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Abstract 

Traditional cost models ignore the internal structure of decision-making units (DMUs), so, 

may produce ambiguous outcomes and provide a biased assessment. In this paper, we evaluate 

the performance of the units by considering their internal structures. We proposed a new cost 

Malmquist index for measuring the cost productivity change of the units with bi-level 

structures. The bi-level structure is a special case of hierarchical structures with two levels, 

where the leader unit is positioned at the upper level and followers are located at the lower 

level. The overall system of bi-level units tries to use inputs and produce outputs in a cost-

efficient way. However, each subunit performs according to its goals and limited resources. 

This research tries to develop a bi-level cost model that is suitable for measuring the cost 

efficiency of bi-level units. Based on this model, a new cost Malmquist index (CMI) is 

suggested to evaluate the productivity changes of bi-level units. This index presents a new 

aspect of CMI and provides the productivity changes of units by considering the impact of the 

leader's and the subunits' performance. In addition, similar to the traditional CMI, it 

decomposes into various components, such as cost efficiency changes and cost technological 

changes. The developed CMI is applied to a real-world case study to evaluate eight 

management regions which all together manage 198 branches. The results show that the 

proposed CMI provides a more meaningful evaluation of DMUs compared to the conventional 

CMI. 

 
Keywords: Data envelopment analysis, Bi-level structure, Cost efficiency, Productivity, Cost 

Malmquist index.
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1. Introduction 

Data envelopment analysis (DEA) is a powerful methodology for evaluating the relative 

efficiency of decision-making units (DMUs) with multiple inputs and outputs. This technique 

is formulated as a linear programming model by Charnes et al. [1]. The first model of DEA is 

known as Charnes, Cooper, and Rhodes (CCR) model under Constant Returns to Scale (CRS) 

technology. Later, Banker et al. [2] developed the CCR model for Variable Returns to Scale 

(VRS) and introduced Banker, Charnes, and Cooper (BCC) model. Currently, there are many 

DEA models that are developed for assessing the performance of units in many different 

activities. 

Malmquist index (MI) is the most important index for measuring the productivity changes of 

DMUs in multiple time periods. The MI was first used in productivity literature by Caves et 

al. [3]. Fare et al. [4] developed a DEA-based decomposition known as FGLR decomposition 

consisting of two components, Technological Change (TC) and Efficiency Change (EC). 

FGLR decomposition uses the CRS model to calculate all distance functions. Three-

component decomposition of MI was developed by Fare et al. [5] regarding both CRS and 

VRS technologies involving Pure Efficiency Change (PEC), Scale Efficiency Change (SEC), 

and TC; This decomposition is called FGNZ. MI components in FGNZ decomposition are 

calculated using CCR and BCC basic models. 

Maniadakis et al. [6] proposed cost MI when producers are assumed as cost minimizers and 

input price data are available. The index is defined in terms of input cost rather than input 

quantity distance functions. In fact, the concept of Cost Efficiency (CE) is used in the 

definition of distance functions. CE is used to show the ability of DMUs to produce current 

outputs at a minimal level of cost [7]. The concept of CE was first developed by Fare et al. 

[8] using a linear programming model. They considered the CE of a DMU as the ratio of 

minimum production cost to actual observed cost. Tone [9] improved the CE model 

introduced by Fare et al. [8] by evaluating DMUs in a cost-based production possibility set 

instead of a conventional production possibility set. Tohidi and Khodadadi [10] introduced a 

new model to evaluate CE with negative data. They also demonstrated that CE is the product 

of locative and range directional measure efficiencies. Bahri and Tarokh [11] focused on the 

‘‘seller-buyer’’ supply chain model with exponential distribution lead time and showed that 

their method can minimize costs compared with systems that ignore the relationship between 

seller and buyer. Jahanshahloo et al. [12] started CE evaluation considering fuzzy DEA. They 

supposed that input prices are certain at each DMU and input-output data are as fuzzy 

numbers. Dotoli et al. [13] present a new cross-efficiency fuzzy DEA method for evaluating 

DMUs under uncertainty. Camanho and Dyson [14] applied the standard weight restriction 

techniques in the form of input cone assurance regions to explore the assessment of CE in 

complex scenarios of incomplete price information. Mostafaee and Saljooghi [15] developed 

a pair of two-level mathematical programming problems for the estimation of upper and lower 

bounds based on the dual multiplier formulation of the CE model. 

All these approaches view each DMU as a “black box” by considering the initial inputs 

depleted and final outputs. Although these approaches may be suitable for evaluating the units 

with single-level structure, they are not suitable for assessing the units with a hierarchical 

structure. Most organizations have a hierarchical structure. Hierarchical organizations have 

different levels and each level consists of a number of sub-units. A unit at the higher level is 

divided into several subordinate units at the lower level. Some larger units in the second level 
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sometimes may be further divided into several subordinate units with different functions at 

the third level, and so on (see also [16]). Black-box models ignore the independent 

performance of each subunit and consider the total output of the subunits of a unit.  Also, these 

models provide no insight regarding the locations of inefficiency and cannot provide specific 

guidance to DMU managers to improve DMU’s performance. Therefore, a developed cost 

DEA model is needed to consider the internal structure of DMUs.  

In the literature, little research has been done on the evaluation of units by considering their 

internal structures. Wu [17] developed an innovative quantitative approach to evaluate the 

performance of multi-level decision network structure by integrating cost DEA into the bi-

level programming framework and creating bi-level programming DEA model. Shafiee [18] 

proposed a bi-level DEA model and then used a mixed integer linear programming to solve 

the proposed model. Hakim [19] developed a bi-level model based on DEA for centralized 

resource allocation. Ray [20] analyzed the cost efficiency of Indian bank branches using a 

network model. Kao [21] developed a relational model to measure the MI and its 

decompositions for parallel production systems and evaluated the productivity changes of 

thirty-nine branches of an Iranian commercial bank. Wanke et al. [22] studied efficiency in 

MENA banks, applying a dynamic network DEA model for accounting and financial 

indicators. Wanke et al. [23] perform a super-efficiency analysis of OECD banks during 2004-

2013 within the ambit of parametric and nonparametric dynamic network models. Yang et al. 

[24] established a bi-level DEA model with multiple followers for evaluating the efficiency 

of unattended convenience stores. They used weak disability technology to deal with 

undesirable intermediate measures. Pachar et al. [25] proposed a bi-level programming DEA 

approach to evaluate multiple retail stores’ cost efficiency considering a network structure 

operating in a Stackelberg relationship and defining benchmarks for inefficient stores in India. 

Hua et al. [26] developed a bi-level DEA cost model to evaluate the efficiency of two 

subsystems and complete water systems in 10 cities in the Minjiang River Basin. Barat et al. 

[27] suggested a network DEA-based methodology to address the problem of non-

homogeneity in settings where subunits operate in a mixed-network structure. They evaluated 

layers and the overall system efficiencies. Hosseini Monfared et al. [28] proposed a network 

DEA model based on a multiplier model for two-stage structures. They developed an additive 

efficiency decomposition approach wherein the overall efficiency is expressed as a weighted 

sum of the efficiencies of the individual stages. Mollaeian et al. [29] analyzed the overall 

efficiency of three-stage DMU by proposing a network DEA model. They used nine Iranian 

tomatoes paste supply chains by considering the sustainable development factors to 

demonstrate the application of their proposed model.  

Our purpose in this paper is to evaluate the productivity changes of units by considering their 

internal structure and based on CE. Conventionally, the Cost Malmquist Index (CMI) 

measures productivity change of the whole system in which only the inputs consumed and the 

outputs produced by the system are considered. 

In this paper, we define a new CMI for measuring the cost productivity changes of a unit by 

considering its internal structure in two time periods. This index presents a new aspect of CMI 

and provides the cost productivity changes of units by considering the impact of leader's and 

sub-DMUs' performance. In addition, similar to the traditional CMI, it decomposes into 

various components, such as CE changes and cost technological changes. 
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Hence, the remainder of this paper is organized as follows. Section 2 presents the concepts of 

bi-level structure. Traditional and bi-level CEs are described in sections 3 and 4, respectively. 

In section 5, the traditional and bi-level CMI and its components are presented. In section 6, 

a real case study on the branches of a specialized bank of Iran is done to show the ability and 

advantage of the suggested CMI. We will analyze and compare traditional CMI and bi-level 

CMI in this section. Finally, concluding remarks appear in section 7. 

 

2. Bi-level structures 

Most organizations in the real world have a hierarchical structure, with units at different levels. 

Hierarchical systems have attracted relatively little attention. An organization usually has 

several units at the first level, where each unit has a number of sub-units at the second level. 

Large subunits may be divided into several subunits with different functions at the third level, 

and then this divisional leveling can be continued if necessary. For example, a bank in a 

country has n subdivisions in different provinces of the country, where each province includes 

a number of regions, and each region is divided into different branches. Bank managers 

distribute employees and budgets in different provinces, and the decision makers of provincial 

banks also distribute the employees and budgets received in such a way that their sub-units 

generate the most output. The management of each region is interested in improving the 

performance of its branches (Figure 1). 

Figure 1. Hierarchical system of a bank. 

Conventional DEA models are not suitable for evaluating the performance of such structures. 

In these models, the performance of subunits is ignored and the integration of inputs and 

outputs of sub-units is considered. 

In this paper, we focus on a bi-level structure of hierarchical structures. The proposed model 

can be generalized to multi-level structures. Consider a system with a two-level structure, (see 

Figure 2). The system at the upper level has J  units, numbered as 1, 2,..., J . Each 

, 1,2,...,jDMU j J=
  has jR

  sub-DMUs at the lower level. Note that the units at the same level 

do not need to have the same number of subordinate units. 
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Figure 2. Bi-level system. 

The way that a hierarchical unit operates is that the top management of the organization 

allocates the inputs to the divisions at the first level. The divisions at the first level consume 

some of the inputs that they received from the headquarters to generate their independent 

outputs and allocate the other amount to their subordinate divisions at the second level. 

Followers in the second level consume the inputs allocated to them by their leaders to produce 

the outputs. The leader may use some of the inputs to produce the intermediate outputs, which 

we do not consider here. Therefore, the outputs of a unit consist of its independent outputs 

and the total outputs of its subunits. Figure 3 shows the internal structure of a unit. 

 
Figure 3. Internal structure of a unit. 

 

3. Traditional cost efficiency 

CE model is used to show the ability of DMUs to produce current outputs at a minimal level 

of cost. The traditional cost model treats the system as a “black box” with a number of initial 

inputs producing several final outputs, and the relationship and interactions between the leader 

and followers are not exposed. A conceptual “black box” system is depicted in Figure 4.  

Consider J  DMUs to be evaluated. Each ,jDMU  1,2,...,j J=  uses inputs 
m

jX R  to produce 

outputs
s

jY R . To evaluate the cost efficiency of the 
0 ,DMU 0 {1,2,..., }J , we solve the 

linear programming problem below [7]: 
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where ( , )X   are decision variables and 
0W  is the cost vector of 

0DMU  which may vary from 

one DMU to another. The objective function of model is to minimize the total cost of the

0DMU . 

 
Figure 4. Structure of a “black box” system. 

Based on an optimal solution * *( , )X   of the above model, the traditional CE of 
0 ,DMU  is 

defined as: 

* *

0 0 0

0 0 0 0

( , )C Y W W X
CE

W X W X
= =

            (1) 

where 
0X  is the existing input vector of 

0DMU . 

 

4. Bi-level cost efficiency 

Wu [17] proposed a cost DEA model for n bi-level decision systems in which each DMU 

includes two decentralized subsystems: a leader and a follower. Since most systems have more 

than one follower at the lower level, we extend Wu’s model to evaluate bi-level DMUs with 

one leader at the upper level and a number of followers at the lower level.  

As mentioned, in bi-level structures, the performance of a unit depends on the optimal 

performance of its subunits and independent performance. Therefore, the CE of a unit with a 

bi-level structure should be measured based on the independent CE of the unit at the upper 

level and the CE of its subunits at the lower level. The proposed model for measuring the CE 

of 0 ,DMU can be expressed as: 

0
0 0 0 0

0 0 0 0
1

( , , , )
k k k k

R

BLP F F F F
k

Min C Y Y W W W X W X
=

= +
            (3) 
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where ,i r  are the indexes of the generic input and output, respectively. ( , )j jX Y  is the activity 

vector of the leader in
jDMU . ( , )

k k

j j

F FX Y  is the activity vector of follower k  in 
jDMU . 

0

0 ,
kFW W  

are the unit cost associated with the leader and follower k . 

At the upper level, the leader aims to minimize the total costs of the leader and the followers. 

Objective function of the upper level is specified by the sum of the products of each input in 

its unit cost as 
0

0 0

0 0

1
k k

R

F F

k

W X W X
=

+ . The leader determines the inputs including 
0X  and an 

optimal multiplier  . Then, at the lower level, each follower determines its own optimal input  
0

kFX in order to minimize the cost 0 0

k kF FW X  subject to its constraint conditions. In the model, 

the CE of the leader is measured in comparison with other leaders, and the CE of each follower 

is calculated by comparing with all the followers in all of the units. In fact, in this model, the 

units at the same level are compared with each other and the effect of different levels on cost 

efficiency of whole unit is applied. This model can also be easily extended to multi-level 

structures.  

After solving bi-level cost model (3), the optimal solution * 0 * * *

0 , , ,
kFX X    are obtained. Based 

on which, the CE of the follower k  in 
0DMU  is defined as: 
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0 0 *

0

0 0

k k

k

k k

F F

F

F F

W X
CE

W X
=             (4) 

0DMU ’s follower k  is termed cost-efficient if and only if 0 1
kFCE = . 

The cost efficiency of 
0DMU  is defined as: 

0

0

* 0 0 *

0 0
1

0
0 0

0 0
1

k k

k k

R

F F
k

R

F F
k

W X W X

CE

W X W X

=

=

+

=

+




            (5) 

0DMU is termed cost-efficient if and only if 
0 1CE = . 

 

5.Cost Malmquist productivity index 

5.1. Background 

Consider panel data of 1,2,...,j J=  producers and  1,2t =  time periods.  In time period t , 

producers use inputs t mX R  to produce outputs t sY R . Define now the production 

technology of period t  in terms of the input requirement set, which is: 

 ( , ) :t t t t t

CT X Y X can produce Y=             (6)
 

The subscript ‘C ’ indicates that the production technology satisfies CRS.  Assume that  t

CT   

is non-empty, closed, convex and bounded. Alternatively, define the technology of production 

in terms of the input distance functions as: 

 ( , ) sup : ( , ) , 0t t t t t T

CD Y X X Y T  =               (7) 

( , )t t tD Y X  is the largest factor by which the input levels in  tX   can be divided while ( , )t tX Y  

remains in t

CT . If  ( , ) 1t t tD Y X  , then it is sufficient for ( , )t t t

CX Y T   and ( , ) 1t t tD Y X = , if 

and only if ( , )t tX Y  lie on the frontier. ( , )t t tD Y X  is reciprocal to input-oriented measure of 

technical efficiency which is: 

 ( , ) min : ( , ) , 0t t t t t t

cTE Y X X Y T  =               (8) 

Taking time period t  as the reference period, the input-oriented Malmquist index (
tMI ) can 

be stated as follow: 

1 1( , )

( , )

t t t

t t t t

D X Y
MI

D X Y

+ +

=             (9) 

tMI  compares 1 1( , )t tX Y+ +  to ( , )t tX Y  by measuring their respective distances from the 

production boundary of the reference period t . Similarly, with reference period 1t + , the 

following index can be defined: 

1 1 1

1 1

( , )

( , )

t t t

t t t t

D X Y
MI

D X Y

+ + +

+ +
=             (10) 
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1tMI +
measures the distance of 1 1( , )t tX Y+ +   and ( , )t tX Y  from the production boundary of the 

reference period 1t + . To avoid an arbitrary choice of a reference period, the geometric mean 

of 
tMI  and 

1tMI +
 is used as: 

1
1 1 1 1 1 2

1

( , ) ( , )

( , ) ( , )

t t t t t t

t t t t t t

D X Y D X Y
MI

D X Y D X Y

+ + + + +

+

 
 =  
  

             (11) 

Distance functions in Eq. (11) are defined in Eq. (7) regarding the CRS production boundaries. 

Clearly, given the definition of the distance function in (8), when 1MI  , we have a 

deterioration in productivity between t  and 1t + . Productivity remains unchanged if 1MI =  

and improve if 1MI  . 

 

5.2. Traditional cost Malmquist productivity index 

Maniadakis and Thanassoulis [6] proposed a productivity index applicable when producers 

are cost minimizers and input prices are known. In particular, a cost Malmquist index, which 

is defined in terms of cost rather than input distance functions, is developed and computed 

using DEA models. 

When input prices t mW R  are available, the technology can be defined in terms of a cost 

function: 

 ( , ) min : ( , ) , 0t t t t t t t t t

cC Y W W X X X T W=                (12) 

( , )t t tC Y W  is the minimum cost of producing a given output vector tY  and the input prices tW  

and the technology of the period t . The set of input vectors tX  which correspond to the scalar 

( , )t t tC Y W  lie on an iso-cost line which defines a cost boundary . 

 ( , ) : ( , )t t t t t t t t tIsoC Y W X W X C Y W= =             (13) 

This boundary contains the input vectors that can have the minimum cost with their price tW . 

The input-oriented measure of overall (or cost) efficiency for ( , )t tX Y  under input prices tW

, is defined as follows: 

( , )
( , , )

t t t
t t t t

t t

C Y W
OE Y X W

W X
=            (14) 

By using cost efficiency, input’s price productivity changes are determined. Specifically, in 

the spirit of the indexes in Eq. (9), Eq. (10), and Eq. (11) define a dual Cost Malmquist (CM) 

productivity index of periods t  and 1t + , and their geometric mean as follows: 

1

1( , )

( , )

t t

t t t

t t t

t t t

W X

C Y W
CM

W X

C Y W

+

+

=
,                  (15) 

1 1

1 1 1

1 1

1 1

( , )

( , )

t t

t t t

t t t

t t t

W X

C Y W
CM

W X

C Y W

+ +

+ + +

+ +

+ +

=
,             (16) 
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1
1 1 1 2

1 1 1 1

1

1 1

( , ) ( , )

( , ) ( , )

t t t t

t t t t t t

t t t t

t t t t t t

W X W X

C Y W C Y W
CM

W X W X

C Y W C Y W

+ + +

+ + + +

+

+ +

 
 
 
 

=  
 
 
 
  

            (17) 

where 
0 0

t tW X W X=  and ( , )t t tC Y W  as defined in Eq. (12). 

The cost ratio / ( , )t t t t tW X C Y W  measures the extent to which the aggregate production cost 

in period t  can be reduced while still securing the output vector tY  under the input price 

vector tW . This ratio measures the distance between the observed cost t tW X and the cost 

boundary ( , )t t tC Y W . This distance will have a minimum value of 1, (when the two costs 

coincide), and the larger it is the larger the factor by which the observed cost of securing 

output tY  can be reduced. This (cost) distance is the reciprocal of the input-oriented measure 

of overall efficiency defined in Eq. (14). The rest of the cost ratios in Eq. (15), Eq. (16), and 

Eq. (17) are defined analogously. 

Thus, the CM index is defined in terms of distances by which input costs can be deflated to 

reach a cost boundary. This is in contrast to the MI which is defined in terms of distances by 

which input quantities can be deflated to reach a production boundary. Note at this point that 

again we do not need to make assumptions about the returns to scale that characterize the 

technology. Here, we use the CRS cost boundaries as benchmarks for productivity 

measurement. Just as with the MI index, the CM index value of less than 1 implies 

productivity progress, a value greater than 1 means regress, and a value of 1 indicates constant 

productivity. 

The CM index can be decomposed into Cost (overall) Efficiency Changes (CEC) and Cost 

Technical Changes (CTC) as follows: 

CM CEC CTC=             (18) 

where 

1 1

1 1 1( , )

( , )

t t

t t t

t t

t t t

W X

C Y W
CEC

W X

C Y W

+ +

+ + +

=
            (19) 

and 

1
1 2

1

1 1 1

1 1 1 1 1

( , ) ( , )

( , ) ( , )

t t t t

t t t t t t

t t t t

t t t t t t

W X W X

C Y w C Y w
CTC

W X W X

C Y w C Y w

+

+

+ + +

+ + + + +

 
 
 
 

=  
 
 
 
  

           (20) 

CEC denotes the cost efficiency changes between periods t  and 1t + . The CEC indicates 

whether the DMU ‘catches up’ the cost boundary when moving from period t  to 1t + . 

CEC<1, CEC>1 and CEC=1 means that overall efficiency, increase, decrease or be constant 

between periods t  and 1t + , respectively. Similar concept is applied to CTC that measures 

the shift of the cost boundary evaluated at the input prices tW  and 1tW + . 
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5.3. Bi-level cost Malmquist productivity index 

In this section, we propose a new cost Malmquist index that it is suitable for evaluating the 

cost productivity changes of DMUs with bi-level structures. Towards this end, based on 

definitions in previous section, the bi-level cost function ( , )t t t

BLP BLP BLPC Y W  is defined as follows: 

1 10 0

0

1 10 0

0 0 0 0

0 0

0 0

0 0

1

0 0 0 0

0 0

( , ) ( , ,..., , , ,..., )

;
min

( , ,..., , , ,..., )

R R

k k

R R

t t t t t t t t t t

BLP BLP BLP BLP F F F F

R

F F

k

t t t t t t t

F F F F BLP

C Y W C Y Y Y W W W

W X W X

X X X Y Y Y T

=

=

 
+ 

=  
 
 


          (21) 

where t

BLPT  is the bi-level production possibility set and is defined in constraint set of model 

(3).
 

( , )t t t

BLP BLP BLPC Y W  is the minimum cost of producing a given output vector 
1 0

0 0

0( , ,..., )
R

t t t t

BLP F FY Y Y Y=  

and the input prices 
1 0

0 0

0( , ,..., )
R

t t t t

BLP F FW W W W=  and the technology of period t . 

Based on the bi-level cost distance function and CE definition for the bi-level unit, the bi-

level cost Malmquist (BCM) productivity index, also termed as the cost Malmquist 

productivity index of the 
0DMU  with bi-level structure is defined as follows:  

1
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where 
0

0 0

0 0
1

k k

R
t t

BLP BLP F F
k

W X W X W X
=

= + . 

Similar to the traditional CM index, the BCM index can be decomposed into bi-level cost 

efficiency changes (BCEC) and bi-level cost technological changes (BCTC) as follows: 

BCM BCEC BCTC=               (23) 

where 

1 1

1 1 1( , )

( , )

t t
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t t t
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t t
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t t t
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C Y W
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=
             (24) 

and 

1
1 2
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+

+

+ + +

+ + + + +

 
 
 = 
 
 
 

            (25) 

BCEC denotes the cost efficiency changes of a DMU with bi-level structure between periods 

t  and 1t + . BCTC indicates the cost technology changes of a DMU with bi-level structure 

between periods t  and 1t + . 
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BCEC<1, BCEC>1 and BCEC=1
 
imply the cost efficiency, increase, decrease and constant 

between periods t  and 1t + , respectively. Similar concept is applied to BCTC that measures 

the shift of the cost boundary evaluated at the input prices t

BLPW  and 1t

BLPW + . 

The cost function of 
0DMU ’s follower 

0, 1, 2,...,kF k R=  is defined as follows: 

 0 0 0 0 0 0 0 0 0( , ) min : ( , ) , 0
k k k k k k k k k

t t t t t t t t t

F F F F F F F F FC Y W W X X Y S W=                       (26) 
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                    (27) 

Similarly, the CMI of 
0DMU ’s follower 0, 1,2,...,kF k R=  is defined as: 
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              (28) 

where ( )0 0 0( ) ,
k k k

t t t

F F FC Y W  is the minimum cost of producing a given output vector 0( )
k

t

FY  and the 

input vectors 0( )
k

t

FX  and input prices 0

k

t

FW   in the period t . Other cost distance functions have 

similar meaning. 

 

 

6. A real case study 

In this section, we calculate the BCM index on a real-world case study from Maskan Bank of 

Iran located in Tehran for two time periods 2017-2018, and then analyze the results. This 

study relates to eight regions located in the capital city of Tehran and involves 198 branches. 

The number of branches in each region is between twenty and thirty-two. In each region, there 

is a supervisory branch as the leader unit and a number of branches as the follower units. The 

number of followers is 198. It is noted that Maskan Bank is the largest Iranian governmental 

bank in the housing sector. The results of the case study can be useful for managers to 

understand the effect of the subunits̓ performance on the unit productivity changes and also 

to find out how they can manage any budget for improving the unit productivity growth. 

Production analysis is one of the most significant dimensions of bank branch performance 

[30]. In this case study, we measure the performance of bank branches with respect to this 

perspective. From the production perspective, the regions and their branches are considered 

as producers of services for taking deposits, making loans and providing other diverse banking 

services using personnel expenses and location index as inputs. 

The input of personnel expenses includes all the quantities and quality factors related to the 

staff of a branch. The input of location includes all the quantities and qualities entities related 

to the physical location of a branch. The planning and programming department of the bank 
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has done a project for this index and they considered all the related factors in the developed 

location index. The most important factors considered in computing the location index are 

branch customers’ specifications, the physical location of the branch, and branch staff 

characteristics. We used the data of the location index in our evaluation.  

The output of deposit includes all kinds of methods of gathering money by a branch. The 

planning and programming department of the bank has done a project for this index and they 

considered a weighted sum of all kinds of accounts considering their values and number of 

transactions for the calculation of the deposit index and we used the data of the deposit index 

in our evaluation  . 

The output of loans includes all the money given as all kinds of loans and mortgages by a 

branch and similar to the deposit index some calculations have been done. Finally, the output 

of services is an index that includes all kinds of services presented by a branch to its customers.

 

Figure 5. Bi-level production structure in our case study. 

Descriptive statistics of inputs and outputs of leaders and followers for two time periods are 

given in Tables 1 and 2. Measurement unit of personnel expenses is 1000000 Rials. Other 

indices have no units because they are normalized. All the values and results are rounded in 

two digits. 

Table 1. Data statistics of leaders. 

 2017 2018 

Inputs Min Max Mean STD Min Max Mean STD 

Personnel expenses 

Location index 

8727.07 

961.20 

14119.22 

1192.00 

11029.86 

1084.03 

1782.46 

73.43 

7071.13 

961.20 

16172.11 

1192.00 

10178.99 

1084.03 

3437.57 

73.43 

Outputs   

Deposits 

Loans 

Services 

2697.00 

1018.00 

1111.00 

7540.00 

3104.00 

7239.00 

4666.38 

1610.88 

3075.25 

1579.2 

752.19 

2217.59 

3497.00 

932.10 

1433.00 

5491.00 

2539.00 

5574.00 

4340.63 

1495.81 

2740.63 

683.45 

663.46 

1367.87 
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Table 2. Data statistics of followers. 

 2017 2018 

Inputs Min Max Mean STD Min Max Mean STD 

Personnel 

expenses 

Location index 

1115.09 

384.00 

18396.58 

1212.00 

4663.19 

945.79 

2407.84 

153.59 

1384.62 

384.00 

16214.78 

1212.00 

4507.42 

946.76 

2265.56 

152.33 

Outputs   

Deposits 

Loans 

Services 

154.50 

35.07 

35.45 

3798.00 

18300.00 

22045.00 

1218.25 

1221.25 

1108.68 

674.36 

1632.95 

2042.54 

86.80 

62.53 

110.60 

3590.00 

16127.00 

8472.00 

1216.70 

1206.90 

967.84 

669.42 

1581.19 

908.53 

 

Descriptive statistics of input costs are given in Table 3. 
1w  is the cost of personnel expenses 

which contain all expenses related to the staff of the branch such as pay, pension, etc. 
2w  is 

the cost of the project for implementing and computing location index for each branch. Since 

the cost information is used in the form of proportion in the model, so their relative value is 

only important. 

Table 3. Descriptive statistics of input costs.

 2017 2018 

leader Min Max Mean STD Min Max Mean STD 

1
w  

2
w  

1.90 

3.20 

4.90 

3.20 

3.48 

3.20 

1.25 

0.00 

1.50 

3.30 

5.00 

3.30 

3.13 

3.30 

1.33 

0.00 

followers Min Max Mean STD Min Max Mean STD 

1
w  

2
w  

0.70 

3.20 

5.00 

3.30 

3.29 

3.26 

1.20 

0.05 

1.00 

3.20 

5.00 

3.30 

3.32 

3.24 

1.19 

0.05 

Both CMI and BCMI with their components were calculated for all selected regions. The 

results of CMI and its decompositions are shown in Table 4 and the results BCMI and its 

decompositions are shown in Table 5. 

Table 4. The results of traditional CMI and their components. 

Regions CEC CTC CM 

1 0.98 0.98 0.96 

2 1.00 1.16 1.16 

3 1.00 1.03 1.04 

4 0.81 1.03 0.83 

5 1.00 1.01 1.01 

6 1.23 0.92 1.13 

7 0.96 1.04 0.99 

8 1.26 1.00 1.26 
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The results of the CMI calculation show that regions 1 and 4 have been productive. In regions 

5 and 7, there are almost no changes in their productivity growth. Other regions have been 

non-productive. Negative growth in CEC leads to a negative effect on the cost productivity 

growth in the non-productive regions 6 and 8. In non-productive regions 2 and 3, negative 

growth in CTC leads to a negative effect on the cost productivity growth. Traditional CMI 

does not indicate whether the negative changes in CTC or CEC in a region are due to negative 

performance at the upper level or lower level, and if it is at the lower level, which branches at 

the lower level had poor performance. 

Table 5. The results of BCMI and their components. 

Regions BCEC BCTC BCM 

1 1.02 0.95 0.97 

2 0.97 1.04 1.01 

3 0.99 0.91 0.90 

4 0.90 0.87 0.79 

5 1.02 0.92 0.94 

6 1.42 0.86 1.23 

7 0.96 0.89 0.85 

8 1.41 0.88 1.24 

 

The results of the BCMI calculation indicate that regions 1, 3, 4, 5 and 7 have been productive. 

In region 2, there are almost no changes in its productivity growth. Other regions have been 

non-productive. Region 7 has a positive growth in the cost efficiency change and frontier 

shifts which leads to a direct effect on the BCMI and has changed the rank of this region from 

the three using traditional CMI to the first. 

Traditional CMI ignores the independent performance of subunits and the bi-level structure 

within units. However, by using BCMI, the cost productivity changes of the units are 

calculated more accurately, because the proposed bi-level cost model, which is used as the 

basic model in the calculation of BCMI, is embedded according to the bi-level structure of the 

units. We generalized a new model in which the impact of upper and lower levels' 

performance is included in the unit's performance evaluation. Therefore, BCMI increases the 

accuracy of data analysis. 

Also, the traditional CMI calculation results may show that the regression of one of its 

components has caused the negative growth of cost productivity, but this is only true for 

single-level units. Traditional CMI does not show the sources of negative growth of 

components at different levels in bi-level units. Finding out which subunit or subunits in a 

region have performed poorly helps managers. BCMI helps managers to provide effective 

improvement solutions for hierarchically structured units. 

Using BCMI, the sources of cost productivity regression of the bi-level units can be identified. 

For instance, we focus on the performance of region 6.  

The results of the CMI and their components for the upper and lower levels units in region 6 

are shown in Table 6. By examining the results, we can find out which levels of that region 

have negative growth in cost productivity and what factors affect the upper and lower levels' 

regression. CMI values for the lower-level units in Table 6 are calculated using relation (28). 
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Table 6. The results of the CM index and their components for the upper and lower levels 

units in region 6. 

DMUs CEC CTC CM 

Upper level 1.78 0.92 1.64 
Lower level    

1 0.73 0.86 0.63 
2 1.71 0.79 1.35 
3 2.13 0.89 1.90 
4 1.55 0.84 1.30 
5 2.08 0.87 1.81 
6 1.71 0.88 1.51 
7 1.06 0.83 0.88 
8 2.27 0.89 2.01 
9 1.54 0.91 1.40 
10 1.42 1.21 1.72 
11 1.54 0.90 1.39 
12 1.57 0.81 1.27 
13 0.75 0.91 0.68 
14 1.74 0.88 1.53 
15 1.75 0.90 1.57 
16 0.96 0.85 0.82 
17 1.76 0.86 1.51 
18 1.73 0.78 1.35 
19 1.14 0.85 0.98 
20 1.50 1.05 1.58 
21 0.99 0.85 0.84 
22 0.90 0.87 0.78 
23 2.01 1.01 2.03 
24 0.96 0.84 0.81 
25 1.08 0.86 0.92 
26 1.45 0.81 1.18 

 

Table 6 shows which factors at each level have influenced the results of BCMI of region 6. 

At the upper level, there is a positive change in the cost technology; but there is a significant 

negative change in the cost efficiency; this leads to a significant reduction in the cost 

productivity growth. At the lower level, some branches have negative growth in cost 

productivity.  For each branch, the factors that caused its poor performance can be found. 

Although the upper level has negative growth in cost productivity, there are some branches at 

the lower level that have performed well. In addition to the impossibility of finding the exact 

sources of unproductive regions, conventional CMI ignores the positive performance of such 

branches. 

 

7. Conclusion 

Most organizations in the real world have a hierarchical structure, with units at different levels. 

The conventional cost model for measuring cost efficiency ignores the internal structure of a 

DMU. The knowledge of the internal structure of the DMUs might give further insights into 

their performance evaluation. In this paper, we focus on the bi-level structure because the 

results can be generalized to the multi-level structure. We developed a new cost model in 

order to provide more meaningful evaluations of DMUs with a bi-level structure. Based on 

the bi-level cost model, the BCM index was defined.  Traditional CMI views each DMU as a 

“black box” by considering the initial inputs depleted and final outputs. It does not explain 

the underlying reasons why the DMUs with the hierarchical structure are non-productive or 

which subunit’s performance requires further improvement. Compared to the traditional CMI, 

the BCMI can identify the subunits and factors that make a DMU non-productive. Also, by 

using BCMI, productivity changes are more accurate because the proposed two-level model 
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is generalized according to the hierarchical structure of units. Therefore, BCMI provides 

potential managerial insights to improve the unit's performance. We utilized a real-world case 

study selected from bank branches to validate our BCMI and compare it with traditional CMI. 

Since the input costs in this research were known, the BCMI can be developed for the cases 

where the input costs are unknown or interval and it can be proposed as an approach for future 

research. Also, the proposed method can be extended to cases where intermediate outputs 

exist between the leader and the follower.
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