M. Beheshti, Some results on
continuous frames for Hilbert Spaces, Int. J.
Indust. Math. 2 (2010) 37-42.

[2] M. Azhini, N. Haddadzadeh, Fusion frames
in Hilbert modules over pro-C*-algebras, Int.
J. Indust. Math. 5 (2013) 109-118.

[3] M. R. Abdollahpour, A. Najati, Approzima-
tion of the inverse g-frame operator, Proc.
Indian Acad. Sci. (math. Sci.) 121 (2011)
143-154.

[4] M. S. Asgari, A. Khosravi, and bases of
subspaces in Hilbert spaces, J. Math. Anal.
Appl. 308 (2005) 541-553.

[5] M. S. Asgari, On the stability of Fusion
Frames (Frames of Subspaces), Acta Math.
Sci. Ser. B. 31 (2011) 1633-1642.

[6] B. G. Bodmann, J. Cahill, P. G. Casazza,
Fusion frames and the restricted isome-
try property, Num. Func. Anal. Optim. 33
(2012) 770-790.

[7] P. G. Casazza, G. Kutyniok, Frames of sub-
spaces. in " Wavelets, Frames and Operator
Theory” (College Park, MD, 2003), Con-
temp. Math. 345 Amer. Math. Soc. Provi-
dence, RI (2004) 87-113.

[8] O. Christensen, Introduction to Frames and
Riesz Bases, Birkhauser, Boston (2003).

[9] O. Christensions, H. O. Kim, R. Y. Kim,
Ezxtensions of Bessel sequences to dual pairs
of frames, Appl. Comput. Harmon. Anal.
(2013) (to appear).

[10] I. Daubechies, A. Grossmann, Y. Meyer,
Painless nonorthogonal expansions, J. Math.
Phys. 27 (1986) 1271-1283.

[11] R. J. Duffin, A. C. Schaeffer, A class of
nonharmonic Fourier series, Trans. Amer.
Math. Soc. 72f (2) (1952) 341-366.

[12] D. F. Li, W. Sun, Ezxpansion of frames to
tight frames, Acta Math. Sin. (Engl. Ser.) 25
(2009) 287292.

[13] W. Sun, G-frames and G-Riesz bases, J.
Math. Anal. Appl. 322 (2006) 437-452.

61

Mohammad Sadegh Asgari is an
Associated professor of Mathemat-
ics at Central Tehran Branch TAU.
He received his B.Sc in mathe-
matics from Arak Teacher Educa-
tion University in 1990 and he re-
ceived his M.Sc from Shahid Be-
heshti University in 1993 in mathematical anal-
ysis and his PhD received from Science and Re-
search Branch TAU in 2003 in functional analy-
sis. His research interests include wavelet theory,
frame theory, operator algebras and operator the-
ory. He has published more that 30 peer reviewed
papers and 2 books.

Golsa Kavian is an Assistant
professor of Mathematics at Is-

lamic Azad University, Roudehen
~ Branch. She received her B.Sc in
mathematics from Lorestan Uni-
versity in 2006 and she received
her M.Sc from Lorestan University
in 2008 in mathematical analysis and her PhD
received from Islamic Azad University, Central
Tehran Branch in 2014 in functional analysis. Her
main research interests include wavelet theory,
frame theory.



	Introduction
	Dual, approximate dual and pseudo-dual of g-frames
	RIP for g-frames 
	Stability of g-frames 
	Conclusion

