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Abstract

The first leap Zagreb index LM; of a (molecular) graph, is the sum of squares of the second degrees
of vertices (number of their second neighbors), and the second leap Zagreb index LMs is the sum of
the products of the second degrees of pairs of adjacent vertices, and the third leap Zagreb index LMjs
is the sum of the product of the degree and second degree of the vertices. In this paper, we determine
the first, second and third leap Zagreb indices of some graph operations.
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Introduction

tex v in G, i.e., di(v/G) = |Ni(v/G)|. 1t is clear

N this paper G is a simple and connected
I graph with vertex set V' = V(G) and edge
set £ = E(G). The degree of a vertex v in
GG is the number of edges incident to v and
denoted by d(v/G). The distance dg(u,v) be-
tween any two vertices v and v of a graph G is
equal to the length of a shortest path connect-
ing them. For a vertex v € V(G) and a pos-
itive integer k, the open k-neighborhood of v in
the graph G, denoted by Ni(v/G), is defined as
Ni(v/G) = {u € V(G) : d(u,v) = k}. The k-
distance degree of a vertex v in GG, denoted by
dk(v/G) is the number of k-neighbors of the ver-
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that dq(v/G) = d(v/G) for every v € V(G).

In chemical graph theory, a graphical invari-
ant is a number related to a graph which is
structurally invariant. These invariant numbers
are also known as the topological indices. The
well-known Zagreb indices are one of the oldest
graph invariants firstly introduced by Gutman
and Trinajstié¢ [15], where they examined the de-
pendence of total m-electron energy on molecu-
lar structures, and this was elaborated in [16].
For a (molecular) graph G, the first Zagreb in-
dex M1(G) and the second Zagreb index My (G),
defined as:

Mi@) = Y dw/G)

veV(G)

Y [du/G) +d(v/G))

weE(G)

and

My(G)= ) du/G)d(v/G).

weE(G)
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For properties of the two Zagreb indices see
[5, 6, 7, 22] and the papers cited therein. In recent
years, some novel invariants of Zagreb indices
have been put forward, such as Zagreb coindices
[3, 10, 14], reformulated Zagreb indices [17, 20],
Zagreb hyperindex [4, 23], multiplicative Zagreb
indices [13, 26], multiplicative sum Zagreb index
[11, 24], and multiplicative Zagreb coindices [25],
etc. The Zagreb coindices are defined as:

M(G) = D [di(u/G)+di(v/G)]

wéE(G)

and

My(G) = Y di(u/G)di(v/G).

wgE(G)

Recently Naji, Soner and Gutman [21], ex-
tended the concept of Zagreb index to analogous
invariants based on the second vertex degree as
leap Zagreb indices. For a graph G, the first, sec-
ond, and third leap Zagreb indices are:

LM(G)= ) da(v/G)?

veV(G)

LMy(G)= Y dao(u/G)dy(v/G)
weE(G)

LM3(G) = Y d(v/G)da(v/G).
veV(Q)

The authors [21] investigated basic properties
of these invariants and established some bounds
on leap Zagreb indices in terms of Zagreb indices,
and in terms of the order and the size of the
graph.

Graph operations play an important role in
chemical graph theory. Some chemically impor-
tant graphs can be obtained from some graphs
by different graph operations, such as some nan-
otorus or Hamming graph, that is Cartesian prod-
uct of complete graphs. Many authors computed
some indices for some graph operations (see, for
instance [1, 2, 8, 9, 12, 18, 19] and the references
cited therein).

In this paper, we compute the first, second, and
third leap Zagreb indices of some graph opera-
tions.
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2 The corona, disjunction,
symmetric difference, compo-
sition and cartesian product
of graphs

In this section, we compute the first, second,

and third leap Zagreb indices of the corona, dis-

junction, symmetric difference, composition and

cartesian product of graphs. For convenience, we
assume that Da(G) = 3, ey () d2(u/G).

2.1 The corona product of graphs

The corona product G1 o G4 of graphs GG1 and Go
with disjoint vertex sets V(G1) and V(G2) and
edge sets E(G1) and E(G2) is the graph obtained
by one copy of G1 and |V (G1)| copies of G2 and
joining the i-th vertex of G to every vertex in
i-th copy of G3. Obviously,

[V(G1oGa)|=|V(G1)|[+|V(G)||V(G2)]

and
’E(Gl (o) GQ)’:

[E(G[FHV(GOIIE(G2) [+V(G)|[V(G2)]

We begin with the following decisive lemma re-
lated to 2-distance degree properties of a vertex
in the corona product of two graphs. The proof
of that is immediate, so omitted.

Lemma 2.1. Let G; be a graph of order n; for
i=1,2. Then

do(u/G1 0 Ga) = da(u/G1) + ned(u/Gh)

if
(S V(Gl),

and

do(u/G10Ga) =ng — 1 —d(u/Gs) + d(z/Gy)
if

u € V(G2),z € V(G1) and ux € E(G; o Gg)

Theorem 2.1. Let G; be a graph of order n; and
size €; fori=1,2. Then
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(a) LMy (G1 0 Gg) =
LM;(G1) +n3Mi(G1)+
2n9 LM3(G1) + nina(ng — 1)
+naMi(G1) + niMi(G2)—

8169 + 4(ng — 1)(nge1 — nie2).
(b) LM2(G10Gs) =

LM>(G1) + n3Ma(Gh)+

25171%(712 —1) — 4e1e9n9
+n3Myi(Gh) + [na(nz — 1)
— 2e9|D2(G1) + noLM3(Gh)

n1€2(n2 — 1)2l + Eng(Gl)—

n1<n2 — 1)M1(G2) + 4(TL2 — 1)
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Proof. Suppose that V(Gy1) = {v1,...,v,,} and

V(Gai) = {uwit, ..., uin, }, 1 <0 <my

such that Gy; is the i-th copy of G3. By Lemma
2.1 we have

LM (G10Gs) = (d2(u/G1 0 Ga))?

>

ueV(G10Ga)

Z (do(vi/G1 0 Gy))?

ZZ dQ Uzy/Gl © GQ))
=1 j=1
Z (da(vi/G1) + n2d(vi/G1))?

22(”2 —1—d(uij/G2) + d(vi/Gl))Q

1

ni
2
=1

=1 j=

- zl:[dg(vi/Gl)2 + 2nada(v;/G1)
=1

£1€2 — 2€1M1(G2) + n1M2(G2)+

n2

>

’Uﬂ)jEE(GH)

[d(vi/G1)da(v;/G1)

+ da(vi/G1)d(vj/G1)].

(C) LM3(G1 o Gz) =

LM3(G1) + noMi(Gy) + 2e1n3+

nng(Gl) + 2n9e1+
(271182 + nlng)(nQ — 1)—

nlMl(Gg) + 4e1e9 — 2n169.

d(vi/G1) + n3d(v;/G1)}]+

ny no

D lng — 1) + d(uig/G2)? + d(vi/Gh)?

i=1 j=1
— 2(ng — 1)d(uij /G2)+

2(ng — 1)d(vi/G1) — 2d(v;/G1)d(uij /Ga)]
= LM (G1) + 2no LM3(G1) 4+ n3M,(G1)
+ nina(ng — 1)% + ny My (Go)+

nng(Gl) — 8e169 + 4(n2 — 1)(71281 — 77,162).
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LMQ(Gl e} GQ) =

D

w€F(G10G2)

2

viv; EE(GY)

dz(u/Gl e} Gg)dg(v/Gl e} Gg)

dg(vi/Gl o) GQ)dQ(Uj/Gl o} Gz)

nip n2

+ Z Z da(vi/G1 o Ga)da(uij/G1 o Ga)+
i=1 j—1

> X

i=1 uijuikGE(Ggi)

D

viv; EE(G1)

da(uij/G1 o Go)da(us/G1 o Ga)

niy n2

+da(v;/G1)) + ) D (nad(vi/Gr) + da(vi/Gh))

i=1 j=1
(ng — 1 —d(uij/Ge) + d(v;/G1))+

Z Z (77,2 ol d(uU/Gg)

=1 uijuikEE(Gzi)

+ d(vZ/Gl))(ng —1- d(ulk/G2> + d(UZ/Gl))

>

vv; EE(G1)

[n3d(vi/G1)d(v;/Gh)

+ ng(d(vi/Gl)dg(’l}j/Gl) + d(’l)j/Gl)dQ(’Ui/Gl))—F

da(vi/G1)da(vj/G1)]+
> Ina(ng — 1)d(vi/G1)
i=1 j=1

— ngd(vi/Gl)d(uij/Gg) + n2d(?)i/G1)2
+ (n2 — 1)da(vi/G1) — d(uij/G2)

da(vi/G1) + d(vi/G1))d2(vi/G1)]+

ni

PIEEDS

i=1 uijuikGE(GQi)
— (n2 — 1)(d(uij /Ga) + d(ui/G2))

[(n2 —1)?

— d(vi/G1)(d(uij/G2) + d(uir/G2))

(n2d(vi/G1) + da(vi/G1))(n2d(vj/G1)
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+2(ng — 1)d(vi/G1) + d(uij/GQ)d(Uik/G2)

+ d(vi/Gl)Q} = n%MQ(Gl) + LM5(G1) + n2

2

viv; €EE(G1)

[d(vi/G1)d2(vj/Gr) + d2(vi/Gr1)d(vi/G1)]

+ 25171%(712 —1) —4e1e9n9

+n3Mi(G1) + [na(ng — 1) — 2e9] Do (G1)+
neLM5(Gy) + niea(ng — 1)* — ny(ng — 1)
M1 (G2) — 2e1 M1 (Go)+

4(n2 — 1)5162 + 7’L1M2<G2) + oM (Gl)

>

uEV(G10Ga)

LM3(G10Ga) = d(u/G1 0 Ga)

ni
dy(u/GroGa) = d(v;/GyoGy)

=1

ny no

da(vi/G10Ga) + Z Z

=1 j=1
d(uij/Gl ¢} Gg)dg(ui]’/Gl (¢] Gg)

= (ng + d(vi/G1))(nad(vi/Gh)

=1
Fdy(og/G) + 30 (g /Ga) + 1)
i=1 j=1

(n2 — 1 —d(uij/G2) + d(v;/Gh))

= i[ngd(vi/Gl) + nada(vi/Gh)

=1
+ ngd(vi/G1)2 + d(vi/Gl)d2 (Ui/Gl)]+
DD l(na — 1)d(uij/Ga) — d(uij/Ga)?
i=1 j=1
+ d(uij/G2)d(Ui/G1)+

ng — 1 — d(ui5/G2) + d(v;/G1)]

= 26113 + 12 D2 (G1) + naMi(Gy)

+ LMg(Gl) + (271152 + nlnz)(ng — 1)
—n1M1(Ga) + 4169 — 2n169 + 2ngey.
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2.2 Disjunction product of graphs

The disjunction product G; V Go of graphs Gy
and Gy is a graph with vertex set V(G1) x V(G2)
and (u,x)(v,y) is an edge of G1 V Gy if uwv €
E(Gh) or zy € E(G2). Obviously, |[E(G1V Gs2)|=
[E(G1)[|V(G2)P+|E(Ga2) ||V (G1) >

Lemma 2.2. [18] Let G; be a graph of order

n; for i = 1,2. Then dg,va,((u,x),(v,y)) =
1 wv € E(Gy) or xzy € E(G2)

{ 2 otherwise.

Using Theorem 2.2 and a simple verification,
we obtain the following result.

Lemma 2.3. Let G; be a graph of order n; for
i = 1,2. Then da((u,x)/G1 V G2) = ning —
d((u,x)/Gl V GQ) — 1.

Lemma 2.4. [19] Let G and H be graphs. Then

M\(GV H) = ([V(G)||V(H)*4|E(H)|
\V(H)|)M1(G) + M1(H)M(G)
+([V(H)|[V(G)P—4IE(G)||V(G)]) M. (H)
+8|E(G)||E(H)||V(G)||V(H)|

Theorem 2.2. Let G; be a graph of order n; and
size g; for i = 1,2. Then

(a) LMl(Gl V GQ) = Ml(Gl vV GQ)
+ning(ning — 1)%—
4(711712 — 1)(61’03 + 8271%).

(b) LMQ(Gl V Gg) = MQ(Gl V GQ)
—(n1n2 — 1)M1(G1 V G2)+
(ning — 1)%(e1n3 + ean?).

(C) LM3(G1 V Gg)
= 2(ning — 1)(e1n3 + ean?)
—M; (G1 V GQ)

Proof. By Lemma 2.3 and Theorem 2.4, we de-
duce that

LMl(Gl vV Gg) =
> (d2((u,x)/G1 V G2))?
(u,z)eV(G1VGa2)
= > (ning — d((u,x)/G1 V Ga)
(u,x)EV(G1VG2)
—1)2 = Ml(Gl V GQ) + nlng(nlng — 1)2
—4(ning — 1)(e1n3 + e9n?).

LM2(G]_ V Gg) =
dg((u, .%')/Gl V GQ)
(u,z)(v,y)EE(G1VG2)
d2((v,y)/G1V G2) =
(ning — d((u,x)/G1 V Ga) — 1)
(u,x)(v,y)EE(G1VG2)
(ning — d((v,y)/G1V Ga) — 1)
= Mz(Gl V Gg) — (n1n2 — 1)M1(G1 vV G2)+
(7”L17”L2 — 1)2(6171% + 52n2).
LM3(G1 V Gg) =
> d((u,x)/G1V Ga)
(u,m)EV(Gl\/Gz)
dg((u, m)/Gl V Gg)
=Y d(wa)/GivGy)
(u,z)eV(G1VGa2)
(nan — d((u,l’)/Gl V Gz) — 1)
= 2(77,177,2 - 1)(8171% -+ Egn%) — Ml(Gl vV GQ)
]

2.3 The
graphs

symmetric difference of

The symmetric difference G1 @ G2 of graphs Gy
and Gy is the graph with vertex set V(G1®G2) =
V(G1) xV(G2) and (u,x)(v,y) is an edge of G1 ®
Go if wv € E(Gy) or zy € E(G2) but not both.
Obviously,

|E(G1 @ Ga)|= |E(G1)||V(Go)|?

+|E(G)||V(G1) P —4|E(G1)||E(Gs)|

Lemma 2.5. [18] Let G; be a graph of order
n; for i = 1,2. Then dg,gpa,((u, ), (v,y)) =
if uv € E(Gy) or zy € E(G2)

1
but not both
2 otherwise.

By Theorem 2.5, the following result is at-
tained.

Lemma 2.6. Let G; be a graph of order n; for
i = 1,2. Then dg((U,.’L’)/Gl D Gg) = ning —
d((u,z)/G1 ® Gg) — 1.

Lemma 2.7. [19] Let G and H be graphs. Then
Mi(Go H) = ([V(G)||V(H)]*-8|E(H)]

[V (H)[)M1(G) +4M:(G) M (H)
+(V(H)|[V(G)?=8|E(G)||V(G)]) My (H)
+8IE(G)||[E(H)||V(G)||V(H))|
Theorem 2.3. Let GG; be a graph of order n; and

size g; for i = 1,2. Then
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(a) LMl(Gl D Gg) =
Mi(G1 ® G2) + nina(ning — 1)2—

4(711712 — 1)(51n2 + 62711 46162)

(b) LM3(G1 @ Ga) =

M>(G1 & G2) — (ning — 1) My (G & Go)+

(n1ng — 1)%(e1n3 + ean? — 4eqe9).

(C) LM3(G1 b GQ) =

2(n1n2 — 1)(51712 + €2n1 46162)

— M, (G1 D GQ)

Proof. The proof is similar to that described in
the proof of Theorem 2.2 and so omitted. O

2.4 The composition of graphs

The composition G = G1[G2] of graphs G; and
G2 with disjoint vertex sets V(G1) and V(G2)
and edge sets F(G1) and E(Gs) is the graph
with vertex set V(G1) x V(G2) and (u,z)(v,y)
is an edge of G if (wv € E(Gp)) or (zy €
E(G2) and w = w). Obviously, |E(G)|=
[E(G)IIV(G2) P+ E(G2) |V (G1)].

Lemma 2.8. [18] Let G; and G2 be graphs.
If Gy is connected, |V(Gi)|> 1 and G
G1[G2], then for every vertex (u,x),(v,y)
V(G1]Gz]) we have: dg, (g, ((u,2), (v,y))

de, (u,v) ifu#wv
1
2

if u=v and zy € Es
if u=v and zy ¢ Es.

By Theorem 2.8, the proof of the following

Lemma is immediate, so omitted.

m

Lemma 2.9. Let G; be a graph of order n; for
1 = 1,2. If GG is connected and n; > 1, then
dg((u,fL‘)/Gl[GQ]) = ’I’L2+’I’L2d2(U/G1)—d($/G2)—
1.
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Theorem 2.4. Let G; be a graph of order n; and
size g; for 1 = 1,2. If G1 is connected and ny > 1,
then
(a) LM (G1[Gs]) =
TL%LMl(Gl) + nlng(ng — 1)2
+ nlMl(GQ) — 45277,1(712 — 1)

+ (271%(712 - 1) - 477,252)D2(G1).

(b) LM5(G1[Gol) =
e1n3(ng — 1) —e1(ng — 1)
[2M1(Ga) + 2M,(G2) + 4e]
+n3(ny — 1)LM3(G1)
+e1[2Mz(G2) + 2M>(G2)
+ M1(G2)] + n3LMs(G) + e9my
(ng —1)2 = ni(ng — 1)
Mi(Gs) + n3e2LM1(G1) + (2n2e2(ng — 1)

—naMi(G2))D2(G1) + niMo(Ga)—

o), |

7y€V(G2) uUEE(G1)

[da(u/G1)d(y/G2)

+ da(v/G1)d(x/Ga)].
(c) LM3(G1[G2)) =
’I’L%LMg(Gl) + 271%61—
dngereg — 2n%51 — 2n1e9+

271171252 — nlMl(G2)+
27‘&252D2(G1)
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Proof. By Lemma 2.9 we have

LMy (G1[Gs]) = > d((w,e)
(u,)eV(G1[Ga])

[GiGa]) = D (na+nada(u/Gh)
(w,z) €V (G1[Gz])

—d(z/G2) —1)* =

2. D =1’ =2 -1
ueV (G1) zeV(G2)
d(z/G2) + d(x/G2)* + n3da(u/G1)*+
277,2(712 - 1)d2(u/G1) - 2n2d2(u/G1)

d(z/G2)] = n3LM;(G1) + ning(ny — 1)

+n1Mi(Gy) — deani(ng — 1)+

(2n3(n2 — 1) — 4ngez) Da(Gh).

LM(G4[Ga)) = >

(u,z)(v,y)EE(G1[G2])

d2((u, z)/G1[G2])d2((v,y)/ G1[Ga])

= Z Z (ng + nada(u/Gy)
z,y€V(G2) weE(G1)

—d(x/G3) — 1)(ng + nads(v/Gh)

—d(y/Ga) - 1)+ Y >

u=veV(G1) zyeE(G2)
(ng + nada(u/Gr) — d(z/Ge2) — 1)

(n2 + nada(u/G1) — d(y/Gz2) — 1)
-y oy

2,y€V(Ga) weE(G1)
[(ng — 1)% + na(ng — 1)(do(u/G1)
+d2(v/Gh)) + n2d2(u/G1)d2(U/G1)
— (n2 — 1)(d(z/G2)
+d(y/G2)) — nada(u/G1)d(y/G2)—

nadz(v/Gr)d(x/G2) + d(x/G2)d(y/G2)|+
Y % (e

u=veV(G1) zyeE(G2)

+ 2ng(ng — 1)da(u/Gy) + n2d2(u/G1) -
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(n2 —1)(d(z/G2) + d(y/G2))

— nada(u/G1)(d(z/G2) + d(y/G2))

+ d(z/G2)d(y/G>)]

=eni(ny — 1)% + n3(ng — 1) LM3(Gy)

—e1(ng — D)[2M1(G2) + 2M;(G3) + 4es]

+n3LMy(Gr) —ng Y >
z,yeV(G2) weE(G1)

[d2(u/G1)d(y/G2) + da(v/Gr)d(z/G2)]

+ €1[2Mo(G2) + 2Mo(G2) + M1(G2)]+

gony(ng — 1)? + (2nge2(n2 — 1)—

noMi(Go))D2(G1) + niea LM (G1)

—ni(ng — 1)M1(G2) 4+ n1 My (Gs).

LM;5(G1[Go]) = >
(u,x)GV(Gl[GQ])

d((u, x)/G1[Ga])d2((u, x)/G1[Ga])
= ) (nad(u/Gy)

(u,x)€V (G1[G2])
+ d(IL’/Gg))(HQ + nzdg( /G ) - d(x/Gz) — 1)
= > > In dy(u/Gy)
ueV(G1) zeV(G2)
+ na2(ng — 1)d(u/G1) — ned(x/G2)d(u/G1)+

nad(z/G2)da(u/Gr) + (ng — 1)d(z/Ga) — d(x/G2)?]

= n%LMg(Gl) + 2’0361 —4dnge1e9 — 271%61 — 2nie9+

2ningey — TLlMl(GQ) + 271262D2(G1).
]

2.5 The Cartesian product of graphs

The cartesian product G1 X Gy of graphs G and
G+ is a graph with vertex set V(G1) x V(G2) and
(u,z)(v,y) is an edge of G1 x G if uv € E(Gy)
and z =y, or u = v and zy € E(G2). Obviously,
[E(G1 x Ga)|= |E(G1)|[V(G2)|+|V(G1) || E(G2)|.

Lemma 2.10. [18] Let G; be a graph of order n;
for i = 1,2. Then

dG1><G2((ua ac), (v,y)) = dG1 (’U,, v) + dGQ(x7 y)'

The proof of the following Lemma is immedi-
ate, so omitted.
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Lemma 2.11. Let G; be a graph of order n; for
1= 1,2. Then dg((u,l')/Gl X GQ) = dg(u/Gl) +

Theorem 2.5. Let G; be a graph of order n; and
size g; for i = 1,2. Then

(a) LMl(G1 X GQ) =

na LM1(G1) + ni LMy (Ga)+
Ml(Gl)Ml (Gg) + 4€2LM3(G1)

+4€1LM3(G2) + 2D2(G1)D2(G2).

(b) LMQ(Gl X Gg) =
ngLMQ(Gl) +e1 LM, (GQ) + Ml(Gl)

LMg(GQ) + MQ(G1>M1(G2)+
LMg(Gl)DQ(GQ) + LMg(GQ)DQ(Gl)
+n1LM>(G2) + e2 LM (G1) + Mi(Ga)
LMg(Gl) + MQ(GQ)Ml(G1)+

2e9 Z’MUEE(Gl) [dQ(u/Gl)d(U/Gl)
+d2(v/Gr)d(u/G1)]+

2e1 nyeE(GQ) [da(z/G1)d(y/Gh)
+da(y/Gr)d(z/G1)].

(C) LMg(Gl X GQ) =

ngLM3(G1) + nlLMg(Gz)
+2e1 M7 (G2) + 2e2 M1 (Gh)
2€2D2(G1) —+ 251D2(G2).

Lemma 2.11 we have
LMl(Gl X Gg) =

> (d2((u,2)/G1 x Ga))?
(u,z)eV(G1xG2)
(da(u/G1)

(u,x)EVZ(Gl xG2)
+da(x/Go) + d(u/Gh)d(z/G2))
= X X ld(u/Gr)?
ueV(G1) zeV(G2)
+d2(.’£/G2)2 + d(u/G1)2d(l‘/G2)2
+2d2(u/G1)d2(:v/G2)+
QdQ(U/Gl)d(u/Gl)d(m/Gg)
+2d2(l‘/Gg)d(u/Gl)d(l'/Gg)]
= ngLMl(Gl) + nlLMl(GQ)
+M1(G1)M1(G2) + 2D2(G1) D2(G2)+
4€2LM3(G1) + 481LM3(G2).

Proof. By
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LMQ(Gl X GQ) =
(u,2)(v,y)EE(G1XG2)

dQ((U,CL’)/Gl X Gz)dz((v,y)/Gl X Gz)
= 2 2. [(da(u/Gh)

z=y€V(G2) weE(G1)
+d2(2/G2) + d(u/G1)d(z/G2))
(da(v/G1) + da(x/G2) + d(v/Gh)d(x/G2))

+ 2 2

[(d2(u/Gh)
u=veV(G1) zyeE(G2)
+do(x/G2) + d(u/G1)d(x/G2))
(do(u/G1) + da(y/Ga) + d(u/G1)d(y/G2))]

= Y. [d2(u/Gr)da(v/Gh)
r=yeV(G2) wweE(G1)

+da(z/G2)(d2(u/G1) + do(v/G1))+
d(z/G2)(d2(u/G1)d(v/G1) + da(v/Gr)
d(u/Gl)) +d2(x/G2)2+

d(x/Ga)ds(x/G2)(d(u/Gh) + d(v/Gy))
+d(l‘/G2)2d(u/G1)d(U/G1)]+

2. 2

u=veV(G1) zye E(G2)

[d2(z/G2)d2(y/Go)

+da(u/Ge)(da(x/G2) + d2(y/G2))+
d(u/G1)(d2(z/G2)d(y/Ga) + da(y/G2)
d(z/Gy)) + do(u/G1)? + d(u/G1)
dy(u/G1)(d(x/G2) + d(y/Ga2)) + d(u/G1)?
d(z/Go)d(y/G2)] = na LMs(G1)
+LM3(G1)D2(Ge) + e1 LMy (G2)
+M1(G1)LM3<G2) + MQ(Gl)Ml(GQ) + 2¢e9
> werenld2(u/G1)d(v/G1) + da(v/Gr)
d(u/Gl)] + ’I’L1LM2(G2) + LMg(Gg)Dg(Gl)
+eo LM (G1) + M1(Ga)LM3(Gy) + Ma(Ge)
Mi(G1) + 2613y p(ay) [d2(2/Gr)d(y /Gh)
+da(y/Gr)d(z/G1)].
LMg(Gl X Gg) =
> d((u,x)/G1 x Go)da((u, )

(u,x)GV(G1 XGQ)
(d(u/Gh)

/G1 X GQ) = Z
(u,z)eV (G1xG2)
+d(x/G2))(d2(u/G1) + da(z/G2)+
d(u/Gd(z/G2)) = > > [da(u/Gh)
ueV(G1) zeV(G2)
d(u/Gl) + d(U/G1>d2<1‘/G2) + d(u/G1)2
d(x/G2) + d(z/G2)da(u/G1) + da(x/G2)
d(z/G2) + d(u/Gr)d(z/G2)?]
= ngLMg(Gl) + 2€1D2(G2) + 252M1(G1)
—|—262D2(G1) + nlLMg(GQ) + 2€1M1(G2).
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3 Mycielskian graphs

For a graph G = (V, E), the Mycielskian of G

is the graph p(G) with the disjoint union V U

X UA{z} as its vertex set and E U {vx; | vjv; €

E}U{zz; | 1 < j < n} as its edge set, where

V ={v,ve,...,up} and X = {x1,29,...,2,}.
We will use the following results.

Lemma 3.1. [12] Let u(G) be the Mycieliskian
of G. Then for each v € V(u),

n ifv=x
dv/m(G)) = 1+ degg(v;) ifv=um;
2d(vi/G). otherwise.

Lemma 3.2. [12] In the Mycieliskian x(G) of G,
the distance between two vertices u,v € V(u(G))
are given as follows,

4

1 ifu=zv=u
2 ifu=zv=uv
2 ifu=ux;,v=u;

dg(vi,vy) if u=v;,v=vj,
dg(’UZ',Uj) S 3

4 if u=wv;,v="10;
d u,v) = ’ 7
M(G)( ) dg<’l)i,vj) >4

2 ifu=vj,v=x51=7

dg(vi,vy) if u=wv;,v =1 # j,
dg(vi,vj) <2
3 if u=uv;,v=ux5,1#7j,
\ da(vi,vj) > 3.
Specially, the diameter of the Mycialiskian
graph is at most four.

The proof of the following result is obvious, so
omitted.

Lemma 3.3. Let G be a graph of order n. Then

n ifu==x
do(u/p(G)) = ¢ do(v;/G) +n—1 ifu=uz;
2d2(11¢/G)—|—2 if u = v;.

Theorem 3.1. Let G be a graph of order n and
size €. Then
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(a) LMy (u(G)) =
5LM;(G) +n3 —n? +5n

+2(n + 3)Dy(G).

(b) LMs(p(G)) =
6LM>(G) 4+ 6LM;3(G)+
4e +2(n — e +n® —n’+

nD2(G) +2(n = 2) 3.0 cp(e) d2(0i/ G).

(¢) LM3(u(G)) =
5LMs(G) + 2(n — 1)e+

8 +2n% — n + Do(G).

Proof. By Lemma 3.3 we have

LMy(u(G) = > (da(u/p(G)))?

ueV (u(G))

n

= 0?1+ (da(vi/ p(G)))*

=1
n

+ ) (da(wi/p(@)))?

=1
= n2 + i(ng(’UZ/G) + 2)2
=1
+ ) (da(vi/G) +n—1)?
=1

=5LM;(G) +n> —n?+5n

+2(n + 3)D2(G).
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LMy(u(@) = > da(u/p(G))
weB(u(G))
da(v/p(@G))
= Y da(x/p(G))da(zi/ (@)
zx, €E(u(Q))
+ da(vi/ p(G))d2(vj/(G))
viv;€E(u(G))
+ da(vi/ (G))d2 (5 /1(G))
€E(u(G))

V; T4

Z (d2(vi/G) +n—1)

+ Z (2d2(vi/G) + 2)(2d2(v;/G)
v;v; €EE(G)

+2)+ ) (2da(vi/G) +2)(da(v;/G)
viv; €E(G)

+n—1)
= 6LM>(G) + 6LM;3(G) + 4 + 2(n — 1)e
+n® —n? 4+ nDs(G) + 2(n — 2)

Z dQ('UZ/G)

v;v; €EE(G)

LM;(pu(G)) = d(u/p(G))dz(u/(G))
ueV (u(G))

=n2 4 Z d(vi/ (G))dz(vi/p(G))

+Zd (i /(G

=n?+ Z 2d(v; /G)(2d2(vi/G) + 2)

)da(zi/ p(G))

i=1
+ > (d(vi/G) + 1)(da(vi/G) + 1 — 1)
=1
= 5LM3(G) + 2(n — 1) + 8¢ + 2n?
—n+ D2(G)
O
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