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Abstract

Let G=(V,E) be a simple connected graph with vertex set V and edge set E. The first, second and third
Zagreb indices of G are respectivly defined by: M;(G) = Y,y d(w)?, Ma(G) = 3 ,0cp d(w).d(v)
and M3(G) = 3 cpld(u) — d(v)| , where d(u) is the degree of vertex u in G and uv is an edge
of G connecting the vertices u and v. Recently, the first and second multiplicative Zagreb indices
of G are defined by: PM;(G) = [],cy d(u)? and PM3(G) = [[,cv d(u)*®) . The first and second
Zagreb coindices of G are defined by: M;(G) = > uwwgp(d(u) +d(v)) and My(G) = > wvgr Aw).d(v).
The indices PM1(G) = [],,¢p d(u) +d(v) and PM(G) = [1,,,¢x d(u).d(v) , are called the first and
second multiplicative Zagreb coindices of G, respectively. In this article, we compute the first, second
and third Zagreb indices and the first and second multiplicative Zagreb indices of some classes of
dendrimers. The first and second Zagreb coindices and the first and second multiplicative Zagreb
coindices of these graphs are also computed.Also, the multiplicative Zagreb indices are computed
using link of graphs.

Keywords : Zagreb indices; Multiplicative Zagreb indices; Zagreb coindices; Multiplicative Zagreb
coindices; Link.

1 Introduction My(G) =Y d(u).d(v) (1.2)
wweE

. . . . The al i i f M i
THe graphs considered in this paper are simple e alternative expression of M) (G) is

and connected. Let G=(V,E) be a simple Z (d(u) + d(v)). (1.3)
connected graph with vertex set V and edge set woeE

E. A topological index is a fixed number under . .
eraph automorphisms. Gutman and Trinajsti [4] G.H.Fath-Tabar [3] defined the third Zagreb in-

defined the first and second Zagreb indices. Za- dex, by:
greb indices are defined as follows: M3(G) = Z d(w) — d(v)]. (1.4)
wveFE
_ 2
M(G) = Zvd(u) ’ (1.1) Todeschine et al. [6, 7] have recently proposed to
ue

consider multiplicative variants of additive graph
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The alternative expression of PM(G) is

I d(w).d().

wek

(1.7)

Gutman et al. [5] computed multiplicative Za-
greb indices for a class of dendrimers using link
of graphs.

Recently, Ashrafi,Doli and Hamzeh [1, 2] de-
fined the first and second Zagreb coindices by:

M(G) =) (d(u) +d(v)), (1.8)
uwg¢E
My(G) = > d(u).d(v). (1.9)
uwé¢E

In 2013 Xu, Das and Tang [8] defined multiplica-
tive Zagreb coindices by:

PMi(G) = [ d(u)+d(v), (1.10)
uwwé¢F

PMy(G) = [] d(w).d(v). (1.11)
uwg¢FE

They define multiplicative sum Zagreb index
and the total multiplicative sum Zagreb index by:

PMy*(G) = [ d(u)+d(v), (1.12)
uwveE
PMT(G) = ] d(u)+ d(v). (1.13)

u,veV

The goal of this article is computing Zagreb
indices, multiplicative Zagreb indices, Zagreb
coindices, multiplicative Zagreb coindices, mul-
tiplicative sum Zagreb index and the total multi-
plicative sum Zagreb index of some graphs.

2 Preliminaries

Define d; to be the number of vertices with de-
grees i and x;5,% # j, to be the number of edges
connecting the vertex of degree i with a vertex of
degree j and x;; to be the number of edges con-
necting two vertices of degree i. Figure 1 shows a
first-type nanostar dendrimer which has grown
two stages and four similar branches with the
same number, dl of vertices and x7; of edges con-
necting a vertex of degree i with a vertex of degree
j and z7; to be the number of edges connecting two
vertices of degree i. Define 7;; to be the number
of subsets with vertices of degree i, j, so that @;;

V. Ahmadi et al. /IJIM Vol. 9, No. 1 (2017) 47-57

does not include the number of edges that con-
nect vertices i, j. Define T;; to be the number of
subsets with vertices of degree i, so that T;; does
not include the number of edges which connect
two vertices of degree i.

Lemma 2.1 The amount of T;;,Ti; are equal to:

Tij = ( dll > < dlj > — Tij Zdidj — Zij, (2.14)

Ty = < di > —zy = didi — 1) Ty, (2.15)

2 2

Proof. straight forward. [J
We use the above formulae to obtain Zagreb
and multiplicative Zagreb coindices.

Lemma 2.2 The number of subsets with ver-
tices of degree i as well as the number of subsets
with vertices of degree 1, j, are equal to:

Proof. straight forward. [J We use these formu-
lae to obtain PMT(G).

Definition 2.1 A link of G and H by vertices
u and v is defined as the graph (GOH)(u,v) ob-
tained by joining u and v by an edge in the union
of these graphs.

Theorem 2.1 The first and second multiplica-
tive Zagreb indices of the link of G1 and G2 sat-
isfies the following relations:
PM'1 (G‘JDGQ)('U17 ’1)2) =
((dcl (v1)+1)(dg, (v2)+1))2‘
da, (v1)da, (v2)

PM,(G1)PM(Ga), (2.17)
(dg, (U1)+1)dG1 (m)ﬂ(dGQ (v2)+1)dG2(“2)+1
da, (vl)dGl <U1)dG2 (1]2)dG2 (v2)
PMs(G1)PM(G2). (2.18)

Proof. See [5] Notice that dg, (v1) is defined to
be the degree of vertex v; € V(G1) and dg, (v2)
is defined similarly. [J
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Definition 2.2 Define PM!")(Gy) to be the
first multiplicative Zagreb index of the graph G1,
so that PMl(ui)(Gl) dose not include the first mul-
tiplicative Zagreb index of vertex u; € V(G1) and

PMQ(ui)(Gl) is defined similarly.

We compute these indices for the following fig-
ures.

3 Results and discussion

Theorem 3.1 Zagreb, multiplicative Zagreb in-
dices and coindices of First-type nanostar den-
drimer, NS1[2] (see Figure 1) are computed as
follows:

My = 17274 — 112,

My = 41.2713 — 140,

Mz = 2"+5 — 16,

PM; = 22"*‘5—20.32"*5—16’

PM, = 22”+6720.33.2”+4724’

M = 21.227+8 _ 141.2"+5 + 948,

My = 49.227+7 _ 337.97+4 4 1164,
PM, = 99.227+7—53.2n 44154

32° 7 —9.2n 4440 £2%0 1972710496

* J
PM, = 93.227+9-9.27 474210
33.227+8-23.27 454176

Proof. Figure 1, has grown four similar branches
and two stages. Now, we compute these indices
from the stage n. For the graph of Figure 2 is
the central part of Figure 1. For the Figure 2
it is obvious that: do = 18,d3 = 12, so dy =
4dy + 18, ds = 4ds + 12.

For example, for n = 1 we have do = 54,d3 =
24. On the other hand, calculations show that:
dy = 273 — 7. dy = 272 — 5 therefore, dy =
M5 10,ds = 27T — 8. Elementary com-
putation gives:

M, = 17274 — 112,

PM; = 22’”6—20.32"*5—16’

PM, = 22n+6—20‘33.2n+4—24‘

For the graph of Figure 2, it is obvious that:
Too = 6, To3 — 24, 33 — 4, SO X992 = 4$é2 +
6, xo3 = 4x3 + 24, x33 = 4x33 + 4. For example,
for n = 1 we have x'22=30, x'23=48, x'33=12.

On the other hand, calculations show that:
Thy = 2MH2 — 2 xhs = 273 10, 253 = 27T — 2,
therefore, x99 = ontd _ 2,293 = onts 16, 33 =
2n+3 — 4.

Elementary computation gives:

My = 41.2"F3 — 140, M3 = 2"+5 — 16.
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Figure 1: First-type nanostar dendrimer, N.S;[2]

e
™ 'S

A A

e

Figure 2: First-type nanostar dendrimer, NS [2]

Similar calculation shows that:
M, = 21.227+8 _ 141.9"15 4 948,

My = 49.227+7 _ 337274 1 1164,
PM, = 99.22"+7—53.27n 44154

322"+779.2”+4+40.522"+977.2”+6+96’

PM; = 93.22"9-9.27 474210

332?78 2327454176

Now, we compute multiplicative Zagreb indices
using the link of graphs G1, G2 as shown in Figure
3: It is easy to see that:

PM;(Gy) = 22034,

PMM)(Gy) = 21834,

PM(Gy) = 21834,

PM (@) = 216 38

andso, for 1 <i<n—-1,1<j<n—-1

We define G,,as follows:

Gn = (Gn,lﬂGl)(vl,ul)

Grn1 = (Gr20G1)(v2, u2)

G2 = (G10G1)(vp—1,up—1)
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Figure 3: G; and G»

Figure 4: Molecular graph of dendrimers using
tetrathiafulvalene units as branching centers, D [2]

According to Theorem 3.1 we have the follow-
ing relations:

PM,(G,) =

PM™ (Gt ) PMM(G1) 34

M (Gy) =

PM (v2) (Gn Q)PM(’Ul,u2)(G ) 34

PM2)(Gy) =

PM (G P (G ) 38

Therefore:

PMy(Gy) = PM"(G) PM™(Gy)

[Ty P (Gh).340D) =

PMY)(Gy)PMM™(Gy)

(PMl(m’uz)(Gl))n_2~34(n_1) —

216n+4'38n74.

A branch is added in the second layer such as
GG1 and three branches are added in the third
layer that its first multiplicative Zagreb index is
272218 318 The total number of added branches
in all layers are equal to 2" —n — 1.

The first multiplicative Zagreb index for a main
branch of the graph of Figure 1 is equal to
92" t4-12 g2mt3 12

Since the graph has four main branches then
we obtain high values for four main branches and

V. Ahmadi et al. /IJIM Vol. 9, No. 1 (2017) 47-57

Figure 5: The central part of Figure 4

Figure 6: G; and G

we consider the obtained number with the first
multiplicative Zagreb index which has the central
part value of figure that is 278.236.332, Therefore:
PM,(G) = 92"10-20 327716
It is easy to see that:
PMy(Gy) = 22035 PAMS)(Gy) = 218.36,
M (Gy) 218 36 pplvitir) (G =
216'36
andso, for 1<i<n—-1,1<j<n—1.
According to Theorem 3.1 we have the follow-
ing relations:
PMs(Gr) =
P M2(v1)( G- 1)
PM"™(Gy) =

M{"(Gy).(33.39)
PM"™ (G_o) PMS™2) (G).(33.33) .

PMY"™ ) (Gy) =

P (G PM™ ™0 (G, (3.3°)
Therefore:

PMy(Gr) = PM{" " (G1) PM{" (G1)
(PM{"™") (Gy))=2.(3%.3%) (1) =
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Figure 7: Polymer dendrimer, P [2]
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Figure 8: The central part of Figure 7

216n+4 312n—6

The second multiplicative Zagreb index for
a main branch of the graph G is equal to
92" 112 g3.27 1218

Therefore,

PM,(G) = 2277720 332" =24
Theorem 3.2 Zagreb, multiplicative Zagreb in-
dices and coindices of Molecular graph of den-
drimers using tetrathiafulvalene units as branch-
ing centers, D [2] (see Figure /) are computed as
follows:

My = 21.2"5 — 414,

My = 99.2"3 — 493,

Ms = 13.2"13 — 64,
PM, = 919. on+3_88 35 gntd_ 52

PMy = 919. 2n+3_88 315. 2n+3_ 78
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Figure 10: Helicene-based dendrimers, H [2]

M = 1085.22"15 — 5344273 4 13164,

My = 1225.22715 — 6091.2"3 4 15150,
PM, = 94532274 271,27 4542598

3L 2277 —433.2"F2 4536

595. 22745 _957. 2"+2+1200

PMy = 2589 22049897 27243388
3155. 22"+5 793.2"73 42028

Proof. Figure 4, has grown four similar
branches and two stages. Now, we compute these
indices from the stage n. Figure 5 is the cen-
tral part of Figure 4. For the graph of Fig-
ure 5 it is obvious that: dy = 36,d3 = 14 so
dy = 4ds + 36, ds = 4ds + 14.

For example, for n = 1 we have dy = 12,dy =
108,ds = b54. On the other hand, calculations
show that: dq = 4.2""1 —1,dy = 19.2" — 20, d3 =
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Figure 11: The central part of Figure 10

Figure 12: G and Go

5.20tL — 10, therefore, di = 2"t — 4,dy =
19.27+2 — 44, d3 = 5.2"13 — 26. Elementary com-
putation gives:

M, = 21.2"5 — 414,
PM; = 919. ont3_88 35 2”+4—52

PM, = — 9l9. ont3_88 315. ant3_ 78

For the graph of Figure 5, it is obvious that:
Tog = 16,2193 = 36,233 = 3, S0 xoo = 4x20 +
16, x03 = 4x53 + 36,133 = 4x33 + 3. For exam-
ple, for n = 1 we have z13 = 4,219 = 8,799 =
40,1‘23 = 128,3}33 = 15.

On the other hand, -calculations show
that: zi3 = 2" — l,z1s = 2", 135 =
72" — 8,153 = 23.2" — 23,133 = 3.2" — 3,
therefore, x13 = 2"2 — 4,219 = 272 29y =

7.22 16, x93 = 23.2"72 — 56, 133 = 3.2"T2 -0,
Elementary computation gives:

My = 99.2"F3 — 493,

M3 = 13.2"13 — 64.

Similar calculation shows that:
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Figure 13: Tetrathiafulvalene [TTF]s;-glycol
dendrimer, T [3]

Figure 14: The central part of Figure 14

M, = 1085.22"15 — 534423 4 13164,

My = 1225.227+5 — 6091.2"F3 + 15150,
PM, = 94532274 271274542598

311.2%77-433.27 124536
595.2%"5-957. 2”+2+1200

2n+4 _ +2
PM, = 2589-2°" 2827 2" +3388
3155.2%"5-793.27 1342028

Now, we compute multiplicative Zagreb in-
dices using the link of graphs G1, G2 as shown in
Figure 6:

It is easy to see that:
PM;(Gy) = 238.318,

PMM)(Gy) = 238,318,

PM(Gy) = 236,318,
PMl(Ui,Ui+1)(G1) — 936 318
andso, for 1 <t1<n—-1,1<j<n—1
Therefore:

PM;(Gp) = PM{"™ ) (Gy) PM™)(Gy)
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Figure 15: G and Go

(PMl(vl’W)(G1))”_2.62(n_1) =

238n.320n72.

A branch is added in the second layer such as
(1 and three branches are added in the third
layer that its first multiplicative Zagreb index is
238 320, The total number of added branches in
all layers are equal to 2" —n — 1.

The first multiplicative Zagreb index for a main
branch of the graph of Figure 4 is equal to
938.2"—38 320.2"—22

Since the graph has four main branches then
we obtain high values for four main branches and
we consider the obtained number with the first
multiplicative Zagreb index which has the central
part value of figure that is 278.272.336,

Therefore:

PMl(G) — 2152.2”—88'380.2"—52'

It is easy to see that:

PMy(Gq) = 238.3%7,

PMY")(Gy) = 238.377,

PM"(Gy) = 2%6.377,

PMQ(vi,U¢+1)(G1) — 236‘327

andso, for 1<i<n—-1,1<57<n—1.

Therefore:

PMy(Gy) = PM{"™ ) (G1) PMY™(Gy)

(PM"™"2)(Gy))2.(22.3%)" ! =

238n‘330n73'

The second multiplicative Zagreb index for
a main branch of the graph G is equal to
938.2"—38 330.2"—33

Therefore,
PM,(G) = 21522788 3120.2"-78 ]

Theorem 3.3 Zagreb, multiplicative Zagreb in-
dices and coindices of Molecular graph of Poly-

93

mer dendrimer, P[2] (see Figure 7) are computed
as follows:

My = 159.2"F1 — 186,

M,y = 183.27F1 — 204,

Ms = 18.2"+1 — 18,
PM; = 945.2"+1-66 515.2"F! 12

_ 945.2"T1_66 945.27—18
PMy; =2 3 ,

M, = 8694.22" — 11130.2" + 3546,

My = 4761.227+1 — 12117.2™ + 3825,
PM, = 9279.22"+3-1605.2" 141191

3495.22"*1—411.2n*1+21 5675.22n—399.2n+1+216
* )

_— 2

PMy = 92835.22" ~3969.2" +-1386 _

3945.22"—1023.2"+258

Proof. Figure 7, has grown three similar
branches and two stages. Now, we compute these
indices from the stage n. Figure 8 the central part
of Figure 7. For the graph of Figure 8 it is obvi-
ous that: dy = 15,d3 = 9, so dy = 3dy + 15,d3 =
3dz + 9.

For example, for n = 1 we have
di = 6,dy = 57,d3 = 24. On the
other  hand, calculations  show  that:

dy = 2", dy = 15.2" — 16, d5 = 5.2" — 5, therefore,
dy = 3.2, dy = 45.2" — 33, d5 = 15.2" — 6.

Elementary computation gives:

M, = 159.2"*+1 — 186,
PM, = 945.2"+1-66 515.2" 112

PM, = 945.2" 1 —66 945.2" 18

For the graph of Figure 8, it is obvious that:
Too = 6,193 = 18,133 = 3. S0 x99 = 3x29 +
6,x93 = 3xo3 + 18,z33 = 3x33 + 3. For exam-
ple, for n = 1 we have x19 = 6,x99 = 30,293 =
48, 33 = 12.

On the other hand, calculations show that:
Tig = 2™, x50 = 9.2" — 10,253 = 11.2" — 12, 233 =
P

therefore, x19 = 3.2", x99 = 27.2" — 24, x93 =
33.2" — 18, £33 = 3.27H1,

Elementary computation gives:

M, = 183.2"F1 — 204,

M; =18.2"F1 — 18,

Similar calculation shows that:

M, = 8694.22" — 11130.2™ + 3546,

My = 4761.227+1 — 12117.2™ + 3825,
PM, = 9279.22"+3-1605.2" 1 41191

3495.22n*1—411.2n*1+21 5675.22n—399.2”+1+216
* b}

_— 2

PMy = 92835.22" —3969.2" +1386 _

3945.22”—1023.2"4—258
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Now, we compute multiplicative Zagreb indices
using the link of graphs GGy, G2 as shown in Figure
9:

It is easy to see that:

PM;(Gy) = 239.38,
PMM) (Gy) = 2%0.38,
PMY) (Gy) = 228,38,

PM(Uivui+1)(G ) _ 228 38

andso, for I<i<n—-1,1<j<n—1L
Therefore:

PMy(Gy) = PM"(G) PM™)(Gy)

(PMl(UI’W)(Gl))n_2.62(n_1) -

23071‘31071—2.

A branch is added in the second layer such as
G1 and three branches are added in the third
layer that its first multiplicative Zagreb index is
230 310 The total number of added branches in
all layers are equal to 2" — n — 1.

The first multiplicative Zagreb index for a main
branch of the graph of Figure 7 is equal to
930.2"—30 310.2" 12

Since the graph has three main branches then
we obtain high values for three main branches
and we consider the obtained number with the
first multiplicative Zagreb index which has the

central part value of figure that is 276,230,324,
Therefore:
PM;(G) = 2902"~66 3302712
It is easy to see that:
PMs(Gy) = 239312
PMY")(Gy) = 230.312,
PM{")(Gy) = 228,312,
PM(vi,Ui+1)(G1) — 928 312
andso, for1<i<n—-1,1<j<n—-1.
Therefore:
PMy(Gy) = PM")(G1) PM{™ (Gy)

(PM") (Gy))n2.(22.33)n1 =

230n‘315n—3.

The second multiplicative Zagreb index for
a main branch of the graph G is equal to
930.2"—30 315.2"—18

PMQ(G) — 290.2”—66‘345.2"—18‘ N

Theorem 3.4 Zagreb, multiplicative Zagreb in-
dices and coindices of Helicene-based dendrimers,
H[2] (see Figure 10) are computed as follows:

My = 43.2"3 — 168,

M,y = 225.2"+1 — 226,

Mz =7.2"2 — 14,

V. Ahmadi et al. /IJIM Vol. 9, No. 1 (2017) 47-57

PM, _ 9ollL 2nt2_16 372"+3 30
PM, _ 9ollL 2nt2_16 321 ont2_ 45

M, = 891.22n+3 _ g74.2n+3 4 1718,

My = 1089.227+3 — 4403.27+1 + 2232,
PM, = 9277.22712-263.2" 24249

315. .22n+5_959, 2"+1+143
577. 22n+3_987. 2"+1+131

2n+2 _ “+1
PMQ 2297 .24m 513 AL +216
3189.22"F3-797.27H1 4+420

Proof. Figure 10, has grown two similar
branches and two stages. Now, we compute these
indices from the stage n. Figure 11 is the central
part of Figure 10. For the graph of Figure 11
it is obvious that: d1 = 3,dy = 12,d3 = 15 so
d1—2d1—|—3 d2—2d2+12 d3_2d3+15

For example, for n = 1 we have

dy = 7,dy = 36,d3 = 41. On the other hand, cal-

culations show that: d; = 2"t — 2.d, =

11.2" — 10,d3 = 7.2""1 — 15, therefore,

dp =22 —1,dy = 112" —8,d3 = 7.2"+2 —15.
Elementary computation gives:

= 43.2"13 — 168,
PM1 9lL. 2nt2_16 37 ont3_ 30

PM, = _ 9ollL 2nt2_16 321 ont2_ 45

For the graph of Figure 11, it is obvious that:
12 = 1,{L‘13 == 2,1‘22 == 5,.’E23 == 13,1‘33 =14
SO T2 = 2x12 + 1,213 = 2213 + 2, x99 = 2199 +
5,293 = 2x53 + 13,233 = 2x33 + 14. For exam-
ple, for n = 1 we have x12 = 1,213 = 6,790 =
21, x93 = 29, x33 = 44.

On the other hand, calculations show that:
xig = 2" — 2 249 = x5y = 3.2"T1 — 4 253 =
52"+ — 12 233 = 15.2" — 15, therefore z19 =
1,213 = 2“+2 2, x99 = 3.2"12 -3 193 = 5.2"T2
11, 233 = 15.2"T1 — 16.

Elementary computation gives:

M, = 225.2"+1 — 226,

My =17.2""2 — 14,

Similar calculation shows that:

M, = 891.227+3 — 874.2"3 4 1718,

My = 1089.227+3 — 4403.2"F1 4- 2232,
PM, = 9277.22"+2-263.2" 24249

315.2%"5-250.27 14143
577 22n+3_987. 2"+1+131

2n+2 _ “+1
PM2 — 9297.2°" 513 2714216
3189. .22n+3 7972711420

Now, we compute multiplicative Zagreb in-
dices using the link of graphs G1, G2 as shown in
Figure 12:
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It is easy to see that:
PM;(Gy) = 14.226 324,
PMM)(Gy) = 14224324,
PM{")(Gy) = 14224324,

PM(Uivui+1)(G1) — 14922 324

andso, for 1 <i<n—-1,1<j<n—1.
Therefore:

PM,(G,) = PMl(“"‘l)(Gl)PMl(ul)(Gl)

(PMI(ULW)(Gl))n72.34(n71) —

222n+4'328n74.

A branch is added in the second layer such as
(G1 and three branches are added in the third
layer that its first multiplicative Zagreb index is
222 328 The total number of added branches in
all layers are equal to 2" —n — 1.

The first multiplicative Zagreb index for a main
branch of the graph of Figure 10 is equal to
91127118 g7.27+2 32

Since the graph has two main branches then
we obtain high values for two main branches and
we consider the obtained number with the first
multiplicative Zagreb index which has the central
part value of figure that is 274.224.334, Therefore:

PM(G) = 911.2"+2-16 97.27+3-30

It is easy to see that:

PMy(Gy) = 12.2%6 336

PM"™)(Gy) = 12.224.336,

PMy™ (Gy) = 12,224,336,

PM(vi’“i-&-l))(G ) = 12 922 336

andso, for 1<i<n—-1,1<j<n—1.
Therefore:

PMy(Gy) = PMQ(””*)(Gl)PMQ(“”(Gl)

n—2
(PAL" ") ()" 300 =

222n+4'342n76‘

The second multiplicative Zagreb index for
a main branch of the graph G is equal to
911.2"—18 321.2" 148

PM,(G) = 91127116 921.2712—45

Theorem 3.5 Zagreb, multiplicative Zagreb
indices and coindices of Tetrathiafulvalene
[TT F)a1-glycol Dendrimer (see Figure 13) are
computed as follows:

M, = 63.2"12 — 204,

My = 303.2™ — 243,

M5 = 21.2"*1 — 30,
PM; = 921. 2ntl_48 39 2"+2—24

PM, = 92L. 2ntl_48 327 ontl_ 36
M, = 2295.22n+1 — 3903.27F1 + 3312,

95

M, = 2601.22"T1 — 8997.2" + 3873,
PM;, = 9837.22"—717.2" 14699

39.22"+5—189.2"+1+81
5189.22"+1—357.2"+1+318

)
—_— 2
PMy = 9945.22" —~1899.2"+936
3405.22"+17315.2”+2+480

Proof. Figure 13, has grown three similar
branches and three stages. Now, we compute
these indices from the stage n. Figure 14 is the
central part of Figure 13. For the graph of Fig-
ure 14 it is obvious that: d; = 3,d3 = 6, so
dy = 3d; + 3,ds = 2ds3 + 6.

For example, for n = 1 we have
d = 12,dy = 18,d3 = 24. On the
other hand, calculations show that:
dy=4.27"—1,dy =7.2" — 8,d3 = 6.2" — 6, there-

fore, di = 6.2", dy = 21.2" — 24, d3 = 18.2" — 12.

Elementary computation gives:

M, = 63.2"12 — 204,
PM, = — 921 2ntl_g8 39 ont2_ 24

PM, = — 92L 2nt1l_48 327 gntl_ 36

For the graph of Figure 14, it is obvious that:
r13 = 3,233 = 6. 80 x13 = 3xri3+3, x33 = 3x33+6.
For example, for n = 1 we have x99 = 3,293 =
30,213 = 12, 33 = 15.

On the other hand, calculations show that:
xhy = 2" — 3 253 = 5.2 — 10, 2(5 = 27T —
1,235 = 3.2" — 3, therefore, xoy = 3.27F1 —
9,293 = 15.2"t1-30, 213 = 3.2, 233 = 9.2"—3.

Elementary computation gives:

Mo = 303.2" — 243,

My = 21.2"*+1 — 30.

Similar calculation shows that:

M = 2295.227F1 — 3903.27 1 4 3312,

M, = 2601.22"T1 — 8997.2" + 3873,
PM, = 9837227 —T17.2" 14699

39.22"+5—189.2”+1+81
5189.22"+1—357.2"+1+318

b}
—_— 2
PM, = 9945.22"—1899.2" +936
3405.22"+17315.2"+2+480

Now, we compute multiplicative Zagreb in-
dices using the link of graphs G1, G2 as shown in
Figure 15:

It is easy to see that:
PM;(Gy) = 210.312,
PMM)(Gy) = 219312,
PM"(Gy) =
PMl(vi,Ui+1)(G1) —

210'312
210'312
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andso,for 1<i<n—-1,1<j7<n—1.

Therefore:

PMy(G,) = PM"(Gy) PM™) (Gy)

(PMI(UI’W)(Gl))"*2.24(”*1) _

21471—4‘31271.

A branch is added in the second layer such as
(1 and three branches are added in the third
layer that its first multiplicative Zagreb index is
214 312 The total number of added branches in
all layers are equal to 2" —n — 1.

The first multiplicative Zagreb index for a main
branch of the graph of Figure 13 is equal to
914.2"—18 312.2"—12

Since the graph has three main branches then
we obtain high values for three main branches and
we consider the obtained number with the first
multiplicative Zagreb index which has the central
part value of figure that is 26.3'2. Therefore:

PM;(G) = 2922748 3362724

It is easy to see that:

PMy(Gq) = 210.318,

PMY")(Gy) = 210.318,

PM"(Gy) = 210.318,

PMz(vi’ui“)(Gl) _ 210 318

and so, for I <i<n—1,1<j <

Therefore:

PMy(Gp) = PM{" ) (G1)PMS™(Gy)

(PM2(U17U2)(G1))n 2 94(n—1) _
214n74.318n.

<n-—1.

The second multiplicative Zagreb index for
a main branch of the graph G is equal to
914.2"—18 318.2"—18

PMQ(G) — 242.2"—48.354.2"—36. O
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