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Abstract

One of the important issues in data envelopment analysis (DEA) is sensitivity analysis. Heretofore
the existent studies have considered the data modification of inputs and outputs in one or multiple
DMUEs. In this paper the number of DMUs is increased and a stability region is obtained in T, by
applying defining hyperplanes in which if the added DMU (only one DMU) is in this region then all
of the extreme efficient units will be remained on the frontier. Then it is shown that the obtained
region is the largest stability region. Finally the mentioned stability region for a number of DMUs is

obtained and the results are reported.
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Introduction

Data envelopment analysis (DEA) is a
nonparametric approach for evaluating the
performance of different organizations which
uses multiple inputs to produce multiple
outputs. This approach allocates one efficiency
score to each DMU so it is possible to
compare the DMUs with each other. For the
first time Charnes et al (1978) laid the
foundation of DEA through introducing the
CCR model. (1984)
introduced BCC model by removing the

condition of constant returns to scale. Up to

Then Banker et al

this time, since DEA has been utilized in
various problems, many studies have been
conducted on this issue for example the
presented papers by Charnes et al (1985,1989),
Seiford (1996) and etc. A review of DEA can
be found in (Cook et al, 2009).

One of the important questions in linear
programming is that to find out what is the
influence of data modification on optimal
solution. Sensitivity analysis of DEA models
which is based on the linear programming are
both theoretically and practically important.
The first DEA sensitivity analysis paper is
presented by Charnes et al (1985). Afterwards
Many studies have been conducted on this
issue by Seiford et al (1998), Zhu (2001),
Cooper et al (2001), Jahanshahloo et al (2004,
2005a, 2005b, 2012) and etc. Heretofore the
existent studies have considered the data
modification of inputs and outputs. In this
paper the number of DMUs is increased and a
stability region is obtained in T, by applying
defining hyperplanes in which if the added
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DMU (only one DMU) is in this region, then
all of the extreme efficient DMUs will be
remained on frontier. Thereafter we claim that
the obtained region is the largest stability
region.

The present study is organized as follows:
First some basic DEA models and related
reviewed. Then the

concepts are largest

stability region is obtained by defining
the

stability region for a number of DMUs is

hyperplanes.  Thereafter mentioned
obtained. Finally the results are synthesized

and concluded.

Preliminary
Suppose n DMUs are evaluated, each of them

consumes m inputs to produce s outputs.
Suppose  X; = (x4, X2), ) Xy )tand Y, =
t . .
(¥1/,¥2j, - ¥s) are the corresponding inputs
and outputs of DMU; forj = 1,...,n. Banker
defined production possibility set under the
variable returns to scale condition as follows:

n n
T, ={(X,Y)|XZZ/1J.X}-_YSZ,1].1§'
=

n
=1

j=1 j=1

A =0;j = 1,...,n}

Envelopment forms of BCC model in input
and output oriented have been presented

respectively as follows:

Min 8 — (X, 57 + X5, s7)

St YiaiAx; +s; =0x, i=1..,m (1)
i1V =S =¥ T=1..,s
Yk =1
4 =0 j=1..,n
s; =20 i=1,..,m
stT>0 i=1,..,m
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Max @ +e( Xs; +27-1s)

St Yioidx; +si =% i=1..m (2
Xic1 AV =Sy = @Yo T=1,.5
=14 =1
A =0 j=1,..,n
s; =20 i=1,...m
stT>0 i=1,..,m

And multiplier forms of BCC model in input
and output oriented have been presented
respectively as follows:

Max Zi:l UrYro + Uo

St Xiciw Yy — X vix; tu, <0 3
j=1,.,n
Yt vixg =1
v, =€ i=1,..,m
U, =€ r=1,..,s
Min - YL vix, + v,
St Xici U Yr — X ViXy — U, <0 4)
j=1,..,n
2r=1UrYro =1
v, =€ i=1,..,m
u. =€ r=1,..,s

Where o € {1, ...,n} is the index of evaluated
DMU and
element.

Definitionl. DMU, is called efficient if the

>0 is a nonArchimedean

optimal value of objective function of model
(3) (model (4)) equals one, otherwise DMU,, is
called inefficient.

Definition2. The set

EF={(X.Y) € T,| V(X ,Y") € R™*s

(x' "y zExn =K, er)}
is called efficient frontier.

Definition3. H is called a defining hyperplane

843

of T, if the following conditions are satisfied:

1) H is supporting.

2) T, is enlarged by removing H.
Theorem1.
that U = (4y,..,u;) ER®,V =
(71, e, V) ER™ and w € R.
H={XY)€ER™s|UY —VX+w=0}is a
defining hyperplane of T,

Suppose

if and only if

(U, V,w) is an extreme direction of

Q={WU,V,WI|UY, -VX,+w<0; j=1,.,n,
U=0,V =0}

Proof.

Refer to (Wei et al, 2007 ).

Suppose (U4, VL, wt) for L =1,...,k are all of

the extreme directions of Q. From the

theorem1, it can be concluded that

H, ={(X,Y) € R"*|UYY — VX + w! = 0}

for [=1,..,k are all of the defining

hyperplanes of T,. Corresponding with each

defining hyperplane H,, halfspace H; is

defined as follows:

H ={(X,Y) € R"*|U'Y - VX + w! < 0}

l=1,..,k
Theorem2.
If (UL VEw!) for L=1,..,k are all of the

extreme directions of Q then T, ={(X)Y)€

R™|UYY —VIX +w! <0; l=1,..,k,
X=0,Y=0}
Proof.

Refer to (Wei et al, 2007 ).
Definition4. The set

F=T,n H,
=1



E.Sarfi, et al /IIDEA Vol.3, No.4, (2015).841-848

is called frontier.

Theorem3. Suppose (X,Y) €T, is evaluated
by models (1) and (2). (X,Y) € F if and only
if

0*=1ore*=1.

The proof is evident.
Definition5. A DMU is called extreme
efficient if it lies on some m + s linearly
independent defining hyperplanes of T,,.
Obtaining the stability region by defining
hyperplanes of T,,

In this section a stability region is obtained by
using defining hyperplanes in which if the
added DMU (only one DMU) is in this region
then all of the extreme efficient DMUs will be
remained on frontier. It is clear that with
deleting each DMU all of the extreme efficient
DMUs will be remained on frontier. Because
the optimal value of objective function of
models (1) and (2) will not be better through
this deletion. Therefore we focus on adding
DMUs. For obtaining the stability region the
following method is suggested:

Stepl:

All of the defining hyperplanes are obtained.
Observe (Wei et al, 2007 ) and (Jahanshahloo
et al, 2010).

Step2:

All

determined. With considering this point that

of the extreme efficient DMUs are

some m+s linearly independent defining
hyperplanes are binding at each extreme
efficient DMU, determining them (extreme

efficient DMUS) is possible easily. Without
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lost of generality suppose DMU;, ..., DMU, are
extreme efficient DMUs .

Step3:

The stability regions Sy, ...,S; corresponding
with DMUy, ..., DMU, are separately obtained.
Suppose the binding defining hyperplanes at
DMU; are Hyj, ..., Hon 1)) forj=1,..,t. For
obtaining S; each time one of these binding
defining hyperplanes is preserved and the
others are deleted. So m + s stability regions
S1j» - Sam+s)j corresponding to DMU; are
obtained as Spj = Hp‘j for p=1,..,m+s.
Then S; = Uy5° S, as the stability region of
DMU; is concluded.

Step4:

The stability region for all of the extreme
efficient DMUs as S = n]t.:l S; is obtained.
Theorem4. Suppose that DMU; is an extreme
efficient DMU.

a) DMU; is still remained on frontier through
adding DMU in §;.

b) S; is the largest stability region for DMU;.
Proof.

a) Suppose (X,Y) € S; is the added DMU.
Through definition of §;, (X,¥) € S,; for at
least one p € {1,...,m + s}. By noticing the
definition of S,; it is evident that at least one
of the binding defining hyperplanes at DMU;
(Hyjy s Honasy) 08
Therefore DMU; is still remained on frontier

still  supporting.

through adding (X, Y).
b) Suppose S; is not the largest stability region
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for DMU;. It means there is (X,¥) & S; which
with adding it, DMU; is still remained on

frontier. Since (X,7) S, based on the

definition of S (X,¥)es,; for p=
1,...,m + s. It means that none of the defining

hyperplanes which  have

Hijy oo, Homes);
already passed through DMU;, are not defining
and also supporting with adding (X, 7).

Now it should be proved that there is no new
defining hyperplane which pass through
DMU;. To this end suppose that before adding

(X,7) the following linearly independent

defining hyperplanes have been

through DMU; :

passed

Hy ={(X,Y) € R"*|U"Y =V’ X + w] = 0}
p=1...m+s (5)
On the other hand since (X,¥) & S; We have:
ury -vP’2+w? >0

(6)
Furthermore based on the contrary assumption

with adding (X, ¥), DMU; is still remained on

p=1..,.m+s

frontier. Therefore at least one binding

defining hyperplane at DMU; exists. Suppose
this hyperplane is H = {(X,Y) € R™"*S|UY —
VX+w=0.So

Uy, —VX, +w=0 @
Since this hyperplane is supporting we have:
Y —7VX+w<o0 (8)
With fact  that

regarding to  this

{(Ujp,%p) forp=1,...m+ s} is linearly

independent,
that

there exist scalars aq, ..., @y 45
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(U’ ]7) = al(Ujl;%'l) 4t am+s(Ujm+s; Wm+s)(9)

By noticing to (5), (7), (9) we have

W= =UY + VX = 5% a,(-U]Y + X)) =
m+s

p=1 %p Vlﬁ'p (10)

Therefore

v

a1 (UL VW) + oo s (U5, V5, W) (11)
If @, = 0 for each p = 1,...,m + s then with
multiplying the (p)th inequality of (6) in «,
and summing them together, (11) implies that
UY —VX+w>0 that is in contradiction
with (8).

Now suppose there is at least one q €
{1,..,m+s} that «, <0. Consider the

production possibility set before adding (X, )

and also the m+s binding defining
hyperplanes at DMU; . Suppose that (X, Y) is a
nonextreme point of the edge that is obtained
by Ny,+4 Hyj . Therefore
u'y -v’x+w? =0
Uty —viX+w! <o 12
j j j

p=1..m+s p+q
With multiplying the (p)th equality or
inequality of (12) in a, for p=1,..,m+s
and summing them together, (11) implies that
Uy —vX+w>0 (13)
On the other hand since (X, Y) belongs to T, so
it will belong to the new T, (after adding
(X,Y)). Thus
Uy -vVX¥+w<0
Which it is in contradiction with (13).
Theorem 5.

a) All of the extreme efficient DMUs are
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remained on frontier through adding DMU in S.
b) S is the largest stability region.

Proof.

a) By considering the definition of S and
theorem1 part a, the proof is evident

b) Suppose that S is not the largest stability
region. So there exists (X,¥) & S which with
adding it, DMUy, ..., DMU, are still remained
on frontier. With regarding to theoreml part b,
(X.,Y)es; for j=1,..,t. So it can be
concluded (X, ¥) € S by definition of S which
it is in contradiction with the contrary

assumption.

Example:

In this example the stability region for a set of
DMUs is obtained. Consider four DMUs with
one input and one output as they are defined in
Tablel.
obtaining the stability region is used for this
setof DMUs.

Tablel: data of numerical example

Now the presented method for

DMU, DMU, DMU; DMU,
Input 1 2 4 3
output 1 2 3 15

Stepl:

All of the hyperplanes of T, are obtained.

Hy ={(x,»)ly—-3=0}

Hy = {(x,y)ly —x = 0}

H; = {(x,y)|2y —x -2 =0}

Hy ={(x, )| —x+1=0}

Step2:

All of the extreme efficient DMUs are
obtained. They are DMU;,DMU, and DMU;
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in which the binding defining hyperplanes are
{H,, H,},{H,, H3} and {H,, H3} respectively.

Stepa3:
The stability S$1,S, and  S3
corresponding with DMU;, DMU, and DM U5

regions

are separately obtained.

S11 ={(,y)ly —x <0},

Sy ={(, )| —x+1<0}

$1=811 U8 ={(,|y—-x<0V -x+1<0}
Sz ={xMly—-x<0}

Sy ={(x,¥)|2y —x—2 < 0}

S =8 USy ={(xy)|y—x<0V2y—x—2<0}
S13 ={(x,y)ly—-3<0},

S ={(x,y)2y —x—-2<0}

S3=813US3 ={(x,y)|y—-3<0V2y—-x—-2<0}

Step4:
The stability region S is obtained.
S=5nSNS={x|@EF-—x<0&y—-3<0)

V (y—x<0&2y—x—-2<0)

V (x+1<0&2y—x—-2<0)}
S is the largest region which DMU;,DMU,
and DMU; will be remained on frontier if the
added DMU belongs to it.

The stability region S is shown by shadow area

in figurel.
35 1
03

3

25
D2

>
15 4 * D4

1 /

[0y

05 /

0 T T T

a 1 2 3 4 3

Figurel: The stability region for data of tablel
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Conclusion

One of the important issues in data
envelopment analysis (DEA) is sensitivity
analysis. In this paper a stability region in T,
by utilizing the defining hyperplanes has been
obtained and it has been proved that if a DMU
is added in this region then all of the extreme
efficient DMUs are still remained on frontier.
It has been proved that the obtained region is
the largest stability region too. Finally the
presented algorithm for finding stability region
has been used for a set of DMUs through one

example and the results have been reported.
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