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Abstract

In this paper, a new method is proposed to find the fuzzy optimal solution of fully fuzzy linear
programming (abbreviated to FFLP) problems. Also, we employ linear programming (LP) with
equality constraints to find a non-negative fuzzy number vector x̃ which satisfies Ãx̃ = b̃, where Ã is
a fuzzy number matrix. Then we investigate the existence of a positive solution of fully fuzzy linear
system (FFLS).
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1 Introduction

T
he concept of fuzzy numbers and fuzzy arith-
metic operations were first introduced by

Zadeh [36], Dubois et al. [12]. We refer the reader
to [22, 10] for more information on fuzzy numbers
and fuzzy arithmetic. Fuzzy systems are used to
study a variety of problems ranging from fuzzy
topological spaces [9] to control chaotic systems
[17, 21, 37], fuzzy metric spaces [31, 16], fuzzy
linear and nonlinear systems [1, 2, 4, 29, 30, 32]
and particle physics [15, 28, 33, 27].

One of the major applications of fuzzy number
arithmetic is treating fuzzy linear programming
problems and fuzzy linear systems [5, 6], several
problems in various areas such as economics, en-
gineering and physics boil down to the solution
of a linear system of equations. In many applica-
tions, at least some of the parameters of the sys-
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tem should be represented by fuzzy rather than
crisp numbers. Thus, it is immensely important
to develop numerical procedures that would ap-
propriately treat fuzzy linear programming prob-
lems and fuzzy linear systems and solve them.

Bellman et al. [8] proposed the concept of de-
cision making in fuzzy environment. Many re-
searchers adopted this concept for solving fuzzy
linear programming problems [34, 38, 10, 25, 20,
14]. However, in all of the above mentioned
works, those cases of fuzzy linear programming
have been studied in which not all parts of the
problem were assumed to be fuzzy, e.g., only the
right hand side or the objective function coeffi-
cients were fuzzy but the variables were not fuzzy.

Friedman et al. [18] introduced a general model
for solving a fuzzy n×n linear system whose coef-
ficient matrix is crisp and the right-hand side col-
umn is an arbitrary fuzzy number vector. They
used the parametric form of fuzzy numbers and
replaced the original fuzzy n×n linear system by
a crisp 2n× 2n linear system and studied duality
in fuzzy linear systems Ax̃ = Bx̃+ ỹ where A and
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B are two real n× n matrices, the unknown vec-
tor x̃ and the constant ỹ are two vector consisting
of n fuzzy numbers, in [19]. In [1, 2] the authors
presented conjugate gradient, LU decomposition
method for solving general fuzzy linear systems
or symmetric fuzzy linear systems. Also, Wang et
al. [35] presented an iterative algorithm for solv-
ing dual linear system of the form x̃ = Ax̃ + ũ,
where A is a real n×n matrix, the unknown vec-
tor x̃ and the constant ũ are all vectors consisting
of fuzzy numbers and Abbasbandy et al. [3] in-
vestigated the existence of a minimal solution of
general dual fuzzy linear equation system of the
form Ax̃+ f̃ = Bx̃+ c̃, where A, B are two real
m×n matrices, the unknown vector x̃ is a vector
consisting of n fuzzy numbers and the constant
f̃ , c̃ are two vectors consisting of m fuzzy num-
bers. Recently, Dehghan et al. [11] considered
fully fuzzy linear systems of the form Ã ⊗ x̃ = b̃
where Ã is a positive fuzzy matrix, b̃ and x̃ are
known and unknown positive fuzzy vectors.

In this paper the shortcomings of the exist-
ing methods [3, 11, 24] are pointed out and to
overcome these shortcomings, a new method is
proposed for finding the fuzzy solution of FFLP
problems and FFLS.

2 Preliminaries

In this Section the basic notations used in fuzzy
calculus are introduced. We start by defining the
fuzzy number.

Definition 2.1 A fuzzy number is a fuzzy set u :
R1 −→ I = [0, 1] such that

(i) u(x) is upper semi-continuous,

(ii) u(x) = 0 outside some interval [a, d],

(iii) There are real numbers b and c, a ≤ b ≤ c ≤
d, for which

1. u(x) is monotonically increasing on
[a, b],

2. u(x) is monotonically decreasing on
[c, d],

3. u(x) = 1, b ≤ x ≤ c.

The set of all the fuzzy numbers (as given in
definition 1) is denoted by E1.

A popular fuzzy number is the triangular fuzzy
number ũ = (um, ul, ur) where um denotes the
modal value and the real values ul > 0 and ur > 0
represent the left and right spread, respectively.
The membership function of a triangular fuzzy
number is defined by:

u(x) =


x−um
ul

+ 1, um − ul ≤ x ≤ um,

um−x
ur

+ 1, um ≤ x ≤ um + ur,

0, otherwise.

Definition 2.2 A fuzzy number ũ is said to be
an LR fuzzy number if

ũ(x) =

 L(u−xα ), x ≤ u, α > 0,

R(x−uβ ), x ≥ u, β > 0,

where a is the mean value of ũ and α and β
are left and right spreads, respectively; and the
function L(.), which is called left shape function,
satisfying:
(1) L(x)=L(-x),
(2) L(0)=1 and L(1)=0,
(3) L(x) is nonincreasing on [0,∞).
The definition of a right shape function R(.) is
usually similar to that of L(.).

The definition of a right shape function R(.) is
usually similar to that of L(.).
The mean value, left and right spreads, and the
shape functions of an LR fuzzy number ũ are sym-
bolically shown as ũ = (u, α, β)LR. Triangular
fuzzy numbers are fuzzy numbers in LR repre-
sentation where the reference functions L and R
are linear.

Definition 2.3 A fuzzy number ũ is called pos-
itive (negative), denoted by ũ > 0 (ũ < 0), if
its membership function u(x) satisfies u(x) = 0,
∀x < 0 (∀x > 0).

Definition 2.4 A matrix Ã = (ãij) is called a
fuzzy matrix, if each element of Ã is a fuzzy num-
ber [13].
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Let each element of Ã be a LR fuzzy num-
ber. We may represent Ã = ˜(aij) that
ãij = (aij ,mij , nij)LR ,with new notation Ã =
(A,M,N), where A, M and N are three crisp
matrices, with the same size of Ã, such thatA =
(aij), M = (mij), and N = (nij) are called the
center matrix and the right and left spread matri-
ces, respectively.

Definition 2.5 Let ũ, ṽ be two fuzzy numbers
of LR type:

ũ = (u, θ, λ)LR, ṽ = (v, ϕ, η)LR

then

1. (u, θ, λ)LR ⊕ (v, ϕ, η)LR =
(u+ v, θ + ϕ, λ+ η)LR.
2. − (u, θ, λ)LR = (−u, λ, θ)RL.
3. (u, θ, λ)LR ⊖ (v, ϕ, η)RL =
(u− v, θ + η, λ+ ϕ)LR.

Definition 2.6 [12, 13] Let ũ, ṽ be two fuzzy
numbers as in definition 1; then

(u, θ, λ)LR ⊗ (v, ϕ, η)LR ∼=
(uv, uϕ+ vθ, uη + vλ)LR

for ũ, ṽ positive;

(u, θ, λ)LR ⊗ (v, ϕ, η)LR ∼=
(uv, vθ − uη, vλ− uϕ)LR

for ṽ positive, ũ negative.

Definition 2.7 Let Ã = (ãij) and B̃ = (b̃ij) be
two m × n and n × p fuzzy matrices. We define
Ã ⊗ B̃ = C̃ = (c̃ij) which is the m × p matrix
where

c̃ij =

⊕∑
k=1,...,n

ãik ⊗ b̃kj .

Definition 2.8 We say that (u, θ, λ)LR ⪯
(v, ϕ, η)LR if u ≤ v, u−θ ≤ v−ϕ and u+λ ≤ v+η.

Definition 2.9 [23] A ranking function is a
function ℜ : F (R) −→ R, where F (R) is a set
of fuzzy numbers defined on set of real numbers,
which maps each fuzzy number into the real line,
where a natural order exists. Let (u, θ, λ)LR be a

fuzzy number then ℜ(ũ) = (u−θ)+2u+(u+λ)
4 .

2.1 Fully fuzzy linear programming
problem

Linear programming is concerned with the opti-
mization (minimization or maximization) of a lin-
ear function while satisfying a set of linear equal-
ity and/ or inequality constrains or restrictions.
In the real life problems there may exists uncer-
tainty about the parameters. In such a situation
the parameters of linear programming problems
may be represented as fuzzy numbers.

Consider the following fully fuzzy linear pro-
gramming problem.

Min (or Max) (c̃1 ⊗ x̃1)⊕ ...⊕ (c̃n ⊗ x̃n)

st

(ã11 ⊗ x̃1)⊕ ...⊕ (ã1n ⊗ x̃n) ⪯ b̃1

(ã21 ⊗ x̃1)⊕ ...⊕ (ã2n ⊗ x̃n) ⪯ b̃2
...

(ãm1 ⊗ x̃1)⊕ ...⊕ (ãmn ⊗ x̃n) ⪯ b̃m

x̃1, x̃2, . . . , x̃n ≥ 0.

Using matrix notation we get

Min (or Max) c̃T ⊗ x̃

Ã⊗ x̃ ⪯ b̃,
x̃ is a nonnegative fuzzy number.

(2.1)

Here Ã = (A,M,N) and c̃ = (c, p, r) have posi-
tive and negative fuzzy elements. This linear pro-
gramming problem is called a fully fuzzy linear
programming problem.

Consider the FFLP problem (2.1) where x̃ =
(x, y, z) is unknown positive fuzzy vector and b̃ =
(b, g, l) is known arbitrary fuzzy vector. We define
Ã = D̃⊕ H̃ and c̃ = ũ⊕ w̃ where D̃ = (d̃ij), H̃ =
(h̃ij), ũ = (ũi) and w̃ = (w̃i) with new notation
D̃ = (D,α, β), H̃ = (H, γ, δ), ũ = (u, ψ, ν) and
w̃ = (w,ω, κ) where

d̃ij =

{
ãij = (aij ,mij , nij), aij −mij ≥ 0,

0̃ = (0, 0, 0), otherwise,

h̃ij =

{
ãij = (aij ,mij , nij), aij + nij ≤ 0,

0̃ = (0, 0, 0), otherwise,
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ũi =

{
c̃i = (ci, pi, ri), ci − pi ≥ 0,

0̃ = (0, 0, 0), otherwise

and

w̃i =

{
c̃i = (ci, pi, ri), ci + ri ≤ 0,

0̃ = (0, 0, 0), otherwise.

For solving FFLP problem (2.1), we replace (2.1)
by

Min (or Max) (ũT ⊕ w̃T )⊗ x̃

(D̃ ⊕ H̃)⊗ x̃ ⪯ b̃,
x̃ is a nonnegative fuzzy number,

then [12]

Min (or Max) (ũT ⊗ x̃)⊕ (w̃T ⊗ x̃)

(D̃ ⊗ x̃)⊕ (H̃ ⊗ x̃) ⪯ b̃,
x̃ is a nonnegative fuzzy number.

(2.2)

2.2 Application of ranking function for
solving FFLP problems

The fuzzy optimal solution of FFLP problem
(2.1) will be a fuzzy number x̃ if it satisfies the
following characteristics:

(i) x̃ is a non-negative fuzzy number vector,

(ii) Ã⊗ x̃ ⪯ b̃,

(iii) If there exist any non-negative fuzzy num-
ber vector x̃′ such that Ã ⊗ x̃′ ⪯ b̃, then
ℜ(c̃T ⊗ x̃) < ℜ(c̃T ⊗ x̃′) (in case of minimiza-
tion problem) and ℜ(c̃T ⊗ x̃) > ℜ(c̃T ⊗ x̃′)
(in case of maximization problem).

The final target of this paper is to find the optimal
solution of FFLP problem (2.2). Therefore, we
use definitions 5 and 6, we have

Min (4(u+w)−ψ−ω+ν+κ)x+(u+w)z−(u+w)y
4

Dx+Hx ≤ b
st Dy + αx+ γx−Hz ≤ g,

Dz + βx+ δx−Hy ≤ l
yi, xi, xi − yi, zi ≥ 0,
for i = 1, . . . , n.

(2.3)

2.3 Fully fuzzy linear systems

In this subsection, we propose FFLP problem
for solving fully fuzzy linear systems.
A linear system such as

(ã11 ⊗ x̃1)⊕ ...⊕ (ã1n ⊗ x̃n) = b̃1

(ã21 ⊗ x̃1)⊕ ...⊕ (ã2n ⊗ x̃n) = b̃2
...

(ãn1 ⊗ x̃1)⊕ ...⊕ (ãnn ⊗ x̃n) = b̃n

where ãij , 1 ≤ i, j ≤ n are positive or nega-
tive LR fuzzy numbers, the elements b̃i in the
right-hand vector are LR fuzzy numbers and the
unknown elements x̃j are non-negative ones, is
called a fully fuzzy linear system.

Using matrix notation, we have

Ã⊗ x̃ = b̃. (2.4)

Definition 2.10 Consider a fully fuzzy linear
system (2.4). We say that x̃ is a non-negative
fuzzy solution if

Dx+Hx = b
Dy + αx+ γx−Hz = g,
Dz + βx+ δx−Hy = l
yi, xi − yi, zi ≥ 0, for i = 1, 2, . . . , n.

(2.5)

Assuming that D,D +H,D −HD−1H are non-
singular crisp matrices. Thus we easily get

x = (D +H)−1b, (2.6)

and then by equation (2.6), we have

y = D−1(g +Hz − (α+ γ)(D +H)−1b), (2.7)

by equations (2.6-2.7)

z = (D −HD−1H)−1[l +HD−1g −HD−1

(α+ γ)(D +H)−1b− (β + δ)(D +H)−1b].
(2.8)

Theorem 2.1 Let Ã = (ãij) for 1 ≤ i, j ≤ n
have positive and negative fuzzy elements, b̃
is arbitrary fuzzy number vector, D−1 and
(D − HD−1H)−1 are two non-negative crisp
matrices and (D + H)−1b ≥ 0. Also let
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g + Hz ≥ (α + γ)(D + H)−1b, l + HD−1g ≥
HD−1(α + γ)(D + H)−1b + (β + δ)(D + H)−1b
and (D−1(α+γ)+I)(D+H)−1b ≥ D−1(g+Hz).
Then the system Ã ⊗ x̃ = b̃ has a nonnegative
fuzzy solution.

Proof. By hypotheses x = (D +H)−1b ≥ 0. On
the other hand, g + Hz ≥ (α + γ)(D + H)−1b
and l + HD−1g ≥ HD−1(α + γ)(D +
H)−1b + (β + δ)(D + H)−1b. Thus, with
y = D−1(g + Hz − (α + γ)(D + H)−1b),
z = (D − HD−1H)−1[l + HD−1g − HD−1(α +
γ)(D + H)−1b − (β + δ)(D + H)−1b], we have
y ≥ 0 and z ≥ 0.
So, x̃ = (x, y, z) is a fuzzy vector which
satisfies Ã ⊗ x̃ = b̃. Since x − y =
(D+H)−1b−D−1(g+Hz− (α+γ)(D+H)−1b),
the positivity property of x̃ can be obtained from
(D−1(α+γ)+I)(D+H)−1b ≥ D−1(g+Hz). 2

Now, we propose linear programming for solv-
ing fully fuzzy linear systems with the inequality
yi, xi − yi, zi ≥ 0, for i = 1, 2, . . . , n denotes the
constraint.

Using arithmetic operations, defined in sec-
tion 2 and the phase 1 of the two-phase method,
we have the following linear programming. In
which, we have added the artificial variables
r1, r2, . . . , 3rn.

Min r1 + r2 + . . .+ r3n (2.9)

st


Dx+Hx+R1 = b
Dy + αx+ γx−Hz +R2 = g,
Dz + βx+ δx−Hy +R3 = l
yi, xi, xi − yi, zi, rj ≥ 0,
for i = 1, . . . , n, j = 1, . . . , 3n,

where RT1 = (r1, . . . , rn), R
T
2 = (rn+1, . . . , r2n)

and RT3 = (r2n+1, . . . , r3n). There are various
methods for eliminating these artificial variables.
One of these methods consists of minimizing their
sum, subject to the constraints Eq. (2.5) and
ri ≥ 0, i = 1, 2, . . . , 3n. If the original FFLS
(2.4) has a solution, then the optimal value of
this problem is zero, where all the artificial vari-
ables drop to zero [7, 26].

2.4 Shortcomings of the existing
methods

In this subsection, the shortcomings of the ex-
isting methods [1, 3, 11, 24] for solving fuzzy lin-
ear systems are pointed out.

(i) Abbasbandy et al. [1, 3] investigated the
existence of a minimal solution of general
dual fuzzy linear equation system of the form
Ax̃ + f̃ = Bx̃ + c̃ and fuzzy linear systems
Ax̃ = b, respectively. The existing methods
[1, 3] are applicable only if all the elements of
the coefficient matrix are real numbers, eg.,
they are not possible to find the non-negative
fuzzy solution of FFLS, chosen in example 2.

(ii) Dehghan et al. [11] considered FFLS of the
form Ãx̃ = b̃ where Ã is a fuzzy n × n ma-
trix, the unknown vector x̃ consists of n fuzzy
numbers and the constant b̃ is a vector con-
sisting of n fuzzy numbers. The existing
method [11] is applicable only if all the el-
ements of the coefficient matrix and those of
the right-hand side vector are non-negative
fuzzy numbers. But if this is not case, then
as the example 2 below shows (in which (-
3,1,2), (-5,13,13) and (-2,1,1) are not non-
negative fuzzy numbers) the existing method
is incapable to find a solution for the FFLS
in question.

(iii) Lotfi et al. [24] proposed a new method
to find the fuzzy optimal solution of FFLP
problem with equality constraints. This
method can be applied only if the elements
of the coefficient matrix are symmetric fuzzy
numbers. But if this is not case, then as the
example 1 below shows the existing method
is incapable to find a solution for the FFLS
in question.

3 Numerical examples

To illustrate the technique proposed in this paper,
consider the following examples.

Example 3.1 Consider the following problem

Max (2, 1, 1)⊗ x̃1 ⊕ (−3, 1, 2)⊗ x̃2
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st

(1, 1, 1)⊗ x̃1 ⊕ (2, 1, 2)⊗ x̃2 ⪯ (4, 3, 4)
(−2, 1, 1)⊗ x̃1 ⊕ (3, 1, 2)⊗ x̃2 ⪯ (5, 3, 2)
(3, 2, 1)⊗ x̃1 ⊕ (−3, 2, 1)⊗ x̃2 ⪯ (5, 4, 3)
x̃1, x̃2 ≥ 0.

Now using the proposed method, the above FFLP
problem is converted into the following crisp prob-
lem

Max
8x1 − 11x2 − 2y1 − 3z2 + 2z1 + 3y2

4

st

Dx+Hx ≤ b
Dy + αx+ γx−Hz ≤ g,
Dz + βx+ δx−Hy ≤ l
x1, x2, y1, y2, z1, z2, x1 − y1, x2 − y2 ≥ 0,

where

D =

 1 2
0 3
3 0

 , H =

 0 0
−2 0
0 − 3

 ,

α =

 1 1
0 1
2 0

 , γ =

 0 0
1 0
0 2

 ,

β =

 1 2
0 2
1 0

 , δ =

 0 0
1 0
0 1

 ,

b =

 4
5
5

 , g =

 3
3
4

 , l =

 4
2
3

 .

Therefore we have x̃1 = (53 , 0,
4
9) and x̃2 =

(0, 0, 0) and the optimal value of this problem is
32
9 .

Example 3.2 Consider the following fully fuzzy
linear system

(2, 1, 1)⊗ x̃1 ⊕ (−3, 1, 2)⊗ x̃2 = (−5, 13, 13)
(−2, 1, 1)⊗ x̃1 ⊕ (5, 1, 2)⊗ x̃2 = (11, 12, 20)
x̃1, x̃2 ≥ 0.

Now using the proposed method, the above FFLS
is converted into the following crisp problem

Min r1 + r2 + . . .+ r6

st

Dx+Hx+R1 = b
Dy + αx+ γx−Hz +R2 = g,
Dz + βx+ δx−Hy +R3 = l
x1, x2, y1, y2, z1, z2, r1, r2, . . . , r6 ≥ 0
x1 − y1, x2 − y2 ≥ 0,

where

D =

(
2 0
0 5

)
, H =

(
0 − 3

−2 0

)
,

α =

(
1 0
0 1

)
, γ =

(
0 1
1 0

)
,

β =

(
1 0
0 2

)
, δ =

(
0 2
1 0

)
,

b =

(
−5
11

)
, g =

(
13
12

)
, l =

(
13
20

)
.

Therefore we have x̃1 = (2, 1, 1) and x̃2 =
(3, 1, 2).

4 Conclusion

In this paper, we propose a general model for
solving a FFLP problem and system of n fuzzy
linear equations with n fuzzy variables. The orig-
inal problem with fuzzy number matrix Ã is re-
placed by D̃ ⊕ H̃ where D̃ and H̃ are two fuzzy
number matrices. Also, a condition for the exis-
tence of a positive fuzzy solution to the FFLS, is
presented. A careful comparison between the pro-
posed method and the existing ones shows that
this method is more general and more suitable
than the other ones. To illustrate the proposed
method, we will give a number of solved numeri-
cal examples.
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