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On computing the general Narumi-Katayama index of some graphs
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Abstract

The Narumi-Katayama index was the first topological index defined by the product of some graph
theoretical quantities. Let G be a simple graph with vertex set V = {v1,...,v,} and d(v) be the
degree of vertex v in the graph G. The Narumi-Katayama index is defined as NK(G) = [,y d(v).
In this paper, the Narumi-Katayama index is generalized using a m-vector x and it is denoted by
GNK (G, x) for a graph G. Then, we obtain some bounds for GN K index of a graph G by terms of
clique number and independent number of G. Also we compute the GN K index of splice and link of
two graphs. Finally, we use from our results to compute the GN K index of a class of dendrimers.

Keywords : Narumi-Katayama index; Molecular graph; Clique number; Independent number; Den-
drimers.
1 Introduction size of a clique in a graph G is called the clique

Y a graph G we mean a finite, connected, undi-
B rected with neither loops nor multiple edges.
Specifically, let G = (V(G),E(G)) be a graph
with vertex set V(G) = {vi,...,v,} of order n
and the edge set E(G). For graph theoretic ter-
minology we follow [19]. We denote the degree
of a vertex v in G by d(v) or dg(v), which is the
number of edges incident to v. A graph G is com-
plete if there is an edge between every pair of the
vertices of GG, i.e. a graph G is called complete
if any two different vertices of G' are adjacent. A
complete graph on n vertices is denoted by K,,. A
subset X of the vertices of a graph G is called in-
dependent if there is no edge with two endpoints
in X. A graph G is called bipartite if its vertex set
can be partitioned into two subsets X and Y such
that every edge of G has one endpoint in X and
the other endpoint in Y. A clique in a graph is a
set of mutually adjacent vertices. The maximum
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number of G and denoted by w(G). A topolog-
ical index is a number invariant under automor-
phisms of the graph under consideration. In [16]
Narumi and Katayama considered the product of
d(v) over all degrees of vertices in G as ”simple

topological index”. Then the papers, mostly
used from the name ”Narumi-Katayama index”
for this index. So we use from it in this paper,
too. Also we denote the Narumi-Katayama index
by NK. Thus, if G is a graph, then NK(G) =

I[I dg(v). In [6, 8], the authors investigated
veV(Q)
some properties of this topological index, but the
main mathematical properties of NK index was
reported by Klein and Rosenfeld [14]. This pa-
per makes a new start on research about mathe-
matical properties and chemical meaning of NK
index. We encourage the interested readers to
consult [3, 7, 12, 15, 18] and references therein
for computational techniques as well as math-
ematical properties of topological indices. Let
G be a graph and V(G) = {v1,...,v,}. Con-
sider the vector z = [z1,...,x,] such that z;’s,
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(1 < i < n), are positive integers. To general-
ize the Narumi-Katayama index, we define the
general Narumi-Katayama index, GNK, for the
graph G as below:

GNK (G, ) H (de (v3))™.
=1

Therefore, one can see that GNK(G,j) =
NK(G), where j = [1,...,1]. Also, if G is a
graph, then the first multiplicative Zagreb index

defined as I1,(G) = [] (da(vs))? , (for more de-

i=1
tails see [6]). So, GNK(G,2j) = II;(G). The
second multiplicative Zagreb index [11], II2(G),
or the modified Narumi-Katayama index [5],

NK*(G), are defined as [] (dg(v;i))%®). So,

=1

it is easy to see that GNK(G,d) = IIx(G) =
NK*(G), in which d = [dg(v1),...,dg(v,)]. A
molecular graph is a simple graph such that its
vertices correspond to the atoms and the edges
to the bonds. Note that hydrogen atoms are of-
ten omitted. Molecular descriptors play a signifi-
cant role in chemistry, pharmacology, etc. Among
them, topological indices have a prominent place
[17].  Ome of the important classes of molecu-
lar graphs is dendrimers. Dendrimers are a new
class of polymeric materials. They are highly
branched, mono disperse macromolecules. The
structure of these materials has a great impact
on their physical and chemical properties. As a
result of their unique behavior, dendrimers are
suitable for a wide range of biomedical and in-
dustrial applications [13]. Recently, many papers
are constructed to investigate the topological in-
dices of dendrimers, for more details we refer to
[1, 2, 9, 10]. In this paper, we obtain a relation
between GNK index of a graph and its clique
number and its independent number. Also we
compute the GNK index of splice and link of
two graphs, then we using them to compute the
GNK index of a class of dendrimers.

2 Some Properties of GNK In-
dex of Graphs

In this section, we compute GNK index of
the sun of a graph. Then we obtain some
bounds for GNK index of a graph G by terms
of its clique number and its independent num-
ber. Also we generalize the formula for the

first and the second multiplicative Zagreb index
of splice and link of two graphs in [11]. Let
G be a graph with V(G) = {vi,...,v,}, add
new vertices {u1, ..., uy} together with new edges
{viu; + 1 < i < n} to G. Then the result-
ing graph is called sun and we denote it by
sun(G). Also, if we add to G the new vertices
{ui1, ..., u1p, . Up1,. .., Un, b together with
new edges {vju;; : 1 <i<n,1<j<r}, wede-
note the resulting graph by sun(G,r). Thus, it is
easy to see that sun(G, 1) = sun(G).

Theorem 2.1 If G is a graph such that V(G) =
{v1,...,v,}, then

GNK (sun (G,r) H (de(vi) + )™
i=1

Since the degree of each vertex wu;; €
V(sun(G@)), 1 < i < n,1 < j < r,is equal to
1, we have:

GNK (sun(G,r),z)

H sun(G,r) ul,j))xm

Il

s
Il
—

(dsun G,r)

“TLay

i=1

(dg(vi) 1)

(dg(vi) +7)
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.
Il
—
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Example 2.1 A caterpillar tree or caterpillar is
a tree in which all the vertices are within distance
1 of a central path. If each vertex of the cen-
tral path P, has r pendant edges, we denote this
caterpillar by cat(r). Therefore, it is easy to see
that cat(r) = sun(P,,r). Now, by Theorem 2.1,
we have GNK (cat(r),z) = GNK (sun(P,, ), x)
and so

n
GNK (cat (r H dp, (vi) +1)"
i=1

n—1

= (L) I @+n)™.

=2
Theorem 2.2 Let G be a connected graph and
t

D
w(G) =t. Then GNK (G,z) > (t—1)i=t  and

the equality holds if and only if G = K.
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In graph G, let C' = {v1,...,v;:} be a subset of
vertices of G in which C'is a clique. Since C'is a
clique, we have dg(v;)) >t —1, (1 <i<t), and
SO

=1
> [[@e)™ =] ¢ - 1™
i=1 i=1
= (t — 1);:1%

If the equally in the previous inequality holds,
since w(G) = t, it implies that G has exactly ¢
vertices in which they are mutually joined by an
edge. Thus, G is a complete graph with ¢ vertices.
The proof of other side is straightforward.

Theorem 2.3 If G is a connected graph with n

vertices and o(G) = t, such that {vi,..., v} is

an mdependent set of G, then GNK (G x) <
>a >

(n —t)i=t (n — 1)=tt1  and the equality holds

if and only if G = K,, — E(K4).

Since I = {v1,...,v:} is an independent set of
G,sodg(v;) <n—t,(1<i<t),and dg(vj) <
n—1,(t+1<j<n). Therefore,

t
.
= —pE" (- 1)3‘:%1 "

In the above inequality, if the equality is hold,
then for each vertex v € I, dg(v) =n —t and for
each v € V(G)—1, dg(v) = n—1. So each vertex
in V(G) — I is joined to all of vertices in G and
since [ is an independent set, each vertex in [ is
joined only to each vertex in V(G) — I. These
mean that G is isomorphic to a complete graph
K, in which the edges of K; are removed from it.
The proof of other side is straightforward.

Suppose that G and H are two graphs of order
n and m, respectively. Also, x = [z1,...,x,] and

y = [y1,--.,Ym] are two vectors such that they are
associated to G and H, respectively. For given
vertices v, € V(G) and u; € V (H) a splice of
G and H by vertices v, and uy, (G @ H) (vp, u1),
is defined by identifying the vertices v, and wu;
in the union of G and H. Also we construct
the vector s = [z1,...,Zp—1,%n + Y1,Y2, - -, Ym]
from the vectors  and y to associate it to graph
(G e H)(vp,ur). Similarly, a link of G and H
by vertices v, and wu; is defined as the graph
(G ~ H) (vp,u1) obtained by joining v, and u; by
an edge in the union of these graphs [4]. Also we
associate the vector | = [z1,...,Zn, Y1,Y2,- - -, Ym]
to the graph (G ~ H) (vp,u1). In Theorem 2.5,
we generalize the Theorem 2 and the Theorem 3
in [6].

Theorem 2.4 If G and H are two graphs with
n and m number of vertices, respectively, then

GNK (G e H) (vn,u1),5)
_ (do(vn) + dpg ()™
(de(vn))™ (dp(u1))™*

xGNK (G,2) GNK (H,y) .

GNK ((G ~ H) (vg,u1),1)

_ (dg(va) + )™ (dpg (ur) + 1"
(de(vn))™ (dp(u1))”*

GNK (G,2)GNK (H,y).

Let G and H be two graphs such that V(G) =
{vi,...,vp} and V(H) = {uy, ..., un}. We have

GNK ((G e H) (vy,u1),5)

n—1

= H (d(Ger) (o) (Vi)™
=1

x T (dicor wnan) ()"

da(vy) 4 dp(uy))™

1 m
(drr(uy))”

)xn+y1

X
—~ .
N

3
|

= (da(vi))™
i= j=2
X (dg(vn) (
(dg (vn) + dpr(ur)™ ™
(

(da(vn))™ (da(u1))™
x GNK (G,z)GNK (H,y)

+ di(uq
+d
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Similarly,
GNK ((G ~ H) (v, u1),1)

= H(d(GNH)(vn,ul)(vi))xi

3 GNK Index of a Class of Den-
drimers

In this section we use some of our results in Sec-
tion 2 to compute the general Narumi-Katayama
index of some dendrimer nanostars. To do this,
we start with a class of dendrimers such that they
have an inductive structure and are denoted by
D) [n] , (see [1]). In computer science, a binary
tree is a tree data structure in which each node
has at most two child nodes, usually distinguished
as left and right. Nodes with children are parent
nodes, and child nodes may contain references to
their parents. Outside the tree, there is often
a reference to the root node (the ancestor of all
nodes), if it exists. Any node in the data struc-
ture can be reached by starting at root node and
repeatedly following references to either the left
or right child. The graph D/ [3] is shown in Fig-
ure 1.

Figure 1: The graph Dj[3].

Theorem 3.1 Ifx =kj, ke Nand j=][1,.,1],
then

GNEK(D,[n],z) = k(273 —4) gk(5(2"~2)+7)

To prove the theorem, we apply induction on
n. If n = 1, then GNK (D] [1],x) = 2'2k37F and
the assertion holds. Therefore, let n > 1. By
construction of dendrimer D] [n] , one can see
that D] [n] is obtained from the splice of D] [n]
and 2”1 copies of the graph H in Figure 2. Thus,

Figure 2: The graph H.

by Theorem 2.3, we have

GNK (D} [n] )

GNEK(D)[n —1],)30%2" ' gk2""
ok(2"12—4) gk(5(2" 1 ~2)+7)
3ok2" "t gk2nt?

X

2k(2"+3—4)3k(5(2”72)+7).

Now, we apply our results to compute the
general Narumi-Katayama index of a dendrimer
nanostar. We consider the first kind of dendrimer
which has grown n steps denoted Ds[n|, [1]. The
dendrimer Ds[n] is depicted in Figure 3. First

Figure 3: The first kind of dendrimer of generation
1-3 has grown 3 stages.

we construct Ds[n] from D/[n]. Consider three
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copies of D/ [n] with roots O, P and Q. The den-
drimer D3[n] is obtained by identifying the vertex
O of one copy of Dj[n] with two vertices P and
Q@ of two another copy of Dj[n]. We have the
following theorem:

Theorem 3.2 Ifz =kj, ke Nand j=[1,..,1],
then

GNK(Ds[n],z) = 93k (2719 —4) 93k(5(2"~2)+7)

By definition of Ds[n], one can see that if we
consider the splice of two copies of D}[n] by ver-
tices O and P, then the splice of the resulting
graph with another copy of Dj[n] by vertex @
will be the graph Ds[n]. So, using the Theorem
2.3 and Theorem 2.4, we have

GNK ((Di[n] e D} [n]) (O,P),x)
2k(2"+3—4)3k(5(2"—2)+7)
2k(2n+3—4)3k(5(2"72)+7) % 9
22k(2"+3—4)32k(5(2"72)+7) % ok

X

Therefore,

GNK (D3 [n] )
22k(2"+3—4) 32k(5(2"~2)+7)

2k(2”+3—4)3k(5(2"—2)+7) % 3k
93k(2n3—4) 3k(15(2"~2)+22)

X

4 Conclusions

In this paper, we introduced the general Narumi-
Katayama index, GN K, of a graph. This index is
a generalization of Narumi-Katayama index, the
first multiplicative Zagreb index and the second
multiplicative Zagreb index. Then, some graph
theoretical properties of this index is computed.
As instance, we compute the GN K index of the
sun graph. Also, we obtain some bounds for this
index by terms of clique number and indepen-
dent number of a graph. In continue, we com-
pute the GNK index of some graph operations
such as splice and link of two graphs. Finally, we
applied our results on these graph operations to
compute GN K index of a class of dendrimers. By
this method, the GN K index of many families of
dendrimers can be computed.
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