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Abstract

This paper addresses a type of fully fuzzy bilevel linear programming (FFBLP) wherein all the co-
efficients and decision variables in both the objective functions and constraints are triangular fuzzy
numbers. In order to obtain the fuzzy optimal solution, a new efficient method for FFBLP with
unconstrained variables and parameters has been proposed, . This proposed approach is based on
crisp bilevel programming. Some examples have been provided to illustrate these methods.
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1 Introduction

He bilevel programming is a hierarchical
T optimization problem involving two levels
wherein the upper level constraint region is im-
plicitly specified by the lower level problem. This
kind of problem is nonconvex and very hard
to solve due to its structure. Over the past
few decades, the bilevel programming problem
has possessed a lot of consideration and has
been widely applied to a variety of fields such
as electricity markets [22], energy networks [§]
, location-allocation problem [19]. The recent
surveys on this topic were given by Dempe [5],
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price setting problem [11], principal-agent prob-
lems [3, 20], and so forth. Detailed study on
bilevel programming problem can be found in the
most recent books (Dempe [4]; Dempe et al. [6]).
Considering its structure, this type of problem
is nonconvex and very difficult to solve. Consid-
ering its structure, this type of problem is non-
convex and very difficult to solve. In common
bilevel programming problems, it is assumed that
the parameters are precisely defined, but under
real conditions, the decision making coeflicients
and variables may not be crisp. The fuzzy sets
theory is a powerful tool for dealing with inac-
curate or vague information and in recent years
the fuzzy bilevel programming problem wherein
the coefficients are fuzzy numbers in both the ob-
jective function and constraints has been studied
by some authors. Sakawa et al. [18] formulated
the fuzzy bilevel linear programming problem and
developed the fuzzy programming method for its
solution. . Zhang et al. [23] used the fuzzy Kuhn-
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Tucker, fuzzy Kth-best, and fuzzy branch and
bound methods to solve fuzzy bilevel linear pro-
gramming problems; however, the decision vari-
ables are not fuzzy in any of the mentioned works.
Ruziyeva [16] proposed a membership function
approach for solving the linear fuzzy bilevel op-
timization problem. Allahviranloo et al. [1] pro-
posed a new method for solving fully fuzzy lin-
ear programming problems by the use of rank-
ing function. Hosseinzadeh Lotfi et al. [7] trans-
formed the fully fuzzy linear programming prob-
lem into two corresponding linear programming
problems based on the concept of the symmet-
ric triangular fuzzy number and developed a lex-
icography method to solve such a problem. Ku-
mar et al. [10] proposed a new method to find
the optimal fuzzy solution of the fully fuzzy lin-
ear programming problem with equal constraint.
This paper aims at developing a new method for
the solution of the fully fuzzy linear programming
problems wherein all the coefficients and decision
variables are expressed as triangular fuzzy num-
bers. Safaei and Saraj [17] decomposed the FF-
BLP problem into three deterministic linear pro-
gramming problems and then obtained its fuzzy
optimal solution. Ren [13] investigated the feasi-
bility of fuzzy solutions of the generalized fuzzy
bilevel linear programming problem and devel-
oped a stepwise interactive algorithm to solve the
problem. Ren [14] a new approach based on de-
viation degree measures and a ranking function
method is proposed. Ren et al. [15] converted
the FFBLP problem to crisp form under different
constraint feasibility degrees based on a fuzzy re-
lation for the ranking of the fuzzy numbers. This
paper has been so organized as to present the def-
initions and operators between triangular fuzzy
numbers in Section 2, express the new approaches
in the FFBLP using the ranking function in Sec-
tion 3, provide some numerical examples to illus-
trate how methods are implemented in Section 4,
and, finally, present the conclusions in Section 5.

2 Prerequisites

This section presents the definitions needed to ob-
tain the results [10, 12, 9, 2.

Definition 2.1 If X is a universal set, the fuzzy
subset A of X can be expressed by its membership

function as follows:
By X = [0, 1]

where gives a real number pu 3 (x) to every element
x € X in the interval [0, 1] and the value of p z(x)

at x shows the membership grade of x in A A
fuzzy subset A can be characterized as a set of
ordered pairs of element x and grade p 7(x) shown
often as follows:

A= {(a, n5())iz € X}.

Definition 2.2 A fuzzy number A = (a, b, ¢) will
be triangular if its membership function is as fol-
lows:

(b_(l%’ a<z<b
nilw) =4 {5, b<a<c
0 O.W.

Definition 2.3 A triangular fuzzy number A=
(a,b,c) will be non-negative only if a > 0; the
related non-negative set can be shown by F(R™T).

Definition 2.4 A triangular fuzzy number A=
(a,b,c) will be unrestricted if a,b,c € R. The set
of which is shown by F(R).

Definition 2.5 ifg = (a,b,c) and B = (d,e, f)
are two triangular fuzzy numbers, then:
(1) A® B=(a,b,c)®(d,e, f) = (a+d,b+e,c+

) QENZ S(a,b,¢) = (—c,—b,—a),
3) ASB = (a,b,c)o(d,e, f) = (a— f,b—e, c—d),
)

] Gaxbae), A0
1 (Ae,Ab,Aa), A <O.
(5) A® B = (min(y),be,max(y)) where;y =

{(ld, gfa Cd7 Cf}
(6) B = (d,e, f) be a non-negative triangular
fuzzy number then:

(ad,be,cf), a>0
A@B={ (af,be,cf), a<0,c>o0
(af,be,cd), ¢ <O.
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Definition 2.6 Two triangular fuzzy numbers
A = (a,b,¢) and B = (d,e, f) are equal only if
a=d,b=eandc=f.

Definition 2.7 [10]. A ranking function is in
the form F(R) — R; it maps every fuzzy number
on the real-line where there is natural order. If

A= (a, b ¢) is a triangular fuzzy number, then
R(A) = Ha+2b+c).

Definition 2.8 If A = (a,b,c) is non-negative
triangular fuzzy number and B = (e, f,g) is an
unrestricted triangular fuzzy number, then:

A ® B = (min(ae, ce),bf, max(ag,cg))
where min(ae,ce) = 9ekee — |aece]
maz(ag,cg) = 59 4 |29259| - since (a,b,c) is
a triangular fuzzy number (i.e. a < b < ¢), so
min(ae, ce) and max(ag,cg) can be written as:

and

min(ae, ce) = (e — (5%)]el and
maz(ag,cg) = (“5%)g + (55%)lgl-
Definition 2.9 If A = (a,b,c) and B = (z,y, 2)

are two triangular fuzzy numbers, then :

(min(aﬂl%CﬂU),by,TrLCLaj(az,cz))7
a>0

A®B= (mm(cac, az), by, mal’(CZ, ax)),
a<0,c>o0
(min(az, cz), by, mazx(azx, cx)),
c<0.

or

({0.5(a + )z — 0.5(c — a)|x|}
’ by, {05(a + c)z
,+0.5(c — a)|z|}),a >0
({0.5(az + cx) — 0.5|cx — az|}

A®B={ by, {0.5(ax + c2)
,+0.5|cz — az|}),a < 0,¢ >0
({0.5(a + ¢)z — 0.5(c — a)|z|}
, by, {0.5(a + ¢)x
+05(C — CL)|$|}), c<0.

3 Proposed algorithms

Next, some new algorithms are proposed to
find the fuzzy optimal solution for the FF-
BLP problem in three cases, unconstrained fuzzy
coeflicients corresponding to the variables and
non-negative fuzzy variables, non-negative fuzzy
coeflicients corresponding to the variables and

unconstrained fuzzy variables and finally, un-
constrained fuzzy coefficients corresponding to
the variables and unconstrained fuzzy variables.
Consider the following FFBLP problem and sup-
pose the decision maker at the i*" level each of
which controls its own decision vector, Z;:
maximize F(:El, T9) = €11 ®T1 B C12 ® Ty

1
s.t. (3.1)
mazximize (i1, T2) = a1 @ T1 B o @ Tn

T2

st. A7, ®B®iy=0b

where 71 , 7; are triangular fuzzy numbers,
A — (a2j)m><n1 5 B — (sz)mxng 3 b = (bz)mxl
and ¢i1 = (Ciij)ixns 5 €12 = (C12§)ixng »
Co1 = (§21j)~1><n1 , G2 = (522j)1m2 , M1 +nNg=n
s 61-]- , bij, b; € F(R) , T1 s I, € F(RJr) for all
1<i<m,1<75<n.

Let the parameters ¢11 , C¢i2, Co1 , Coo
aij , bij, 1 , T2 and b; be the triangular

fuzzy  number  (pij,qi5,715), (P25, 925, 72;5),
(p3jaq3]7r3j)v (p4j7Q4jaT4j)7 (ailjaa?jva?j)7
(b3, 35, 63;), (@17, 15, t15), (@24, y25,t25) and

(m4,n;,pi) respectively. So the problem (3.1)
can, then, be written as follows:

maximize F (%1, %) =
(xlj yY1j »tlg)

(@15, Y15 t15) © D721 (D2js 4255 m25) @ (D25, Yoj. t25)
s.t. (3.2)

mazimize f(#1,82) = 5L (p3j, 935, 735)
(z25,y25:t2;5)

(1), y15,t15) @ D072,
(z25,Y2j,t25)  s.t.
(xlj’ y1j7tlj) @ Z]i (bzlja sza b%) ® (I’Qj,ygj,tgj)
= (mi7ni7pl) Vi = ]- s eeey M.

> it (P qujy 1) @
02¢
(p4j, qaj,m45) ®
X

where (xljayljatlj)a(ijyy2jat2j) are trian-
gular fuzzy numbers.
Now, using Definition 2.5 , we will rewrite this

problem (3.2) as follows:

mazximize F(Z1,T2) =
(T15,915,t15

>y (P qujymy) ®

P1j>0
(21, Y15, t17) © D"y (p1j, 014> 715) @ (215, Y15, 15)
P1j<0
r1520
© YL (P ay,ry) © 0 (T1y,v15,t) @
T15<0
anzl (p2j; q2j, sz) X (mzj,ygj,tQj)
$2j>0
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©® 273‘2:1 (p?a q2j, T2j) ®

P25<0
rg; >0

21 (P2), @255 m25) @ (T2, Y25, t2)
725<0

s.t. (3.3)

mazimize f(F1,%2) = Y"1 (p3j, q3j,73j) ©
(w25,y2j,t2;

(w25, Y24, t25) @

P35>0
(%15, Y155 1) © D"y (P35> G355 737) @ (15, Y14, 1)
e
@27}1:1 (p3j,CI3j,7“3j) & (xlj,ylj,tlj) P
735<0
2" (Pags qajiT45) ® (225, Y25, o))
P4;>0
@27}2:1 (P4,(I4j77“4j) ® (ZEQj,ij,tgj) P
P4j<0
r4520
DR (Payyqags ) ® (25,04, t25) s.t.
T45<0
Z’rgl:l (azlya?jaa?]) ® (xljyy1j7t1j> D
al >0
j =
> (azljw a?ja a?j) ® (w15, Y15, t15)
1
<0
a3.>0
>
j: aij’ 150 Vg ) )
EBZ 1( a5, Q ) ® (xlj Y1j tlj) ©®
<0
Z (b'}j’b’?j’b?j) (w25, 125, t2;)
b1 >0
& XL (bzlj’b?wb%) ®@  (x2,Y25,125) @
23<0
b3.>0
5=
Z (bzlyszj?b?j) ($2jay2jat2j)

b1 <0

= (mlvn%pl)vyz = 1,2, e, M

where (21, y15,t15),(z25, y2j, t2;) are triangular
fuzzy numbers.

First, we describe an algorithm for solving a
FFBLP problem with unrestricted fuzzy coeffi-
cients corresponding to the variables and non-
negative fuzzy variables.

3.1 Algorithm 1

Step 1. Using Definition 2.5, the FFBLP

problem (3.3) can be written as follows:

mazimize F(Z1,Z2) =

(@15,915,t15

>Ny (prymag, vy, migtay) ®
P1j>0

>y (pagtys augyngs rijtay)

P1j<0
leZO

ny
® " (prjtiy, Y1y, m1%15) @
T15<0
n2
22" (P2jm2), 42524, m25t25)
$2j>0
N2
© 7 (p2t2), 42925, m25t25) @
P25<0
rg;=>0
n2
2201 (p2jt2), a2jY24, T2 T25)
725<0
s.t.
mazimize f(Z1,Z2) =
(z25,Y25,t25)

ni
> 1 (3, g3y, Titay) @
P35>0
ni
22" (pajtay, asiyng, mastis)
k]
T3>
ny
® > 011 (p3jtiy, 43iy1j, 13iT15) @
T3j<
n2
2200 (Pajm2), Qajya;. Tajta))
P1j>0
n2
© "7 (pataj, qajy2j, r4jt2)) )
Paj<0
r4520
n2
22" (pajtag, Qajyag. Taj2;)
T45<0
ni 1
s.t. Z] 1 (a2]$1]7 zgylﬁazytlj) D
1 >0
1 1y 2. 3,
> j=1 (aith? ;Y155 aijtlj)
%ij<0
a3.>0

1] =

o Z’;Ll
<0

Z j=1 (b”l‘gj, b2jy2]’ bzthJ)

bl >0
15 =

D

( t2]7 szy2]7 bZJtQJ) @
bzlj<0

b3.>0
17—

Z (bl tQ]? szy2]7 bzgng)

bl <0

= (mz‘,nupz‘),Vi =1,2,...,m.

La 0200 a3
(ajit1j, ajjyg, ag;@;) &

where (215, y15,t15),(@25, Y25, t2;) are non-
negative triangular fuzzy numbers.
Step 2. Using Definition 2.7, the fuzzy

objective function at each level of the FFBLP
problem found in Step 1, can be transformed
into the crisp objective function at each level and
the FFBLP problem can be written as follows:

maximize F =
T15,Y15,5t15
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R (Prjags @191y, Tyt )] K
P1j>0
R[> (pigtigs quiyngs rijtas)]

P1j<0
”‘1]'20

® R[> (pujtay, 15y, m1215)] ®
T1j<0

R[anzﬁ (p2j 25, q2Y2j, T25t25)]

P2j>0

n
SR> "7 (patay, a25y25, T25t25)] ®
P2j<0
T‘2]-20
n:
R[> (p2jta), a25Y2), m2i%25)]
T25<0
s.t.

mazimize f = R[}"L, (p3jT15,q3i915,735t15)] ©
T2j,Y25,t2;

P3j>0
R, (psjtag, a3y, Tsit1;)]
P3j<0
'r3]>0
OR[> UL, (p3jtiys 3915, 735715)] ®
T3j<
R[3°"2 (pagaaj, qagyogs rajte;)]
P4;j>0
SR[D" (Pata), qajyej, rajto;)] S
P45<0
T4520
R[ZT;?:I (p4jt2j7 q45Y2;j, 7“4jf'32j)]
T45<0
s.t. 2731:1 (alljxlj, a?jylj, a%tlj) @
H.}jZO
S (afitag, agiyg, ajity)
azlj<0
a3.>0
ij
2] ng-l:l (a}jt1j7 a?jylﬁ a?jxlj) o2
a3 <0
Z (bl T2j, bzgy2]7 szt23)
b}]zo
® 320 (bjtag, U2, bijta;) @
bzlj<0
b?jzo
1 2 3
27%2:1 (bijtas, biy2;, bijw2;)
bij<0

= (mlanhpz)vz = 1> 27 ey TN,

where  (x15,v15,t15),(225, Y25, t2;) are non-

negative triangular fuzzy numbers.

Step 3. Using Definitions 2.6, 2.7, the FFBLP
problem, obtained in Step 2, is transformed into
the following crisp bilevel linear programming
problem:

i[Z j=1 (plj$1jaq1]yljarljtlj)] S3)

P1>0

maximize F' =
T1j,Y15,t15

12271 (ot vy, rjtay)]

P1j<0
r1j>0

%[Z] 1 (pljt1]7Q1]y1_]7T1]x1])] D

T15<0

@

T2 (D2jag, a2j24, T25t;)]
P2j>0
2
P2;5<0
T2j>0

%[Z j=1 (p25t2), 42525 r2jT2;)]
T25<0

s.t.

1
mazimize f = 337"y (psjz1j, 3915, 735t15)] ©
T2j,Y2j,t2;5 P3;>0

S2)

(pataj, a2y2i, T25t25)] @

o i1 (psgtigs a3y, rity)]
P3j<0
'r3]>0
@%[z] 1(p3jtljaQB]ylj,T3jxlj)] D
T35<
%[Z j=1 (p4jx2j7q4]y2]7r4jt2])]
P45>0
@%[Z j=1 (p4t2])Q4jy2]7r4]t2j)] D
P4aj<0
r4j>0
%[Z j=1 (p4gt2]7Q4gy2],7'4ﬂf2g)]
T45<0

s.t 2731:1 (azj:ElJ) + Z (azjtlj) +
ag‘jZO ’LJ<O
7}1:1 (aj;trz) + D272 (bjxa5)
<0 b}jzo
+ Z p (bigtag) + 2272 (bijtag) m;, Vi =
b1.<0
ZJ<0 i
b3.>0
1,2,...,m.
> (a zjylg)Jij 1 (@3y17) + 22 (a3y15) +
al >0 a3.<0
ij= Z]<O 17
20
2732:1 (b?jlﬂj)
blljzo
bzlj<0 bl <0
b3 >0
1,2
Zr; 1 (a1]t1])+2] 1 (a1]t1])+2] 1 (a?]ﬂflj)—f—
'}j 11]<0 3 <0
a3.>0

’L]*

Z (b3 tQ])

bl >0
l]_
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+ Z (bStZJ) + Z] 1(szx2j) = p,Vi =

bllj<0 b1 <0

bf’Jzo
1,2, ey M. ylj —l‘lj Z O,tlj —ylj 2 O,ygj —.TUQj Z
0,t2j —y2; > 0,215 > 0,215 > 0,Vj =1,....n

Step 4. Find the optimal solution
15, Y1j, tlj, 25, Y24, tgj, by solving the bilevel
linear prpgramming problem obtained in Step 3.

Step 5. Find the fuzzy optimal solution
by putting the values of SClj, ylja tljv l‘gj, ygj, tQj
in 1 = (215, Y15, t1j), T2 = (225, Y25, ta;)-

Step 6. Find the fuzzy optimal value by putting
T, Ty in: F(31,%2) = Y7L (P qu,m15) ®
(15, Y15, t17) © D721 (D2js 4255 125) @ (%24, Yoj, t2))
f(@1,82) = 32711 (p3j. a35,735) © (215, 915, 115) ©
2521 (Paj, Gajymag) @ (w25, g, 12;)-

Now, we will present an algorithm for the FFBLP
problem with non-negative fuzzy coeflicients cor-
responding to the wvariables and unrestricted
fuzzy variables .

3.2 Algorithm 2

Step 1. Using Definition 2.8, the FFBLP
problem (3) can be written as follows:

mazimize F (&1, &) =
(T15,915,t15)
Z?Q(mm(pljfﬁlj,?“ljxlj), d15Y15,
maz(pijtij, r1jt1;))
D D02 (min(p2;rag, 2jT25), 425925,
max(pa;taj, r2jt2;))
s.t. ~
maximize f(Z1,T2) =
(w25,y25,t25)
n .
Zjil(mm(psﬂlj,mj%'% 435915,
max(p3;tij, r35t15))
D D12 (min(pajveg, 14jT25), 445925,
max(pajta;, r4jt2;))
s.t. Z] l(mln(a}]xlﬁa?jxl]% zgyU’
max(awtu,awtlj))
@ Y252, (min(bjjaay, bra;), 0715,
max(biljtgj, b?jtzj))
= (mia nhpl)vz = 1> 27 <y
(T15, Y15, t15), (T4, Yo, t25) € F(R),j = 1,...,n.
the FFBLP

Step 2. Using Definition 2.8,

problem obtained in Step 1 can be written as
follows:

mazximize F(Z1, %) = Zgl(%(pu + rij)ry —
(%15,y15,t15) J
%(7‘119' — pij)lejl, quiyaj, 5 (o1 + 1)t
+ 5(ry = piyltyl) ® 272,525 + rog)wey —
%(7"2]‘ —pzj)!mjl,g%yzja
5(p2j + 7roj)taj + 5(rej — p2j)lta;])
s.t. ~
maximize f(Z1,T2) = Z?;l(%(p?)j + r3j)aiy —

(225,925 ,t25)

5 (r3; — p3j)lw ;s asjyny, 5(psj + r35)t1;

+5(r3; — p3)ltg]) & Y021 (5(pay + rag)aa; —

3 (145 — pag) |25l @525,

3Py + 7“4g)t2g + 2y = pa)ltes))

8.t SoLi(Gla + al)my - (el -

a}j)lwly\a%ylg %(a +a ) i+ 5ad —%)Itlal)

GBZ (3 ( + b )mgj — (b3 —
)‘932]|, z]y2j’2(bl +b3) %(b )|t23|)

(munzapz)vz =12,.
(215, Y15, t15), (952j7y2jat2j) € F(R),j =1,..,n
Step 3. Using Definitions 2.6, 2.7, the FF-
BLP problem, obtained in Step 2, is transformed
into the following crisp bilevel nonlinear pro-
gramming problem:
mazimize ' = VGpy + riy)my

)

T15,Y15,t15

5(r1j — pij)leas+2(q15915) + 5 (p1j + rij)ty
+ 501y — pip)ltg)] + 102521 (5 (e + roj)a2) —
3(r2j — p2j)|a2;]
+ 2(q25125) + 3(p2j + roy)tay + 5(ra; — p2y)ltas])]
s.t.
mazimize f = T (5 (s + rag) ey — 3 (rs; —

p3;)lw1512(a3515) + 5 (p3j + r35)t0;
+ 5(raj — pag)[ti)] + 12721 (5 (paj + raj)a2y —
(T4J P4])]a?2]|
+2(Q4J921) +2(5(pag +745)t2)) + 5 (145 —paj)[t2;])]
5-t. Z;L;l(é(a}] + aj;)zyy 5}, —
ag)lwajl+ 3272 (5 (b + b)we;
203 — bL)|wasl=mi, Vi =1,...,m.
Z;il a?jyu + Z] 1 szygj =n;Vi=1,....m
SoutiGGlay  + )z + 0 36 -
ag) |ty + 32721 (5 (bl + b))z
L3 — bL)|tasl= pivi =1, ...,m
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yi; — 11, = 0,y25 — w25 = 0,815 — y1; =
0,t25 —y2; = 0
Y1j, T1j, t1j, Y25, T2j,to; € RV 11 < i <m,1 <
j<n,vVji=1,...n

Step 4. Find the optimal solution

T1j, Y15, t15, T2, Y25, t2j, by solving the bilevel
nonlinear programming problem obtained in
Step 3.

Step 5. Find the fuzzy optimal solution by
putting the values of w1;,y1j,t15, T2, Y2j,t2; in
T1 = (715, Y15, t15), T2 = (T25, Y25, t25)-

Step 6. Find the
value by putting 21,
Z]: (p1j7q1]7rlj) &
2 i21(P2js 4255 725) @ (w25, Yo b))
fz(% T9) = >0 (psjs q3js135) @ (15,915, L) ©

J

fuzzy optimal
To in:  F(Z1,T2) =
(715, Y15, t15) ©®

15
2 1 (P, qaj, Ta5) @ (225, Y25, o).

And finally, we will present an algorithm which
is used for all FFBLP problems with uncon-
strained fuzzy coefficients corresponding to the
variables and unconstrained fuzzy variables.

3.3 Algorithm 3

Step 1. Using Definition 2.9, the FFBLP
problem (3.1) can be written as follows:
mazimize F(Z1,Z2) =
(z15,y15,t15)
>y (man(pryeg, T125))s Q15915

P15>0
ymaz(pijtij, rijtiz))
>y (man(rioy, pijtiy), a1,

P1j<0
r1520

maz(r1t1j, p1jT1j))

D 273.1:1 (minpyjti;, r1t15), QY15
T15<0

max(p1T1j,r1;715))

P anQ:l (min(p2jras, m2jT25), 425925,
P2j>0

max(pajtaj, r2;t2;))

& Y"2, (min(roja;, pajtag), 42925,

P2;5<0
rszO

maz(ra;ta;, p2;jxa;))

o Z’;?:l (min(pzjtas, r2jt25), 425Y2
T25<0

max(pzjib‘gj, 7“2;'552;‘))

s.t.

mazimize f(i1, o) =
(xQJ Y25 7t2j)

22" (min(ps;jzyy, rsjm;)), 43y,
P3;>0

max(psjti;, 35t15))

® D"y (min(rsjaay, psjtiy)), 4391

P3j<0
’I‘SjZO

max(r;tij, p3;jri;))

o 2721:1 (min(psjtij, m3jt15)), 43jY1j
T35<0

max(p3;r1j,r3iT1;5))

@ Z"j?zl (min(pajraj, T4jT2;), q45Y2;,
P4j>0

max(pajta;, rajta;))

S D"y (min(rayma), pajte;), 445925,

P45<0
7‘4]'20

mam&r4jt2j,p4jx2j))
© "7 (min(pajtag, Tajtas), qajy2;,
T45<0
max(pajra;, rajra;)) s.t.
Sy (min(ajzg, afizg), ag iy,
a}.ZO
ma;(a1 t1;,a3:t1;))
177130 Pyt g
@ X"y (min(adzy, ajitiy), a3y,
Z]<0
af; >0
max(a3;ti;,al.x1;))
177130 Py 1j
@ XN (min(ajjty, ajity), af iy,
a13j<0
azx(ajrij, af;wi;))
m
@ 22"y (min(bjjway, bwa;), b7y2;,
blljzo
max (bzljt2j7 b?thJ )
@ 272 ((min(b3xay, blitag), b2,
blico
b%”jzo
maz(bjjta;, bl;xa;))

S (min(b}thj, bfjtzj), b?jmj,
bllj <0
maa:(bl T4, b”l?]))

(mivn%pi)?vz. -

1727--~7m, (w15, Y15, t15), (225, Y25, t25) €
F(R),j=1,..,n
Step 2. Using Definition 2.9, the problem in

Step 1, can be written as follows:

mazximize F(Z1, &) = >
(11] yY1j 7t1_7)

0.5(7’1]‘

(0.5(p1j +r1j)z1j —

P15>0

— p1j)|xi4l, qijyi, 0.5(p1j + 1)t
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Table 1: Results of solving three FFBLP problems by the proposed algorithms.

Example fuzzy optimal solution lower level fuzzy optimal value upper level fuzzy optimal value
4.1 71 =(1,2,3) To = (4,5,6) f(ﬁc’lﬁég) = (13,32,39) ﬁ(%l,fg) (9,27,75)
4.2 T =(-3,-2,1) (1727%) (71, 2) = (14,2, 156) 5(51,52) (-7,4,31)
4.3 T1=(1,3,2)  @=(-3,-2,1) f(Z1,22) = (-13,-3,0) F(z1,%9) = (—14,-3,5)
+0.5(r15 —p1j)|t1;|® anlzl (0.5(r1j@15+p1jt1;) — s.t. 27"31:1 (0.5((12-1]- + a%)xlj - 0.5(&% -
P1j§8 11720
152>

1
0.5]r15@15 — prjtagl qyuy, ﬁz)’xlﬂ"awylw%( gt oaphy + 05(a) —
0.5(T1jt1j + plj:clj) + 0.5‘7’1jt1j - pljxlj]) D 'L])|t1]|)

anlzl (0.5(p1j+7”1j)t1j ® Z] 1 (0. 5(aljl‘1] + az]tlj) - 0'5‘a?jxlj -
"1j<0 aij<o
— 0.5(r1; — p1j)ltizls q1jy1s, 0.5(p1j + r1j)z1y + a}j20
0.5(r15 — p1j)|@1;l) azljtlj[,a?jylj,O.E)(ailjmlj + a?jtlj) + 0.5\a?jt1j —
& 27 (05(p2; + roj)wz; — 05(re; —  alayy)
220 P 2731:1 (0-5(%1]' + a?j)tlj - 05(“% -

p2;j) |25, 425925, 0.5(p2; + r2j)ta;

a3, <0
+ 0.5(7‘2' — pz')|t2'|) ) Zn?: (0.5(7’2'1‘2- + *
J I P]2j<10 I a%j)|t1j|,a?jy1j,0.5(a}j + a?j)mlj + 0.5(0% —
) 05 bl o}l
pajtag) — 0.5]r9jx5 — pajtajl, @ Y2 (0505 + s, — 0503 —
=1 . .
QQ]ng70.5(T2jt2j +p2je;) +0.5|ro5ta; — p2jr2;|) © bJZlJZO N v Y
2 (0.5(p2; toi
ZTJ;jo( (p2j + 725)t2; )\:@]y, Uy%,o 5(bgj+b§j3t2j+o.5(b§j—Z}j)\tgj\)
0.5(r2; — paj)la2;) bé”fé
s.t. =
_ Ly (12, 1 3 _
mazimize f(Z1,%2) = 3" (0.5(p3j +735)71; — bijtajl, Uijy2;, 0.5(bjx25 + bijtaj) + 0. 5\1)1]152]
(ij’y2j7t2j) P3j>0 bzl_]l‘zj)
0.5(r3; — p3j)|@1;l; g35915, 0-5(p3j + r35)t1; S Y (0505 + bty — 050 -
+0.5(T3j —pgj)‘tlj‘@ anlzl (O.5(7“3j£1?1j —i—pgjtlj)— bj;<0
f?jig )‘t2j|7bmyQW0'5(bi1j+b?j)$2j—'._0'5(b?j_bilj)"%‘QjD
0.5]r3jx1j —p3jt1j‘,q?,jy1j, = (mi, nis pi), Vi =
0.5(r;t1; + psjary) + 0.5ty — pyayl) © L2 (xlg,yuﬂfu) (25, Y25, t25) €
221 (0.5(psj + 735)t; F(R),j=1,.im.
735<0
— 0.5(r3; — p3j)|tijl, a3j915,0.5(p3j + 735)z1; + Step 3. Using Definitions 2.6,2.7, the FF-
0.5(r35 — p3j)|w1;]) BLP problem, obtained in Step 2, is transformed
© > "2, (05(py; + ry)w; — 05(ra; —  into the following crisp bilevel linear program-
P40 ming problem:
P4j) |25, qay25,0.5(paj + 745)t2;
+ 0.5(ra; — py)ltasl) @ Zp 1 (0.5(ra5w25 + maximzzeF = %[Z 1 (0.5(p1; + r5)x1; —
4350 15,915,415 5
'r4j20 1j>0
p4jt2j) - O.5|7’4jl’2j — p4jt2j‘, 0‘5(T1j - plj)|1'1j’+2C_I1jy1j 1+ 0. 5(]71] + Tl])t].]
04725, 0.5(rajto + Pajira) +0.5|rajta; —pajaog) &+ 055 = pij)litagl] + Z[Zpgl 10(0 S(rymyy +
22" (0.5(pag + 745)t2; 5o
o5l pijtig) — 05wy — pujty|+2q15915

— 0.5(r4j — pag)ltajls aajys, 0-5(as + 145)02) + L0 5(ry ity + puywy) + 05\rty — puyayl)] +
0.5(r4j = paj)|a2;)
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12"y (0.5(pyj + r15)t;
T15<0

—0.5(r15 — p1j)[t1;142q15915 + 0.5(p1j + r15)w15 +
0.5(71*1]- — p1j)|71 )]

n
+ 22721 (0.5(p2; + 7raj)wy

P2j>0
p2j)|72;|4+2q2;y25 + 0.5(p2j + 725)to;
+ 0.5(ra; — poy)ltaj])] + 102" (0.5(rawey +

P2j<0
r9520

0.5(7“2]' —

p2jtaj) — 0.5]r;xa; — pajtaj|
+ ZQijQj + 0.5(T2jt2j + pgijj) + 0.5|T‘2jt2j —
pajaz;|)] + 3 [0y (0.5(p2j + 1a))ta;

T25<0
—0.5(r2j — p2j)[t2j]+2425y2; +0.5(p2; +1ra5)w25) +
0.5(r2; — p2j)|w2;])]
S.t.

maximize f =
x25,Y25,t25

1121 (05(ps; + r3j)any —
P3j>0

0.5(r3; — p3;)|z1;|+24a35915 + 0.5(p3; + 735)t1;

+ 0.5(r3; — pag)ltagl] + 3127, (0.5(rziay +

P3j<0
r3j20

p3;ti;) — 0.5|rs;x1; — p3jti;|+2q35y1;2
+ 0.5(rgjt1j + psja1j) + 0.5|rsitr; — psjzjl)] +
T2 (0.5(ps; + 735)t;
T35<0

—0.5(r35 — p3j)|t1|+2q35915 + 0.5(p3j +73;5) w15 +
0.5(r3; — p3j)|x14))]
+ 12" (05(pay + rag)wy

P4j>0
Paj) |25 42qa5925 + 0.5(paj + 745)t2;
+ 0.5(raj — pag)lte))] + 302" (0.5(rajaa; +

P4j<0
7‘4]-20

0.5(7‘4]‘ -

pajtaj) — 0.5]r4jx0; — pajtaj]
+ 2q45y2j + 0.5(rajta; + pajwaj) + 0.5|ryjte; —
pajra;])] + 5[50 (0.5(paj + raj)ta
T45<0
—0.5(r45 — paj)|t2j|+2qa5y25 +0.5(paj +raj)x2;) +
0.5(r45 — paj)|224])]
s.t. > (0.5(&1-1]- + ag’j)xlj - 0.5(@%- -

al. >0
j =
ajj)lzysl) + XUy (05(afzy + ajjty)
1
5

ij =
05’“%‘5513’ - azljtlj’)
+>2 (0-5(%‘1]' + a?j)tlj - 0'5(a§j - azlj)|t1j|) +

3
aj; <0

ZT}Q:I (0.5(()2-1]- + bﬁj)x% — 0.5(b§j - b}j)|z2j])

bl >0
17—

—1-22-2:1 (0.5(b?j$2j+biljt2j)_0.5‘b?j$2j—b}jt2j) )+
bl
17<0

b3.>0
1] —

>0 (0.5(b); + 07 )t — 0.5(b; — by ) [t2; ) = m,
bl <0
ij
Vi=1,..m.
Z?;l(a%yu) + Z?il(b?jygj) = ni,Vi = 1, ey TN
S (05(ag; + a)ty + 0.5(af; — af)ltyl) +

al. >0
ij =

Zr;l:l (0‘5(07;1]'331]' + a?jtlj) + 0.5‘61%751]' — alljfl,‘lj)
azlj<0
a?jZO
+>20 (0.5((1@-1]- + a?j)flflj + 0.5(a§’j - a}j)]x1j|) +
a3.<0
ij
Z@f:l (0.5(b; + b3 )ta; + 0.5(b% — b)) |ta])
b+.>0
ij =
+ 30" (0.5(bYwa;+bjta;) +0.5(b3 2 —blwas) +
blico
b3.>0
ij

> (0-5(1%1]‘ + b?j)@j +0'5(b?j - bilj)|x2j|) = pi,
b}j<0

Vi = 1,.m.,y1; — x1j

0,t1; —y1; = 0,25 —y2;, > 0

S Y14y 1, t14, Y25, T2, 25 € R,V i1 <0 <m,1 <

j<n

> 0,y25 — w2 2>

Step 4. Find the optimal solution
xlj,ylj,tlj,xgj,ygj,tgj, by SOIVng the bilevel
nonlinear programming problem obtained in
Step 3.

Step 5. Find the fuzzy optimal solution by
putting the values of z1j,y15,%15, %2;, Y25, t2; in
T1 = (215, Y15, t15), T2 = (T2, Y25, t25)-

Step 6. Find the fuzzy optimal value by putting
Zi, Ty i F(F1,%) = 5L (s qij,my) ©
(@1, Y150 t13) ® D521 (P2js 4255 m25) © (25, Y2j, t2))
F(@1,22) = 300 (psjr a3 m35) @ (217,915, b)) &
> i21(Pajs 45, 715) © (25, Y25, t2j)-

4 Numerical examples

Here, we give some numerical examples and solve
them by proposed algorithms in previous section.

Examples 4.1, 4.2 and 4.3 have been solved by
the algorithms 1,2 and 3 respectively. Table 1,
shows the results of FFBLP problems solved by
the proposed algorithms.

Example 4.1 Solve the  following  FF-

BLP  problem wusing the first algorithm:

mazximize F(Z1,%2) = (1,6,9) @21 ® (2, 3,8) @ T2
T
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s.t. mazimize f(@1, %) = (1,6,3)0418(3,4,5)®
) ’
s.t. (2,3,4) @71 @ (1,2,3) ® T2 = (6,16, 30)
(-1,1,2) ® 71 @ (1,3,4) ® 2o = (1,17,30),
where T1 , T1 are non-negative triangular fuzzy
numbers.

Example 4.2 Solve the  following FF-

BLP  problem wusing the second algorithm:

mazimize F(Z1,%2) = (1,2,3) @31 ®(2,4,6) T2
1

s.t. mazimize f(i1,%2) = (1,2,5)0%1®(1,3,4)®
X
) ’
s.t. (0,1,2) ® 71 @ (1,3,5) ® T3 = (—5,4,27)
(2,4, 7) @71 D (2,3,5) @ o = (—19,—-2,34),
where T1 , 1 are unrestricted triangular fuzzy
numbers.

Example 4.3 Solve the following FFBLP prob-

lem using the third algorithm:

mazximize F(21,7Z2) = (—1,2,3) @71 9 (2,3,4) ®
1

T

s.t.  mazximize f(Z1,T2) = (-2,1,2) ® &1 @
€2

(17273)®j2

st (=3,-2,0) ® # @ (6,7,8) ® &3 =

(—30, —17, —3)

(2,4,6)z1®(—-2,—1,2)QT2 = (—4, 8, 18), where
x1 , T1 are unrestricted triangular fuzzy numbers.

5 Conclusion

This paper presents new algorithms to find the
fuzzy optimal solution of the FFBLP problem
with equality constraints and non-negative fuzzy
variables or unconstrained fuzzy variables. In
these algorithms, the fuzzy bilevel linear pro-
gramming problem is transformed to a determin-
istic bilevel programming problem using the rank-
ing function method, and the solution of the de-
terministic problem is achieved using the com-
mon Kth-best method. The proposed methods
are quite useful in solving the real-world prob-
lems where the information is inexact. To ob-
tain the fuzzy optimal solution, new efficient algo-
rithms have been proposed for FEFBLP problems
and some numerical examples have been solved
to illustrate the proposed methods.
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