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Abstract 

     The cross efficiency evaluation is used to performance measurement of decision making units in 

data envelopment analysis concept. One of the most important shortcoming of this method is existing 

alternative optimal solution and therefore, the efficiency scores are not unique. We are going to 

summarize the pervious models proposed by researchers and suggest an alternative secondary goal 

approach to modify them to remove the shortcomings and difficulties of basic cross efficiency 

method. Also we tried the presented model to rank the efficient units. 
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1. Introduction 

Now days, Data Envelopment Analysis is one 

of the most applied science in performance 

evaluation of homogeneous decision making 

unit such as chain stores, commercial banks, 

schools, hospitals,...etc. First time Charnes et 

al. [4], used the non parametric method for 

evaluating educational centers in USA and 

they named it CCR model. Then Banker et 

al.[1], developed their proposal, namely BCC 

model. So far, many models are presented to 

develop DEA science in different versions. To 

review these models see Cook et al.[5]. 

The units under evaluation are divided into 

efficient and inefficient units by using DEA 

models. Fundamental DEA models such as 

CCR, BCC,...etc give score one to efficient 

units. When the number of efficient units be 

more than one, distinction is essential between 

these units. So, researchers presented ranking 

efficient units. In the past years this branch of 

DEA developed noticeably. One of the 

methods is cross efficiency ranking method 

that is presented by Sexton et al.[15]. The 

main idea of cross method is based on 

equalized evaluation of units which are 

obtained by solving multiplier forms (for 

example CCR model). This method presents a 

unique ranking of units. Also, it eliminates 

unrealistic weight schemes without requiring 

the elicitation of weight restriction from 

application area experts. Of course, there are 

some important shortcoming in this method. 

In next sections we will show that the 

purposed mean value in evaluation method 

cannot be suitable criterion to rank units. 

There is an important point here; it is possible 

that obtained mean for inefficient unit be more 

than obtained number for efficient unit. Also, 

the method cannot present suitable ranking of 

inefficient units. It means that inefficient unit 

with higher efficiency score may has lower 

cross efficiency score mean value than worse 

performing unit than itself. 

There is an important shortcoming in cross 

evaluation; that is existing alternative optimum 

solution in multiplier form. Thus, there are 

different cross efficiency matrix and there is 

no reason for equal ranking. Cross evaluation 

method has been used in meany applications. 

For first time, Sexton et al [15], used it to 

determine nursing homes efficiency. Another 

application of this method is Research and 

Development project selection, preference 

voting by Green et al. [10]. Some studies on 

other DEA issues are Nicole et al. [14], Beasly 

[2], and Marrotas et al. [13], Sexton [15], 

Doyle et al. [7], expressed that cross 

evaluation method because of existing 

alternative solution is not so valid. Because 

multiplier form of CCR model cannot uniquely 

determine weights, so cross efficiency matrix 

does not uniquely determine and distinguish. 

Then ranking is not unique and there isn’t any 

unit rank stability. They have used secondary 

goal method to solve this ambiguity. Also, 

Liang et al.[12], used secondary goal and 

constructed different secondary objective 

function to remove ambiguity of non-

uniqueness of weights in cross evaluation. The 
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main idea of this paper is based on the 

proposal of Doyel et al.[7], and Liang et 

al.[12]. We are going to try in this paper to 

present more better and prefect-performing 

ranking than previously presented methods. 

We do it with changing secondary goal 

function of the papers and changing constraint 

secondary goal problem in evaluation. This 

paper is organized as follows: 

In the second section, we review DEA models 

and presented models in cross evaluation 

methods. In third section, the proposed model 

will be presented. In fourth section, we show a 

comparison between previous models and 

proposaled models with data sets. Conclusion 

are given in the last section. 

2. DEA models of cross- efficiency 

evaluation method 

Suppose we have n  decision making unit 

(DMU), 𝐷𝑀𝑈𝑗  , 𝑗 = 1, . . ,𝑛 uses different m  

inputs to produce different s  outputs. ith input 

and rth output 𝐷𝑀𝑈𝑗  , 𝑗 = 1, . . ,𝑛 are 

)1,...,=( , mixij , )1,...,=( , miyrj . Some 

times cross method is named two phase 

method. In the first phase we should use 

multiplier form of one of main DEA models. 

For this purpose the following problem is 

solve to evaluate𝐷𝑀𝑈𝑝 : 

max 𝑧𝑧𝑝𝑝 = 𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝/ 𝑣𝑖𝑝

𝑚

𝑖=1

𝑥𝑖𝑝     

     𝑆𝑡    𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 / 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 ≤ 1 ,   

       j=1,…,n                                                                (1) 

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀,     𝑖 = 1,… ,𝑚 

In the above model, ipv  and rpu  shows the ith 

input and the rth output of  𝐷𝑀𝑈𝑝. In the 

second phase, we use obtained weights of 

𝐷𝑀𝑈𝑝  to evaluate cross efficiency o𝑓  𝐷𝑀𝑈𝑗, 

then we have:  

𝑧𝑃𝑃
∗ = 𝑢𝑟𝑃

∗

𝑠

𝑟=1

𝑦𝑟𝑗 / 𝑣𝑖𝑃
∗

𝑚

𝑟=1

𝑥𝑖𝑗  ,  

j=1,…,n                                                                      (2) 

In the above formulation * shows optimal 

solution obtained form model (1). Now cross 

efficiency value of 𝐷𝑀𝑈𝑗  is the mean of all 
 

pjz s (p=1,...,n) that is writhen as follows: 

njz
n

CRE pj

n

pj 1,...,=  ,
1

=
1= . By using 

Charnes-Cooper transformation[3] model 

become changed into the following liner 

programming: 

max  𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝  

     𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 ≤ 0, 

       j=1,…,n                                   j≠ 0                     (3)  

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀,     𝑖 = 1,… ,𝑚 

The above model also is named multiplier 

form of CCR model that is presented 

equivalently in the following deviation 

variables form: 

min 𝛼𝑝  

𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 
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        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 + 𝛼𝑗 = 0,           

       j=1,…,n                                                                (4) 

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

       𝛼𝑗 ≥ 0,     j = 1,… , n 

where j  is the deviation variable for the jth 

DMU. In this problem
 
𝐷𝑀𝑈𝑝  is efficient, if 

and only if 0=*

p . In fact, 
*

p  shows 

deviation from efficiency of 𝐷𝑀𝑈𝑝. Thus the 

measure of 
*1 p  is equivalent to efficiency 

of 𝐷𝑀𝑈𝑝 . As mentioned in introduction, the 

obtained weights from model (3) or model (4) 

are not unique. As Despoits [6] expressed, the 

weights are different, depending on the 

particular software in use. Thus, the obtained 

measure in formulation (2) is not unique and 

therefore, the ranking will not be presented 

unique. For first time Green and Doyle [7] 

tried to remove this ambiguity. They used a 

model that the mean value of the efficiency 

scores of other DMUs are minimized instead 

of maximizing the ratio of weighted sum of 

outputs to weighted sum of inputs. So, they 

used inputs and outputs of n-1 reaming unit( 

all units except unit under evaluation) to make 

a new unit named composite DMU that its 

inputs and outputs obtained from aggregating 

inputs and outputs for n-1 remaining units. 

Their proposed model minimized the ratio of 

weighted sum of outputs to weighted sum of 

inputs for the composite unit. While the 

efficiency of unit under evaluation had been 

maximized. This method is introduced as 

secondary goal method. Also Liang et al. [12], 

presented a method that is continuing of 

secondary goal method. They used minimizing 

the sum of evaluation variable from ideal 

points. In fact, ideal points are defined as that 

its equivalent set weight for every DMU is 

efficient. In the absence of ideal point, the 

amount of 𝛽𝑗  is deviation from efficiency 

of 𝐷𝑀𝑈𝑗 . 

min  𝛽𝑗

𝑛

𝑗=1

 

𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 + 𝛽𝑗 = 0,          

       j=1,…,n                                                               (5) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

       𝛽𝑗 ≥ 0,     j = 1,… , n 

 

In the past model,the sum of deviational 

variable from efficiency of remaining DMUs 

is minimized. Thus model (5) restricted the 

optimal weights of problem to the weights 

where 1− 𝛼𝑃
∗  score efficiency is obtained. Of 

course the optimal weights of problem are 

equivalent to 𝐷𝑀𝑈𝑝. In this procedure they 

considered the development of DEA that 

Troutt [16] presented. Then they organized the 

cross evaluation based on minimizing the 

maximum of deviational variable from defined 
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efficiency. Their proposed model is as 

follows:   min max 𝛽𝑗  

𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

         𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 + 𝛽𝑗 = 0,          

       j=1,…,n                                                                (6) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,     𝑖 = 1,… ,𝑚 

       𝛽𝑗 ≥ 0,    j = 1,… , n 

In model (6), when efficiency of 𝐷𝑀𝑈𝑝  under 

evaluation from model (4)is considered in 

constraints, the maximum of deviations from 

efficiency of all DMUs is minimized. 

According to the structure of constraints of 

problems (5) and (6) efficiency score of 

DMUs may be worse performing than model 

(4) with increasing the number of constraints. 

The minmax model is changed into a linear 

programming problem as follows: 

      min  𝜃  

𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

         𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 + 𝛽𝑗 = 0,          

       j=1,…,n                                                                (7) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

   𝜃 − 𝛽𝑗 ≥ 0,       𝑗 = 1,… ,𝑛  

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

       𝛽𝑗 ≥ 0,      j = 1,… , n 

From sets of constraints   𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑗 −

 𝑣𝑖𝑝
𝑚
𝑟=1 𝑥𝑖𝑗 + 𝛽𝑗 = 0,      𝑗 = 1,… ,𝑛  and 

 𝜃 − 𝛽𝑗 ≥ 0, 𝑗 = 1,… ,𝑛  can be changed into 

𝜃 ≥  𝑢𝑟𝑝
𝑠
𝑟=1 𝑦𝑟𝑗 −  𝑣𝑖𝑝

𝑚
𝑟=1 𝑥𝑖𝑗 ,    𝑗 = 1,… ,𝑛 

Thus, it seems that model (6) can simply be 

presented. In the new manner n constraints and 

n variables of problem are decreased and 

problem is changed as follows: 

      min  𝜃  

𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

       𝜃 ≥ 𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 , 

       j=1,…,n                                                                (8) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

       𝛽𝑗 ≥ 0,      j = 1,… , n 

Now suppose ),...,,,...,(= **

1

**

1

*

sppmppp uuvvW  

be equivalent to the optimal weights of 𝐷𝑀𝑈𝑝   

obtained from models (5)or (7). So, to calculate 

cross efficiency score of 𝐷𝑀𝑈𝑗  the next 

formulation is used: 

 

𝑧𝑗
∗ 𝑤𝑝 =

 𝑢𝑟𝑃
∗𝑠

𝑟=1 𝑦𝑟𝑗

 𝑣𝑖𝑃
∗𝑚

𝑟=1 𝑥𝑖𝑗
, 

 𝑗 = 1,… ,𝑛. Then the mean value of  𝑧𝑗 (𝑤𝑝) is 

used for cross efficiency estimation: 

njz
n

CRE pj

n

pj 1,...,=  ,
1

=
1= .  

3 Proposed model: Modified cross efficiency 

method 

In this section, we try to present a new 

objectivefunction. The objective function is 
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minimizing the real efficiency deviations of 

decision making units from their obtained 

efficiency by using the weights of 𝐷𝑀𝑈𝑝  

under evaluation. In this regards, consider the 

following model:  

min𝑚𝑎𝑥  𝑧𝑗𝑗
∗ − 𝑢𝑟𝑃

∗

𝑠

𝑟=1

𝑦𝑟𝑗   

        𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

         𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 ≤ 0,          

       j=1,…,n                                                                (9) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

 

where E is a set of efficient units obtained 

from models (3) and (4). The set of last 

constraints related to efficient units. Because, 

it is possible, there are some inefficient units 

in the previous methods that have higher cross 

score than efficient units. To solve this 

ambiguity, the model is only used for efficient 

units. Principally, the ranking of efficient unit 

is important and the ranking of inefficient unit 

is not important. In presented objective 

function of model (9), the maximum of real 

efficiency deviation of DMUs obtained by the 

weights of 𝐷𝑀𝑈𝑝  is minimized. In fact, we 

want to minimized difference among real 

efficiency and obtained efficiency by weights 

of 𝐷𝑀𝑈𝑝  under evaluation. Linear 

programming of above model problems are as 

follows:  

min   𝜃 

        𝑆𝑡    𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑝 = 1 

         𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑗 − 𝑣𝑖𝑝

𝑚

𝑟=1

𝑥𝑖𝑗 ≤ 0,          

       j=1,…,n                                                              (10) 

        𝑢𝑟𝑝

𝑠

𝑟=1

𝑦𝑟𝑝 = 1− 𝛼𝑃
∗   

𝜃 − 𝑧𝑗𝑗
∗ + 𝑢𝑟𝑃

∗

𝑠

𝑟=1

𝑦𝑟𝑗 ≥ 0 

       𝑢𝑟𝑝 ≥ 𝜀,     𝑟 = 1,… , 𝑠 

       𝑣𝑖𝑝 ≥ 𝜀 ,    𝑖 = 1,… ,𝑚 

 

3.1  Illustration 

Example1:Consider 18 chines cities which 

produce 3 outputs by using 2 inputs to 

illustrate the pervious models. Table of inputs 

and outputs is as follows: 

where: 

Input 1: Investment in fixed assets by 

stateowned enterprizes (10,000 RMB), where 

RMB is the Chinese monetary unit;  

Input 2: Foreign funds actually used (10,000 

US dolor); 

Output 1: Total industrial output value 

(based on fixed prices of 1980) (10,000 

RMB); 

Output 2: Total value of retail sales (10,000 

RMB); 

Output 3: Handling capacity of coastal ports 

(10,000 tones). 

The following table shows the results of 

ranking:  
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It is clear that units 2, 6 and 10 are efficient in 

ccr model. Liang Liang et al. [12] used this 

data set to cross evaluation. They stated that 

the cross evaluation scores obtained by sexton 

method and models 4, 6 and 8 are the same. 

Therefore, "the crosse efficiency scores are  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

unique or stable". Of course it is not true, there 

is no guarantee about the uniqueness or 

stability of crosse efficiency scores. The 

readers can easily see this problem in the 

above table. Moreover, it can be easily seen 

that maybe a worth unit than the other has 
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higher cross efficiency score, for example see 

unit 15 and unit 18. the ccr efficiency score of 

unit 18 is grater than unit 15, but its cross 

efficiency score is less than. This problem may 

be occurred for efficient units; an inefficient 

unit has grater cross efficiency score than the 

efficient one. We presented this problem in the 

next example. It should be noted that model 10 

is used for all data set to show the drawbacks. 

Using this model only for efficient units 

decrease the computational process of ranking. 

The following table shows ranking efficient 

units by mentioned model:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example2: Now, consider 20 Iranian cement 

factory which each of them produces tow 

outputs by using four inputs. The following  

table shows these data set: 

where: 

Input1: fixed assets (billion rials), where Rials 

is the Iranian money unit 

Input2: number of shareholders 

Input3: current assets (billion rials) 

Input4: number staff 

Output1: sales (billion rials) 

Output2: cover for dividend (billion rials) 
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Clearly, units 1, 15, 16, 17, 18, 19 and 20 are 

efficient. There are some important drawbacks 

in sexton methods and models 4, 6, 8. For 

example, unit 4 is an inefficient one, but its 

cross efficiency score is grater than unit 19 

which it is efficient; and its cross score is 

grater than units 16 and 19 in models 4, 6, 8. It 

is clear that this problem is not occurred in 

model 10. Results of ranking is summarized in  

the following table for efficient units: 

4 Conclusions 

 In this research a modified cross efficiency 

model presented to evaluate decision making  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

units. A secondary goal approach based on 

cross evaluation suggested in this work. Two 

data set are added to illustrate and explain the 

mentioned models.  
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