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Abstract

In this paper, the fuzzy dual matrix system as ÃX̃ + B̃ = C̃X̃ + D̃ in which Ã, B̃, C̃, D̃, X̃ are
LR fuzzy matrices is studied. At first we solve 1-cut system in order to find the core of LR fuzzy
solution; then to obtain the spreads of the LR fuzzy solution, we discuss in several cases. The spreads
are obtained by using multiplication, quasi norm and minimization problem with a special objective
function. We prove some theorems and we suggest conditions in which the fuzzy dual matrix system
of ÃX̃ + B̃ = C̃X̃ + D̃ and the fuzzy matrix system of (Ã ⊖H C̃)X̃ = (D̃ ⊖H B̃) have the same
LR fuzzy solution and we discuss about the conditions where LR fuzzy dual matrix system has crisp
solution. Finally numerical examples are solved to illustrate the ability, accuracy and capability of
the proposed method.

Keywords : Fuzzy number; Optimization problem; Fuzzy dual matrix system; Linear programming;
Hukuhara difference.

—————————————————————————————————–

1 Introduction

L
inear systems have important applications in
many branches of science and engineering. In

many applications, at least some of the parame-
ters of the system are represented by fuzzy rather
than crisp numbers. So, it is immensely impor-
tant to develop a numerical procedure that would
appropriately treat general fuzzy linear systems
and solve them [2]. Friedman et al. [4] intro-
duced a general model for solving a fuzzy n × n
linear system whose coefficient matrix is crisp and
the right-hand side column is an arbitrary fuzzy
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number vector. They used the parametric form
of fuzzy numbers and replaced the original fuzzy
n×n linear system by a crisp 2n× 2n linear sys-
tem and studied duality in fuzzy linear systems
Ax = Bx+ y where A,B are real n×n matrices,
the unknown vector x is vector n×1 of fuzzy num-
bers and the constant y is vector n×1 of arbitrary
fuzzy numbers, in [5]. Buckley and Qu in the con-
tinuous of their works in [5, 6], proposed different
solutions for fully fuzzy linear system(FFLS) in
[8]. Based on their work, Muzzioli and Reynaerts
have studied FFLS in a dual form [9]. Their ap-
proach to solving a n × n FFLS leads to solving
a 2n(n+1) crisp system. Clearly, for a large n,
obtaining such a solution is not easy work and
such an approach has a big error. Then numeri-
cal method applied to solve fuzzy linear systems
[10, 11, 12, 13, 14, 15]. Recently fuzzy systems
have been studied by many authors [16, 17, 18].
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In [19, 20], the solution of fuzzy linear system
(FLS) was investigated based on a 1-level expan-
sion. In this paper, we are finding the solution
of a fully fuzzy dual matrix system of the form
ÃX̃ + B̃ = C̃X̃ + D̃, using multiplication LR
fuzzy matrix, quasi norm, minimization problem.
The paper is organized as follows, In Section 2,
we recall some fundamental results on fuzzy num-
bers. The proposed model for solving the system
ÃX̃ + B̃ = C̃X̃ + D̃ are discussed in Section 3.
Section 4 introduces three examples for illustra-
tion of method and conclusions are drawn in Sec-
tion 5.

2 Preliminaries

In this section, some basic definitions which are
required in the following are defined. These no-
tations can be found in [1, 3, 23, 25].

Definition 2.1 [21] A fuzzy number is a fuzzy
set like ũ(x) : [a, d] −→ [0, 1] which satisfies

1. ũ is upper semi-continuous,

2. ũ(x) = 0 outside some interval [a, d],

3. There are real numbers b, c such that a ≤ b ≤
c ≤ d and,

ũ(x) is monotonic increasing on [a, b],

ũ(x) is monotonic decreasing on [c, d],

ũ(x) = 1, b ≤ x ≤ c.

The membership function ũ(x) can be expressed
as:

ũ(x) =



fL
ũ (x) a ≤ x ≤ b,

1 b ≤ x ≤ c,

fR
ũ (x) c ≤ x ≤ d,

0 otherwise,

where fL
ũ (x) : [a, b] → [0, 1] and fR

ũ (x) : [c, d] →
[0, 1] are left and right membership functions of
fuzzy number ũ respectively . (see [22] )

Definition 2.2 [26] A fuzzy number ũ is said to
be a LR fuzzy number if

ũ(x) =


L(

a− x

α
), x ≤ a, α > 0

R(
x− a

β
), x ≥ a, β > 0

where a is the core of ũ, α and β are left and
right spreads, respectively, and the function L(.),
which is called left shape function, satisfies:

L(x) = L(−x)

L(0) = 1 and L(1) = 0

L(x) is non-increasing on [0,∞)

The definition of right shape function R(.) is sim-
ilar to that of L(.). The core, left and right
spreads, and the shape function of LR fuzzy num-
ber ũ are symbolically shown as: ũ = (a, α, β).
We say that ũ = (a, α, β) is positive (negative)if
a− α ≥ 0(a+ β ≤ 0).

Definition 2.3 [6] Let ũ = (a, α, β) and ṽ =
(b, γ, δ), we have:

Addition:

ũ+ṽ = (a, α, β)+(b, γ, δ) = (a+b, α+γ, β+δ)

Multiplication:

ũ.ṽ ≈



(a.b, a.γ + b.α, a.δ + b.β), ũ > 0, ṽ > 0

(a.b, b.α− a.δ, b.β − a.γ), ũ < 0, ṽ > 0

(a.b, a.γ − b.β, a.δ − b.α), ũ > 0, ṽ < 0

(a.b,−a.δ − b.β,−a.γ − b.α), ũ < 0, ṽ < 0

(a.b, a.γ − b.β, a.δ + b.β), ũ > 0, 0 ∈ ṽ

(a.b, b.α− a.δ,−a.γ − b.α), ũ < 0, 0 ∈ ṽ

(a.b, b.α− a.δ, a.δ + b.β), 0 ∈ ũ, ṽ > 0

(a.b, a.γ − b.β,−a.γ − b.α), 0 ∈ ũ, ṽ < 0

(a.b, a.γ − b.β, a.δ + b.β), 0 ∈ ũ, 0 ∈ ṽ

Scalar multiplication:

λ
⊗

ũ = λ
⊗

(a, α, β) =

{
(λa, λα, λβ), λ > 0

(λa,−λβ,−λα), λ < 0
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Definition 2.4 Let Ã = [(aij , αij , βij)] and B̃ =
[(bij , δij , γij)] where 1 ≤ i, j ≤ n, then Hukuhara

difference between Ã and B̃ define as follows:

Ã⊖H B̃ = [(aij − bij , αij − δij , βij − γij)]

Definition 2.5 The fuzzy linear system (a11, αa11 , βa11) . . . (a1n, αa1n , βb1n)
...

...
...

(an1, αan1 , βan1) . . . (ann, αann , βann)


 (x11, α11, β11) . . . (x1n, α1n, β1n)

...
...

...
(xn1, αn1, βn1) . . . (xnn, αnn, βnn)

+
 (b11, αb11 , βb11) . . . (b1n, αb1n , βb1n)

...
...

...
(bn1, αbn1 , βbn1) . . . (bnn, αbnn , βbnn)


=

 (c11, αc11 , βc11) . . . (c1n, αc1n , βc1n)
...

...
...

(cn1, αcn1 , βcn1) . . . (cnn, αcnn , βcnn)


 (x11, α11, β11) . . . (x1n, α1n, β1n)

..

.
..
.

..

.
(xn1, αn1, βn1) . . . (xnn, αnn, βnn)

 (2.1)

+

 (d11, αd11 , βd11 ) . . . (d1n, αd1n , βd1n )
.
..

.

..
.
..

(dn1, αdn1
, βdn1

) . . . (dnn, αdnn , βdnn )


is called a fuzzy dual matrix system in which
Ã = [(aij , αaij , βaij )] and X̃ = [(xij , αij , βij)],

B̃ = [(bij , αbij , βbij )], C̃ = [(cij , αcij , βcij )] , D̃ =
[(dij , αdij , βdij )], are LR fuzzy matrices and de-

noted by ÃX̃+B̃ = C̃X̃+D̃, if A = [ai,j ]n×n, C =
[ci,j ]n×n, we suppose that A− C is nonsingular.

3 The solution of Fuzzy Dual
Matrix System

Definition 3.1 If A = [aij ]n×n , i, j = 1, 2, ..., n
be a crisp matrix then we define quasi norm A as :

∥A∥= maxi,j{| aij |}

Definition 3.2 Matrix Ã is called a LR fuzzy
matrix if each element of Ã is a LR fuzzy number
and showing as Ã = [(aij , αij , βij)].

Definition 3.3 We say that ũ = (a, α, β) is
fuzzy zero if a = 0, a− α ≤ 0, a+ β ≥ 0.

Now we solve the system of fuzzy Dual matrix
(2.1). First, by solving the 1-cut system, we have:

n∑
k=1

aikxkj + bij =

n∑
k=1

c1kxkj + dij (3.2)

i, j = 1, . . . , n.

from 3.2, we obtain xkj , k, j = 1, . . . , n. Now we
consider three situations to find the spreads.
If xkj > 0, then we consider x̃kj =
(xkj , αkj , βkj) > 0 hence, xkj − αkj ≥ 0. If
xkj < 0, then we consider x̃kj = (xkj , αkj , βkj) <
0 hence, xkj + βkj ≤ 0. If xkj = 0, then
we consider x̃kj = (xkj , αkj , βkj) ≈ 0 hence,
xkj − αkj ≤ 0 and xkj + βkj ≥ 0. Now, with
above conditions we solve the following system
for i, j = 1, . . . , n.

∑
ãik>0,xkj>0 ãikx̃kj +

∑
ãik<0,xkj<0 ãikx̃kj

+
∑

ãik>0,xkj<0 ãikx̃kj +
∑

ãik<0,xkj>0 ãikx̃kj
+
∑

ãik>0,xkj=0 ãikx̃kj +
∑

ãik<0,xkj=0 ãikx̃kj
+
∑

0∈ãik,xkj>0 ãikx̃kj +
∑

0∈ãik,xkj<0 ãikx̃kj

+
∑

0∈ãik,xkj=0 ãikx̃kj + b̃ij

=∑
c̃1k>0,xkj>0 c̃1kx̃kj +

∑
c̃1k<0,xkj<0 c̃1kx̃kj

+
∑

c̃1k>0,xkj<0 c̃1kx̃kj +
∑

c̃1k<0,xkj>0 c̃1kx̃kj
+
∑

c̃1k>0,xkj=0 c̃1kx̃kj +
∑

c̃1k<0,xkj=0 c̃1kx̃kj
+
∑

0∈c̃1k,xkj>0 c̃1kx̃kj +
∑

0∈c̃1k,xkj<0 c̃1kx̃kj

+
∑

0∈c̃1k,xkj=0 c̃1kx̃kj + d̃ij
(3.3)

And rewrite above system regarding to Definition
2.3 as follows.
If by solving system (3.2) for all k, j = 1, . . . , n,
xkj > 0, we find positive fuzzy solution. By using
Definition 2.3 in system (3.3), we have :

∑
ãik>0

(aikαkj + xkjαaik)+∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij =∑
c̃ik>0

(cikαkj + xkjαcik)+∑
c̃ik<0or0∈c̃ik

(αcikxkj − cikβkj)

+αdij ,

(3.4)
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∑
0∈ãorãik>0

(aikβkj + xkjβaik )+∑
ãik<0

(βaikxkj − aikαkj)

+βbij =∑
c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik )+∑
c̃ik<0

(βcikxkj − cikαkj)

+βdij

(3.5)

i, j = 1, . . . , n.

By using quasi norm, we solve the following min-
imization problem to find spreads:

Min{∥
∑
ãik>0

(aikαkj + xkjαaik)+∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)

−
∑

c̃ik<0or0∈c̃ik

(αcikxkj − cikβkj)− αdij ∥

+ ∥
∑

0∈ãorãik>0

(aikβkj + xkjβaik)

+
∑
ãik<0

(βaikxkj − aikαkj)

+ βbij −
∑

c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik)

−
∑
c̃ik<0

(βcikxkj − cikαkj)− βdij ∥}

s.t. 0 ≤ αkj ≤ xkj , βkj ≥ 0, (3.6)

i, j, k = 1, . . . , n.

where by using definition 3.1, it can be written as
follows:

Min{Maxi,j |
∑
ãik>0

(aikαkj + xkjαaik)+∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)

−
∑

c̃ik<0or0∈c̃ik

(αaikxkj − cikβkj)− αdij |

+Maxi,j |
∑

0∈ãorãik>0

(aikβkj + xkjβaik)

+
∑
ãik<0

(βaikxkj − aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik)−∑
c̃ik<0

(βcikxkj − cikαkj)− βdij |}

s.t. 0 ≤ αkj ≤ xkj , βkj ≥ 0, (3.7)

i, j, k = 1, . . . , n.

By using

z1 = Maxi,j |
∑
ãik>0

(aikαkj + xkjαaik) +∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)

−
∑

c̃ik<0or0∈c̃ik

(αcikxkj − cikβkj)− αdij |

z2 = Maxi,j |
∑

0∈ãorãik>0

(aikβkj + xkjβaik)

+
∑
ãik<0

(βaikxkj − aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik)

−
∑
c̃ik<0

(βcikxkj − cikαkj)− βdij |

we will have

Min z1 + z2

s.t. − z1 ≤
∑
ãik>0

(aikαkj + xkjαaik) +∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)
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−
∑

c̃ik<0or0∈c̃ik

(αcikxkj − cikβkj)− αdij ≤ z1

−z2 ≤
∑

0∈ãorãik>0

(aikβkj + xkjβaik)

+
∑
ãik<0

(βaikxkj − aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik)

−
∑
c̃ik<0

(βcikxkj − cikαkj)− βdij ≤ z2

0 ≤ αkj ≤ xkj , βkj ≥ 0, k, j, i = 1, . . . , n (3.8)

If by solving system (3.2) for all k, j = 1, . . . , n,
xkj < 0, we find negative fuzzy solution. To find
the spreads of negative fuzzy solution, we solve
following minimization problem:

Min z1 + z2

s.t. − z1 ≤
∑

ãik>0or0∈ãik

(aikαkj − xkjβaik)

+
∑
ãik<0

(−aikβkj − βaikxkj) + αbij

−
∑

c̃ik>0or0∈c̃ik

(cikαkj − xkjβcik)

−
∑
c̃ik<0

(−cikβkj − βcikxkj)− αdij ≤ z1

−z2 ≤
∑
ãik>0

(aikβkj − αaikxkj
)

+
∑

ãik<0or0∈ãik

(−aikαkj − xkjαaik) + βbij

−
∑
c̃ik>0

(cikβkj − αcikxkj
)

−
∑

c̃ik<0or0∈c̃ik

(−cikαkj − xkjαcik)− βdij ≤ z2

αkj ≥ 0, 0 ≤ βkj ≤ −xkj , k, j, i = 1, . . . , n (3.9)

in which

z1 = Maxi,j |
∑

ãik>0or0∈ãik

(aikαkj − xkjβaik)

+
∑
ãik<0

(−aikβkj − βaikxkj) + αbij

−
∑

c̃ik>0or0∈c̃ik

(cikαkj − xkjβcik)

−
∑
c̃ik<0

(−cikβkj − βcikxkj)− αdij |

z2 = Maxi,j |≤
∑
ãik>0

(aikβkj − αaikxkj
)

+
∑

ãik<0or0∈ãik

(−aikαkj − xkjαaik) + βbij

−
∑
c̃ik>0

(cikβkj − αcikxkj
)

−
∑

c̃ik<0or0∈c̃ik

(−cikαkj − xkjαcik)− βdij |

If by solving system (3.2) for all k, j = 1, . . . , n,
xkj = 0, we find quasi zero fuzzy solution. To
find the spreads of quasi zero fuzzy solution, we
solve the following minimization problem:

Min z1 + z2

s.t. − z1 ≤
∑

ãik>0or0∈ãik

(aikαkj)

+
∑
ãik<0

(−aikβkj) + αbij

−
∑

c̃ik>0or0∈c̃ik

(cikαkj)

−
∑
c̃ik<0

(−cikβkj)− αdij ≤ z1

−z2 ≤
∑

ãik>0or0∈ãik

(aikβkj)

+
∑
ãik<0

(−aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik

(cikβkj)

−
∑
c̃ik<0

(−cikαkj)− βdij ≤ z2

αkj ≥ 0, βkj ≥ 0, k, j, i = 1, . . . , n (3.10)
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in which

z1 = Maxi,j |
∑

ãik>0or0∈ãik

(aikαkj) +∑
ãik<0

(−aikβkj) + αbij

−
∑

c̃ik>0or0∈c̃ik

(cikαkj)

−
∑
c̃ik<0

(−cikβkj)− αdij |

z2 = Maxi,j |
∑

ãik>0or0∈ãik

(aikβkj) +

sumãik<0(−aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik

(cikβkj)

−
∑
c̃ik<0

(−cikαkj)− βdij |

Total form
If by solving system (3.2), some of the variables
are positive, some of the variables are negative,
some of the variables are zero, to find spreads we
solve the following minimization problem

Min z1 + z2

s.t. − z1 ≤
∑

ãik>0,xkj>0

(aikαkj + xkjαaik) +∑
ãik<0or0∈ãik,xkj>0

(αaikxkj − aikβkj)

+
∑

ãik>0or0∈ãik,xkj<0

(aikαkj − xkjβaik)

+
∑

ãik<0,xkj<0

(−aikβkj − βaikxkj) +∑
ãik>0or0∈ãik,xkj=0

(aikαkj) +

∑
ãik<0,xkj=0

(−aikβkj) + αbij

−
∑

c̃ik>0,xkj>0

(cikαkj + xkjαcik)

−
∑

c̃ik<0or0∈c̃ik,xkj>0

(αcikxkj − cikβkj)

−
∑

c̃ik>0or0∈c̃ik,xkj<0

(cikαkj − xkjβcik)

−
∑

c̃ik<0,xkj<0

(−cikβkj − βcikxkj)

−
∑

c̃ik>0or0∈c̃ik,xkj=0

(cikαkj)

−
∑

c̃ik<0,xkj=0

(−cikβkj)− αdij ≤ z1

−z2 ≤
∑

0∈ãorãik>0,xkj>0

(aikβkj + xkjβaik)

+
∑

ãik<0,xkj>0

(βaikxkj − aikαkj) +

∑
ãik>0,xkj<0

(aikβkj − αaikxkj
)

+
∑

ãik<0or0∈ãik,xkj<0

(−aikαkj − xkjαaik) +∑
ãik>0or0∈ãik,xkj=0

(aikβkj)

+
∑

ãik<0,xkj=0

(−aikαkj) + βbij

−
∑

c̃ik>0or0∈c̃ik,xkj>0

(cikβkj + xkjβcik)−∑
c̃ik<0,xkj>0

(βcikxkj
− cikαkj)−

−
∑

c̃ik>0,xkj<0

(cikβkj − αcikxkj
)

−
∑

c̃ik<0or0∈c̃ik,xkj<0

(−cikαkj − xkjαcik)

−
∑

c̃ik>0or0∈c̃ik,xkj=0

(cikβkj)

−
∑

c̃ik<0,xkj=0

(−cikαkj)βdij ≤ z2

0 ≤ αkj ≤ xkj , βkj ≥ 0,

if xkj > 0

αkj ≥ 0, 0 ≤ βkj ≤ −xkj ,

if xkj < 0

αkj ≥ 0, βkj ≥ 0, (3.11)

if xkj = 0 (3.12)
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in which

z1 = Maxi,j |
∑

ãik>0,xkj>0

(aikαkj + xkjαaik)

+
∑

ãik<0or0∈ãik,xkj>0

(αaikxkj − aikβkj)

+
∑

ãik>0or0∈ãik,xkj<0

(aikαkj − xkjβaik)

+
∑

ãik<0,xkj<0

(−aikβkj − βaikxkj)+

∑
ãik>0or0∈ãik,xkj=0

(aikαkj)

+
∑

ãik<0,xkj=0

(−aikβkj) + αbij

−
∑

c̃ik>0,xkj>0

(cikαkj + xkjαcik)

−
∑

c̃ik<0or0∈c̃ik,xkj>0

(αaikxkj − cikβkj)

−
∑

c̃ik>0or0∈c̃ik,xkj<0

(cikαkj − xkjβcik)

−
∑

c̃ik<0,xkj<0

(−cikβkj − βcikxkj)

−
∑

c̃ik>0or0∈c̃ik,xkj=0

(cikαkj)

−
∑

c̃ik<0,xkj=0

(−cikβkj)− αdij |

z2 = Maxi,j |
∑

0∈ãorãik>0,xkj>0

(aikβkj + xkjβaik)

+
∑

ãik<0,xkj>0

(βaikxkj − aikαkj) +

∑
ãik>0,xkj<0

(aikβkj − αaikxkj
)

+
∑

ãik<0or0∈ãik,xkj<0

(−aikαkj − xkjαaik) +

−
∑

ãik>0or0∈ãik,xkj=0

(aikβkj)

+
∑

ãik<0,xkj=0

(−aikαkj)+

βbij

−
∑

c̃ik>0or0∈c̃ik,xkj>0

(cikβkj + xkjβcik)

−
∑

c̃ik<0,xkj>0

(βcikxkj − cikαkj)

−
∑

c̃ik>0,xkj<0

(cikβkj − αcikxkj
)

−
∑

c̃ik<0or0∈c̃ik,xkj<0

(−cikαkj − xkjαcik)−

−
∑

c̃ik>0or0∈c̃ik,xkj=0

(cikβkj)

−
∑

c̃ik<0,xkj=0

(−cikαkj)

βdij |

Theorem 3.1 If models (3.12) have more than
two optimal solutions being fuzzy solutions for
system ÃX̃ + B̃ = C̃X̃ + D̃, then it has infinite
number of fuzzy solutions.

It is similar to the proof of theorem 3.1 in [20].

Theorem 3.2 Let X̃ is the algebraic fuzzy so-
lution of ÃX̃ + B̃ = C̃X̃ + D̃. Then the optimal
value of minimization problem is zero.

Let X̃ = (xkj , αkj , βkj), i = 1, . . . , n, j =
1, . . . , t, k = 1, . . . ,m is an algebraic solution,
then: ∑

ãik>0

(aikαkj + xkjαaik) +∑
ãik<0or0∈ãik

(αaikxkj − aikβkj) + αbij =∑
c̃ik>0

(cikαkj + xkjαcik) +∑
c̃ik<0or0∈c̃ik

(αcikxkj − cikβkj) + αdij ,

∑
0∈ãikorãik>0

(aikβkj + xkjβaik) +∑
ãik<0

(βaikxkj − aikαkj) + βbij =∑
c̃ik>0or0∈c̃ik

(cikβkj + xkjβcik) +∑
c̃ik<0

(βcikxkj − cikαkj) + βdij
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by using the constraints of model (3.13), z1 =
z2 = 0 and z∗ = 0, so X̃ is an optimal solution.

Theorem 3.3 If (Ã⊖H C̃) and (D̃⊖H B̃) exist
and (ãij⊖H c̃ij) > 0 for ãij > 0, c̃ij > 0 , (ãij⊖H

c̃ij) < 0 for ãij < 0, c̃ij < 0 and 0 ∈ (ãij ⊖H c̃ij)

for 0 ∈ ãij , 0 ∈ c̃ij, then the systems Ãx̃ + B̃ =

C̃x̃ + D̃ and (Ã ⊖H C̃)x̃ = (D̃ ⊖H B̃) have the
same fuzzy solution.

For 1-cut system we have:

AX +B = CX +D → (A− C)X = (D −B)

Since (A−C) is nonsingular, the theorem is hold
for 1-cut system. On other hand, because (Ã⊖H

C̃) and (D̃ ⊖H B̃) exist and (ãij ⊖H c̃ij) > 0 for
ãij > 0, c̃ij > 0 , (ãij ⊖H c̃ij) < 0 for ãij <
0, c̃ij < 0 and 0 ∈ (ãij⊖H c̃ij) for 0 ∈ ãij , 0 ∈ c̃ij ,

minimization problem for the systems of Ãx̃ +
B̃ = C̃x̃ + D̃ and (Ã ⊖H C̃)x̃ = (D̃ ⊖H B̃) is
similar. Therefore, the spreads of fuzzy solution
of the systems are equal too. Proof is complete.

Theorem 3.4 If (B̃⊖H D̃) and (Ã⊖H C̃) exist,
Ã, C̃, (Ã⊖H C̃) > 0 or Ã, C̃, (Ã⊖H C̃) < 0, system
(2.1) has a crisp solution.

First we suppose that (B̃ ⊖H D̃) and (Ã ⊖H C̃)
exist, Ã, C̃, (Ã ⊖H C̃) > 0 and xkj > 0, so from
(3.8) we have:

Min z1 + z2

s.t. − z1 ≤
∑
ãik>0

(aikαkj + xkjαaik) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)− αdij ≤ z1

−z2 ≤
∑
ãik>0

(aikβkj + xkjβaik) + βbij

−
∑
c̃ik>0

(cikβkj + xkjβcik)− βdij ≤ z2

0 ≤ αkj ≤ xkj , βkj ≥ 0, k, j = 1, . . . , n (3.13)

On other hand∑
ãik>0

(aikαkj + xkjαaik) + αbij

−
∑
c̃ik>0

(cikαkj + xkjαcik)− αdij =∑
ãik>0,c̃ik>0

((aik − cik)αkj + xkj(αaik − αcik)

+ (αbij − αdij ))
∑
ãik>0

(aikβkj + xkjβaik) + βbij

−
∑
c̃ik>0

(cikβkj + xkjβcik)− βdij =∑
ãik>0,c̃ik>0

((aik − cik)βkj + xkj(βaik − βcik)+

(βbij − βdij ))

(3.14)

and (B̃ ⊖H D̃) exists i.e, ((αbij − αdij ), (βbij −
βdij )) > 0, Ã, C̃, and (Ã ⊖H C̃) > 0 i.e, ((aik −
cik), (αaik − αcik), (βaik − βcik)) > 0, so the con-
straint of (3.8) conclude that:

αkj = βkj = 0

Therefore, fuzzy dual matrix system has a crisp
solution.
The proof of other cases is similar and omitted.

4 Numerical Examples

Example 4.1 Consider the following full fuzzy
dual system:

(0.5, 0.2, 0.3)x̃1 + (0.4, 0.2, 0.1)x̃2 + (0.3, 0.2, 0.2) =
(0.4, 0.1, 0.1)x̃1 + (0.3, 0.2, 0.1)x̃2 + (1, 0.4, 0.4)

(0.3, 0.2, 0.2)x̃1 + (0.7, 0.1, 0.2)x̃2 + (0.5, 0.2, 0.1) =
(0.2, 0.1, 0.1)x̃1 + (0.3, 0.1, 0.1)x̃2 + (1.5, 0.3, 0.6)

By solving 1-cut system, we obtain:

x1 = 6,= x2 = 1.

Since x1, x2 > 0, we use model (3.8):

min z1 + z2

−z1 ≤ 0.1α1 + 0.1α2 + 0.4 ≤ z1

−z1 ≤ 0.1α1 + 0.4α2 + 0.5 ≤ z1
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−z2 ≤ 0.1β1 + 0.1β2 + 1 ≤ z2

−z2 ≤ 0.1β1 + 0.4β2 + 0.2 ≤ z2

0 ≤ α1 ≤ 6, 0 ≤ α2 ≤ 1, β1, β2, z1, z2 ≥ 0.

By solving above LP, we obtain:

z1 = 0.5, z2 = 1, α1 = β1 = α2 = β2 = 0.

So the system has a solution as:

X̃ =

[
(6, 0, 0)
(1, 0, 0)

]
,

On other hand, we have (ãij ⊖H c̃ij), ãij , c̃ij > 0,
so theorem 3.3 concludes that system
((Ã⊖H C̃)X̃ = (D̃ ⊖H B̃)):


(0.1, 0.1, 0.2)x̃1 + (0.1, 0, 0)x̃2 = (0.7, 0.2, 0.2)

(0.1, 0.1, 0.1)x̃1 + (0.4, 0, 0.1)x̃2 = (1, 0.1, 0.5)

has the same solution as dual system:

X̃ =

[
(6, 0, 0)
(1, 0, 0)

]
.

Example 4.2 Consider the following fully
fuzzy matrix dual system:[

(−1, 1, 1) (1, 1, 1)
(1, 1, 0) (2, 0, 0)

] [
x̃11 x̃12
x̃21 x̃22

]
+[

(3, 1, 0) (2, 1, 1)
(0, 1, 1) (1, 1, 1)

]
=

[
(1, 1, 1) (−1, 0, 0)
(3, 1, 0) (2, 0, 0)

]
[
x̃11 x̃12
x̃21 x̃22

]
+

[
(3, 2, 1) (2, 0, 3)
(0, 2, 0) (1, 1, 1)

]

The solution of 1-cut system is

[
0 0
0 0

]
. By us-

ing model (3.13), we have

min z1 + z2

−z1 ≤ β11 + α21 − α11 − β21 − 1 ≤ z1

−z1 ≤ β12 + α22 − α12 − β22 + 1 ≤ z1

−z1 ≤ −2α11 − 1 ≤ z1

−z1 ≤ −2α12 ≤ z1

−z2 ≤ α11 + β21 − β11 − α21 ≤ z2

−z2 ≤ α12 + β22 − β12 − α22 − 2 ≤ z2

−z2 ≤ −2β11 + 1 ≤ z2

−z2 ≤ −2β12 ≤ z2

αi,j , βi,j , z1, z2 ≥ 0, i, j = 1, 2.

The solutions are

[
(α11, β11) (α12, β12)
(α21, β21) (α22, β22)

]
=[

(0, 0.5) (0, 0)
(0, 0.5) (0, 2)

]
, z1 = 1, z2 = 0, then the fuzzy

solution is X̃ =

[
(0, 0.0.5) (0, 0, 0)
(0, 0, 0.5) (0, 0, 2)

]
. We ob-

serve that (D̃⊖H B̃) and (B̃ ⊖H D̃) do not exist,
so the conditions of theorem 3.3 and theorem 3.4
are not hold.

Example 4.3 Consider the following full fuzzy
dual system:

(−5, 1, 3)x̃1 + (−2, 2, 1)x̃2 + (4, 2, 1) =
(−3, 1, 1)x̃1 + (−1, 1, 0)x̃2 + (1, 1, 0)

(−2, 1, 0)x̃1 + (−3, 1, 1)x̃2 + (3, 1, 2) =
(−1, 1, 0)x̃1 + (−2, 0, 1)x̃2 + (1, 0, 0)

By solving 1-cut system, we obtain:

x1 = x2 = 1.

Since x1, x2 > 0, we use model (3.8):

min z1 + z2

−z1 ≤ 2β1 + β2 + 3 ≤ z1

−z1 ≤ β1 + β2 + 3 ≤ z1

−z2 ≤ 2α1 + α2 + 4 ≤ z2

−z2 ≤ α1 + α2 + 3 ≤ z2

0 ≤ α1, α2 ≤ 1, β1, β2, z1, z2 ≥ 0.

By solving above LP, we obtain:

z1 = 3, z2 = 4, α1 = β1 = α2 = β2 = 0

so the system has a solution as:

X̃ =

[
(1, 0, 0)
(1, 0, 0)

]
,

On other hand, we have (B̃ ⊖H D̃) exists and
(Ã, C̃, (Ã ⊖H C̃)) < 0, so we observe that theo-
rem 3.4 is hold.



118 F. Babakordi et al., /IJIM Vol. 12, No. 2 (2020) 109-119

5 Conclusion

In this paper, we suggested a method for solving
the LR fuzzy dual matrix system of ÃX̃ + B̃ =
C̃X̃+D̃ in which Ã, B̃, C̃, D̃, X̃ are LR fuzzy ma-
trices. First, we solved 1-cut system for finding
the core and obtained spreads by using multi-
plication, quasi norm and optimization problem.
Then we explained the conditions in which the
systems ÃX̃ + B̃ = C̃X̃ + D̃ and (Ã ⊖H C̃)X̃ =
(D̃ ⊖ B̃) have the same solution, and discussed
about the conditions where LR fuzzy dual matrix
system has crisp solution. For future research, we
will compare the obtained solution of our method
with the suggested solution in [9].
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