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 −𝑏 

-𝑏 

 −𝑏  −𝐶∗ 

 −𝑏 

 

.

 

−𝐶∗

 𝔸  𝔸 × 𝔸 →

𝔸 (𝑎, 𝑏) ↦ 𝑎𝑏 

 

𝑎, 𝑏, 𝑐 ∈ 𝔸
𝑎(𝑏𝑐) = (𝑎𝑏)𝑐.  

 𝔹  𝔸 

 𝔸 ∥. ∥ 𝔸 

 𝑎, 𝑏 ∈ 𝔸
∥ 𝑎𝑏 ∥⩽∥ 𝑎 ∥∥ 𝑏 ∥.  

 (𝔸, ∥. ∥) 

 𝔸 

 𝔸   𝔸  𝑎 ↦ 𝑎∗ 

 𝑎, 𝑏 ∈ 𝔸 

(𝑎∗)∗ = 𝑎                    (𝑎𝑏)∗ = 𝑏∗𝑎∗,  

 𝔸  (𝔸,∗) 

∗ 𝑎 ∗ 𝔸 

 . 𝑎∗ = 𝑎 

 𝔸  𝔸ℎ  

 𝑎 ∈ 𝔸 𝑏 𝔸

. 𝑎𝑏 = 𝑏𝑎 = 1𝔸

 𝑏  𝑎−1 

 𝔸 

 𝐼𝑛𝑣(𝔸) ∗ 𝔸 

 𝑎 ∈ 𝔸 

∥ 𝑎∗ ∥=∥ 𝑎 ∥,  

∗ 𝔸 

𝔸  ∥ 𝔸 ∥= 1  𝔸 ∗

∗ 𝔸  

𝑎 ∈ 𝔸∥ 𝑎∗𝑎 ∥=∥ 𝑎 ∥2 𝔸 

 −𝐶∗ .

 𝔸  −𝐶∗  𝑎 ∈ 𝔸  𝑎 

 . 𝑎∗𝑎 = 𝑎𝑎∗  𝑎 

 𝑎∗𝑎 = 𝑎𝑎∗ = 𝔸

𝑎 ∈ 𝔸 𝑎 

𝜎(𝑎) ⊂ ℝ+ = [0, ∞)    

𝜎(𝑎) = {𝜆 ∈ ℝ ∶  𝜆1𝔸 − 𝑎 ∉ 𝐼𝑛𝑣(𝔸)},  

 𝑎  

−𝐶∗  𝔸  𝔸+ . 

 𝑎, 𝑏 ∈ 𝔸 

 −𝐶∗  𝔸  

𝑎 ⪯ 𝑏         𝑏 − 𝑎 ∈ 𝔸+.  

 – 𝐶∗ 𝔸 𝔸

𝑎 ∈ 𝔸+  . 𝑎 ⪰ 𝔸  

 

- 𝔸  −C∗  a, b ∈

𝔸h . σ(ab) ⊆ σ(a)σ(b)  

 𝔸  −C∗  x ∈ 𝔸h 

 ∥ x ∥ 𝔸 ± x ∈ 𝔸+ 

 



 

      −b  −C∗  
 

   

 𝔸  −C∗  a ∈ 𝔸+ 

⪯ a ⪯∥ a ∥ 𝔸  

 

 a ∈ 𝔸+  a ∈ 𝔸h 

 ∥ a ∥ 1𝔸 − a ∈ 𝔸+ 

⪯ a ⪯∥ a ∥ 1𝔸 .   
 

 𝔸  −C∗  b ∈ 𝔸  

a ∈ 𝔸+ . b∗ab ∈ 𝔸+ 

 

 

 𝔸 −C∗ x ∈ 𝔸h 

 

∥ x ∥= inf{a ≥  ∶   −a1𝔸 ⪯ x ⪯ a1𝔸}. 

  

 

 

- 𝔸  −C∗  

 .1 a, b ∈ 𝔸  a, b ⪰ 𝔸  ab = ba 

ab ⪰ 𝔸 . 

 .2 b, c ∈ 𝔸h  a ∈ 𝔸  

b ⪯ c ⇒ a∗ba ⪯ a∗ca.  

 .3 𝔸 ⪯ a ⪯ b 

∥ a ∥≤∥ b ∥ . 

 

.4 𝔸  −C∗  a ∈ 𝔸  

 ax ∈ 𝔸. a = xx∗  

 

 

 X  𝔸 

 −C∗ ⪯

 b ∈ 𝔸+  ∥ b ∥ ≥b

𝔸

 db: X × X → 𝔸+  −b −C∗ 

 X  

x, y, z ∈ X   

 db(x, y) = 𝔸  .1 . x = y  

 . db(x, y) = db(y, x) .2

 . db(x, y) ⪯ b[db(x, z) + db(z, y)] .3 

 (X, 𝔸, db) −b 

 −C∗  b 

 −C∗ : 

 

 (X, 𝔸, db)  

−b −C∗  {xn}  X  

x ∈ X 

 .1 {xn}  x  𝔸 

 ε >   N ∈ ℕ 

 n >  N 

 . ∥ db(xn, x) ∥< ε 

limn→∞xn = x . xn ⟶ x 

 .2 {xn}  𝔸 

 ε >   N ∈ ℕ 

 n, m > N 

∥ db(xn, xm) ∥< ε. 
 

 (X, 𝔸, db) .3 −b  −C∗ 

 X 𝔸

. 

 

 .1 𝔸 = ℝ  

−b −C∗  −b 

. 

 .2 b = 1𝔸  db 

 −C∗ . 

 

 X = lp 

  {xn}  ℝ 

∑∞
n= |xn|p < ∞  < p <

 . 𝔸 = M (ℝ)db: X × X → 𝔸



 

 

 

x = {xn} ∈ lp   y = {yn} 

db(x, y) = [
(∑∞

n=1 |xn − yn|p)
1

p

(∑∞
n=1 |xn − yn|p)

1

p

]

 

 db(. , . )  −b  −C∗ 

b = [2
1

p

2
1

p

]  . ∥ b ∥= 2
1

p  

 

 X 

 T: X → X x ∈ X  

 T . T(x) = x  

  

 

 −𝐶∗. 

 

 T −C∗ 

 (X, 𝔸, d)  

x ∈ X  {ni}i≥ ⊂ ℕ limi→∞Tni(x) = z

 . limi→∞T(Tni )(x) = Tz  

 −C∗  (X, 𝔸, d) 

 {Tni(x)}  

(X, 𝔸, d)

 

 T: X → X 

 −C∗ 

(X, 𝔸, d)  (X, 𝔸, d)  

x, y ∈ X T 

U(x, y) − d(T(x), y) ⪯ a∗d(x, y)a           

 

  a ∈ 𝔸+  ∥ a ∥< 1

U(x, y) ∈ {d(x, Tx), d(Tx, Ty), d(Ty, y)}.  
 

 x ∈ X  {Tn(x)} 

 T . 

 

  x ∈ X 

xn+1 = T(xn) = Tn+1(x ), n = 0,1, . . .  

 n ∈ ℕ xn+1 = xn

 {xn}  

n ∈ ℕ . xn+1 ≠ xn  x, y 

 xn−1, xn  

U(xn−1, xn) − d(Txn−1, xn) 

⪯ a∗d(xn−1, xn)a  

 

U(xn− , xn) − d(Txn− , xn) ∈  
{d(xn, xn+ ), d(xn− , xn)}.  

  

U(xn−1, xn) − d(Txn−1, xn) =  

d(xn−1, xn).  
 

∥ a ∥<

U(xn− , xn) − d(Txn− , xn) =
d(xn, xn+ ).  

 

 b, b′ ∈ 𝔸+  

b ⪯ b′ x ∈ 𝔸  x∗bx  

x∗b′x  . x∗bx ⪯  x∗b′x  

d(xn+1, xn) ⪯ a∗d(xn, xn−1)a

                       ⪯ (a∗)2d(xn−1, xn−2)a2

                       ⪯ ⋯
                       ⪯ (a∗)nd(x1, x )an

                       = (a∗)nBan.

  

 

 d(x1, x )  B 

 {xn} 

m < n + 1

𝑑(𝑥𝑛+1 , 𝑥𝑚) ⪯ 𝑑(𝑥𝑛+1 , 𝑥𝑛) +
𝑑(𝑥𝑛, 𝑥𝑛−1) 

+. . . +𝑑(𝑥𝑚+1, 𝑥𝑚)
⪯ (𝑎∗)𝑛𝐵𝑎𝑛+. . . +(𝑎∗)𝑚𝐵𝑎𝑚 

= ∑𝑛
𝑘=𝑚 (𝑎∗)𝑘𝐵𝑎𝑘 

= ∑𝑛
𝑘=𝑚 (𝑎∗)𝑘𝐵

1

2𝐵
1

2𝑎𝑘 

= ∑𝑛
𝑘=𝑚 (𝐵

1

2𝑎𝑘)∗(𝐵
1

2𝑎𝑘) 

= ∑𝑛
𝑘=𝑚 |𝐵

1

2𝑎𝑘|2 

⪯∥ ∑𝑛
𝑘=𝑚 |𝐵

1

2𝑎𝑘|2 ∥ 1𝔸  

⪯ ∑𝑛
𝑘=𝑚 ∥ 𝐵

1

2 ∥2∥ 𝑎𝑘 ∥2 1𝔸  

 



 

      −b  −C∗  
 

   

⪯∥ 𝐵
1

2 ∥2 ∑𝑛
𝑘=𝑚 ∥ 𝑎 ∥2𝑘 1𝔸  

⪯∥ 𝐵
1

2 ∥2 ∥𝑎∥2𝑚

1−∥𝑎∥2 1𝔸 ⟶ ,   (𝑚 → ∞).  

 m 

. ∥ a ∥< 1 {xn} 

 𝔸  (X, 𝔸, d) 

x ∈ X limn→∞xn = x

limn→∞xn = limn→∞Tn(x ) =  x.  

 T 

T(x) = lim
n→∞

T(Tn(x )) = lim
n→∞

Tn+1(x )  

          = x.  
 

 X 

 T: X → X  z 

 T  m 

 Tm(z) = z  T (x) = x  Tm(x) 

  Tm(x) = T(Tm− (x)) 

  

 T: X → X 

 −C∗ 

(X, 𝔸, d) ϵ ∈ 𝔸+   x ∈ X 

 

 d(x , Tn(x )) ⪯ ϵ  n ∈ ℕ

d(x, y) ⪯ ϵ ⇒ U(x, y) ⪯ a∗d(x, y)a,        

 a ∈ 𝔸+  ∥ a ∥< 1

x, y ∈ XT

U(x, y) ∈ {d(x, Tx), d(Tx, Ty), d(Ty, y)}   

 T .  

 

 

M = {n ∈ ℕ:  d(x, Tn(x)) ⪯ ϵ }   

 . M ≠ ∅ 

. m = min M m = 1 

y = T(x)  

U(x, T(x)) ⪯ a∗d(x, T(x))a.  

 

 ∥ a ∥<  

 d(x, T(x)) ⪯ a∗d(x, T(x))a   

 

d(x, T(T(x))) = d(x, T2(x)) ⪯
a∗d(x, T(x))a.  

 

xn+ =

T(xn) x = x  

z ∈ X . Tz = z  T 

.

 m ≥  

y ∈ X  

ϵ − d(y, T(y)) ≠ 𝔸+                                       

 

 d(x, Tm(x)) ⪯ ϵ 

 

U(x, Tm(x)) ⪯ a∗d(x, Tm(x))a  

 

 U(x, y)  

d(x, Tm+1(x)) ⪯ a∗d(x, Tm(x))a.  
 

 xn+ = Tm(xn)  x = x 

 {xn}  

(X, 𝔸, d) z ∈ X 

. limn→∞Tn(x ) = z  T 

  

Tm(z) = Tm ( lim
n→∞

Tnm(x ))  

              = lim
n→∞

Tm(Tnm(x ))  

              = lim
n→∞

T(n+1)m(x ) = z.  

 T  m  

 



 

 

 

 T: X → X 

 −b −C∗ 

 (X, 𝔸, d) a , a , a , a ∈ 𝔸+

a ⪯ a     𝔸 ⪯ a +  a ⪯ ( 𝔸),

 T  x, y ∈ X 

a1d(T(x), T(y)) + (1𝔸 − a1)[d(x, T(x))  

+d(y, T(y))]  
+a2[d(y, T(x)) + d(x, T(y))]                     

⪯ a3d(x, y) + a4d(x, T2(x)).  
 

 T  

 

 x ∈ X 

xn+1 = T(xn),           n = ,1,2, . . .

 

 x, y  xn, xn+1 

a1d(T(xn), T(xn+1)) +  

(1𝔸 − a1)[d(xn, T(xn)) +  

d(y, T(xn+1))] + a2[d(xn+1, T(xn))  

+d(xn, T(xn+1))]      
⪯ a3d(xn, xn+1) + a4d(x, T2(xn)),  

 

  

d(xn+1, xn+2) + (a2 − a4)d(xn, xn+2) ⪯  
(a3 + a1 − 1𝔸)d(xn, xn+1).     

 

 a = a + a − 𝔸   

d(xn, xn+1) ⪯ ad(xn−1, xn)

                         ⪯ (a)2d(xn−2, xn−1)
                         ⪯ ⋯
                         ⪯ (a)nd(x , x1)

                         = (a)nB.

  

 

 d(x1, x )  𝔸  B 

 {xn} 

 n < n + m  

d(xn, xn+m) ⪯ bd(xn, xn+1) +  

b2d(xn+1, xn+2) + ⋯ + 

bmd(xn+m−1, xn+m) 

⪯ banB+. . . +bman+m−1B  

=
1

bna
∑n+m

k=n+1 bkakB,  

 

  

∥ d(xn, xn+m) ∥<∥
1

bna
∑∞

k=n+1 bkakB ∥  

  ⟶ ,   (n → ∞).  

 {xn}  𝔸 

 (X, 𝔸, d)  x ∈ X 

 . limn→∞xn = x 

limn→∞xn = limn→∞Tn(x ) = x.  
 

 T 

T(x) = lim
n→∞

T(Tn(x )) = lim
n→∞

Tn+1(x )  

          = x.  
 

 x  T . 

 −C∗ 

 (X, 𝔸, d)  −b  −C∗ 

 (X, 𝔸, d) 

−C∗  (X, 𝔸, d) . 

 

 (X, 𝔸, d) 

−C∗  ϕ: 𝔸+ → 𝔸+ 

 ϕ(t) = a∗ta ϕ(t) ⪯ t

 ∥ a ∥<  . a ∈ 𝔸  T: X → X

 x, y, z ∈ X  x ≠ y ≠ z 

d(T(x), T(y)) + d(T(y), T(z)) ⪯  

ϕ(d(x, y) + d(y, z)).                                    

 

 T  x ∈ X 

 . T2(x ) ≠ x 

 

 x ∈ X 

 . T2(x ) ≠ x

. xn = Tn(x ) n ≥

 xn = xn+  



 

      −b  −C∗  
 

   

T(xn) = Tn+1(x ) = xn+1 = xn ,  
 

 xn  T 

nxn ≠ xn+1  

d(Tn(x ), Tn+1(x )) +  

d(Tn+1(x ), Tn+2(x )) ⪯  

ϕ(d(Tn−1(x ), Tn(x )) +  

d(Tn(x ), Tn+1(x ))  ⪯  

ϕ2(d(Tn−2(x ), Tn−1(x )) +  

d(Tn−1(x ), Tn(x ))  ⪯. . . ⪯  

ϕn(d(x , T1(x )) + d(T1(x ), T2(x )).  

 

 k, l, m ∈ ℕ  k > l ≥ m 

tn = d(xn, xn+1) + d(xn+1, xn+2)

  

d(xk, xl) ⪯ ∑l−1
n=m tn ⪯ ∑l−1

n=m ϕn(t )  

                 ⪯ ∑∞
n=1 (a∗)nt an  

  

∥ d(xk, xl) ∥≤ ∑∞
n=1 ∥ a ∥2n∥ t ∥ →    

(n → ∞).  
 

 {xn}  𝔸 

 (X, 𝔸, d)  x ∈ X 

. limn→∞xn = x  

d(Tn+1(x ), T(x)) + d(T(x), Tn+2(x ))

⪯ ϕ(d(Tn(x ), x) + d(x, Tn+2(x ))

⪯ d(Tn(x ), x) + d(x, Tn+2(x )) → .

  

(n → ∞)  

 

  

T(x) = lim
n→∞

xn = x  

 x  T . 

 

 (X, 𝔸, d) 

 −C∗  ϕ: 𝔸+ → 𝔸+ 

 ϕ(t) = a∗ta ϕ(t) ⪯ t

  ∥ a ∥< . a ∈ 𝔸  T: X →  X 

 x, y, z ∈ X  x ≠ y ≠ z 

 

d(T(x), T(y)) + d(T(y), T(z))
+d(T(z), T(x)) ⪯ ϕ(d(x, y)
+d(y, z) + d(z, x)).

  

 

 T 

 x ∈ X  T2(x ) ≠ x 
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