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Abstract
The present study focuses on the Rayleigh equation derived in the case of a Hall thruster plasma having dust contami-

nation, produced near the exit of the channel due to the finite divergence of the accelerated ions and the sputtering of the

walls. In the presence of negatively charged dust particles, a modified form of the well-known Rayleigh equation of fluid

dynamics is realized. The modified equation takes the form of the Rayleigh equation for a particular band of oscillation

frequency, revealing that the Rayleigh instability shall occur in the thruster only for the oscillations having frequencies

within this band. For better understanding, the variation of frequency band with various parameters, viz. dust density, dust

charge number, dust mass, electron temperature and ion density, has been traced out.

Keywords Hall thruster channel � Plasma with dust particles � Rayleigh equation � Lower cutoff frequency �
Upper cutoff frequency

Introduction

Hall thrusters are coaxial plasma accelerators regarded as

one of the most streamlined and combative electric

propulsion devices having numerous spacecraft applica-

tions in telecommunications satellites and other commer-

cial space missions [1]. In general, these consist of three

parts, namely discharge region (anode), cathode and mag-

netic field. The insulated discharge region is cylindrical

chamber called channel, in which ionization and acceler-

ation of the propellant are performed in the presence of

crossed axial electric field and radial magnetic field.

Cathode is located externally around the channel, and gas

is fed through the base into the channel and dispersed

eventually. Electrons trying to reach the anode experience

a transverse magnetic field, which decreases their mobility

and traps them; hence, the electrons trace out spiral motion

along the axis of the thruster in the E 9 B direction,

constituting the Hall current. Trapped electrons in the

channel undergo collisions with the propellant atoms,

creating ions. Ions so produced experience the electric field

produced between the channel (positive) and the ring of

electrons (negative) and accelerate out of the thruster as a

strong ion beam. These ions impart force to the electron

cloud due to which thrust is generated, which is transferred

to the magnetic field and hence to the magnetic circuit of

the thruster [2–4]. Bombardment of the electrons and the

ions erodes the walls of the channel, which leads to the

addition of dust to the chamber that is likely to affect the

efficiency and lifetime of the Hall thrusters [5, 6]. Further,

the major flaw of Hall thrusters is large exhaust-beam

divergence, which may cause electrostatic charging and

thus the communication interference of satellites [7].

Hence, for the efficient and hassle-free thrusters operations,

a number of parameters are to be checked and fixed, for

example, lower beam divergence, minimum erosion rate

and optimum thrust-to-power ratio. Above all, the major

challenge is to handle or suppress the oscillations produced

in the chamber, which gives rise to different types of

instabilities.

Choueiri [8] has discussed different types of discharge

instabilities in Hall thrusters ranging from 103 to 109 Hz

domain. Theoretical model of ion beam instability which

arises due to the influence of boundaries with fixed
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electrical potentials on an ion flux in Hall thrusters was

developed by Kapulkin et al. [9]. Lafleur et al. [10] have

investigated characteristics and transport effects of the

electron drift instability in Hall-effect thrusters. Lazurenko

et al. [11] have explored anomalous electron transport

phenomena and high-frequency instability in a Hall thrus-

ter. Chable and Rogier [12] have carried out numerical

investigation for low-frequency oscillations in the SPT

with regard to Buneman’s instabilities. Further, gradient-

driven Rayleigh-type instabilities, by neglecting the ther-

mal motions of the plasma species in Hall thrusters, have

been analytically studied by Litvak and Fisch [13]. In the

Hall thrusters, due to the drift velocities difference between

the ions and the electrons, an electric field is also produced

in the azimuthal direction, which generates the electrostatic

waves in the same direction; these waves can gain free

energy from the density gradient, grow up and become

unstable in the plasma. Hence, one can think of the per-

formance of the Hall thrusters in a better manner by having

in-depth understanding of physical phenomena responsible

for these instabilities. Therefore, the study of instabilities

has always been the prime focus of concerned fraternity

from time to time with the development of this device

[14–19].

In the present article, we focus on the Rayleigh insta-

bility occurring due to the gradients in densities, velocities

and the fields. In view of the erosion of the walls of the

channel due to ion sputtering, we also include the dust

particles, which are generally negatively charged [20–31].

Special focus is on the derivation of Rayleigh equation in

the Hall thruster plasma and the frequency band condition

of the oscillations of Rayleigh instability in the presence of

dust contamination.

Derivation of modified Rayleigh equation

In the proposed model, Hall thruster plasma channel con-

sists of ions, electrons and dust particles. The plasma is

subjected to an axial electric field E~ (along x-axis) and

radial magnetic field B~ (along z-axis). The strength of

magnetic field is chosen in such a manner that the electrons

get magnetized and the ions and dust particles remain

unmagnetized in the channel. The electrons will experience

E~ 9 B~ drift in the azimuthal direction (y-axis), whereas the

ions and the dust particles are restricted axially (x-axis) by

electric field E~. Parameters defining all the three species

completely are mass, velocity, density and temperature,

symbolically represented as (Mi, t~i, ni, Ti), (Me, t~e, ne, Te)

and (Md, t~d, nd, Td) with subscripts i, e and d for the ions,

the electrons and the dust particles, respectively.

The thermal motion of the ions has been neglected

(Ti ¼ 0), and thus, the pressure gradient term in the equa-

tion of motion of the ion fluid is ignored. The unperturbed

densities and velocities of the species are represented as

(ni0, ne0, nd0) and (ti0, te0, td0) where their perturbed parts

are taken as (ni1, ne1, nd1) and (t~i1, t~e1, t~d1). The perturbed

value of the electric field is taken as E~1 (associated

potential /1). The fundamental equations are as follows:

oni

ot
þr~ � ðt~iniÞ ¼ 0; ð1Þ

Mini
ot~i

ot
þ ðt~i � r~Þt~i

� �
� eniE~ ¼ 0; ð2Þ

one

ot
þr~ � t~eneð Þ ¼ 0; ð3Þ

Mene
ot~e

ot
þ ðt~e � r~Þt~e

� �
þ eneðE~þ t~e � B~Þ þ r~pe ¼ 0;

ð4Þ
ond

ot
þr~ � ðt~dndÞ ¼ 0; ð5Þ

Mdnd
ot~d

ot
þ ðt~d � r~Þt~d

� �
þ eZdndE~þr~pd ¼ 0: ð6Þ

This is to be noted that the collisions between the

electrons and neutrals have been neglected in view of the

fact that the Rayleigh instability arises due to the density

gradient in the channel. The oscillations of the perturbed

quantities are represented as * eiðxt�kyyÞ, where x is the

frequency of oscillations and ky is the propagation constant.

With the help of linearized equations of motion, x and y

components of the ion velocities, electron velocities and

dust velocities are obtained as:

ti1x ¼ � e

ixMi

o/1

ox
; ð7Þ

ti1y ¼
e

ixMi

ðiky/1Þ: ð8Þ

te1x ¼
e
Me

ix̂ o/1

ox
þ e

Me
ikyX/1 �

ikyYeTeXne1
Mene0

� YeTeix̂
Mene0

one0
ox

X2 � x̂2 � X ote0
ox

; ð9Þ

te1y ¼
e

MeX
o/1

ox
� YeTe

Mene0X
one0

ox

þ
e
Me

x̂2 o/1

ox
þ e

Me
x̂kyX/1 �

x̂kyYeTeXne1e
Mene0

� x̂2YeTe
Mene0

one0
ox

X2 � x̂2 � X ote0
ox

� �
X

:

ð10Þ

Here, X ¼ eB
Me

is the electron cyclotron frequency and

x̂ ¼ x� kyte0:
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td1x ¼
Zde

ixMd

o/1

ox
� Td

ixnd0Md

ond0

ox
; ð11Þ

td1y ¼ � Zde

ixMd

ðiky/1Þ þ
Tdikyni1

ixnd0Md

: ð12Þ

Together with Eqs. (7) to (12), we solve the linearized

continuity equation for the ions, electrons and dust particles

for obtaining the perturbed ion, electron and dust density,

respectively. We further make use of the following lin-

earized form of the Poisson’s equation:

e0r2/1 ¼ eðne1 � ni1 þ Zdnd1Þ: ð13Þ

By using the perturbed densities of the ions, the elec-

trons and the dust particles in the above Poisson’s equation

and using the symbol /00
1 for

o2/1

ox2
, we obtain the following:

/00
1 � k2y/1

� �

¼ k2y/1 � /00
1

� �
ne0e

2
�
e0MeX

2

1� YeTeky

x�kyte0ð ÞMeX
2

o2te0
ox2

þ X one0
ne0ox

� x̂ky
� �� ni0e

2

e0Mix2

� Z2
dnd0e

2

e0 Mdx2 � YdTdk2y

� �

0
BBBBBB@

1
CCCCCCA

þ
ne0e

2

e0MeX
2

ky/1

x�kyte0ð Þ X o
ox
ln B

ne0
� o2te0

ox2

� �
� eYeTe

x�kyte0ð Þe0MeX
ky

one0
ox

� x̂
X
o2ne0
ox2

� �

1� YeTeky
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2

o2te0
ox2

þ X one0
ne0ox

� x̂ky
� �

þ eZ2
dYdTd

Mdx2 � YdTdk2y

� �
e0

o2nd0

ox2
;

ð14Þ

Now we notice that the quantity e
ffiffiffiffiffiffiffi
ni0
Mie0

q
is the ion

plasma frequency, say xi, e
ffiffiffiffiffiffiffi
ne0
Mee0

q
is the electron plasma

frequency, say xe, and eZd

ffiffiffiffiffiffiffi
nd0
Mde0

q
is the dust plasma fre-

quency, say xd. With these symbols and some other

mathematical simplifications, Eq. (14) reads

Conditions for Rayleigh instability:
Frequency band

In the present work, we assume the ion and the electron

densities to be maximum in the middle of the acceleration

channel, i.e., gj0 ¼ gj00 exp �18 x=dð Þ2
h i

, where gj00 is the

peak value of ni0 and ne0. The dust density is considered to

be maximum toward the exit of the chamber, given by

nd0 ¼ nd00 exp �18 ðx� 0:025Þ=df g2
h i

, where nd00 is the

maximum dust density. The drift velocity distribution of

the electron is taken as step-like profile

te0 ¼ te00 1þ exp 3� 55ðx=dÞð Þ½ ��
1
8:

Now we examine the perturbed part of Eq. (15), which

takes the following form:
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y
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d
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2
y
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2

� �
0
@

1
A

¼ 0:

ð16Þ

This can be seen that Eq. (16) is a modified form of the

Rayleigh equation frequently used in the fluid dynamics, as

the original form of the Rayleigh equation there reads

o2/
ox2

� k2/þ k/
x�kV

o2V
ox2

� �
¼ 0. Equation (16) can achieve

this form under certain conditions. This also follows that

the oscillations will grow into the Rayleigh instability only

when their frequency falls within a frequency band gov-

erned by the following inequality:
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Equation (17) gives a range of frequencies lying in the

band. It is apparent from this frequency band that the

higher cutoff frequency attains larger values for the higher

temperature of the electrons and the dust particles. There-

fore, a wider frequency band is observed in a more prac-

tical situation. This frequency band is of utmost importance

and has not been explored earlier [32–34] in the dusty Hall

thruster plasma, and hence, this is a novel result.

Results and discussion

In order to analyze the frequency band of the oscillations in

the channel, the upper and lower cutoff frequencies xcutoff

have been plotted graphically based on Eq. (17) with the

parameters commonly used in the Hall thrusters [35–42].

The electron density profile, density gradient profile,

electron velocity profile and the second derivative of the

velocity profile are shown in Figs. 1, 2. The upper and

lower frequencies with axial distance (channel length), dust

density, electron density and magnetic field have been

shown graphically in Figs. 3, 4, 5 and 6.

Figure 3 shows the variation of the upper and the lower

cutoff frequencies in the channel of Hall thruster, which

indicates that there is negligible difference between the

lower and upper cutoff frequencies toward the anode,

which means the frequency band carries negligible width

this side. However, after the middle (x = 0) of the chamber,

the frequency band is found to increase toward the exit.

This implies that oscillations with comparatively higher

frequency or smaller wavelength will be unstable toward

the exit plane of the channel.

Figure 4 shows the effect of dust particles’ density on

the xcutoff for their different masses. The upper cutoff

Fig. 1 Electron density and

density gradient profiles
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1
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frequency is found to be of higher magnitude in the case of

higher dust density, but the lower frequency remains con-

stant since it is independent of density of the dust particles

(please see the lines marked as upper frequency

(md = 10�25 kg) and lower frequency (common)

(md = 10�25 kg)). In the case of heavy dust particles, the

upper cutoff frequency is found to be smaller; as a result,

the frequency band is reduced. It means the oscillations

with comparatively higher frequency or smaller wave-

length will be unstable in the presence of lighter dust

particles in the thruster. However, if the mass of the dust

particles is higher, the oscillations of relatively lower fre-

quency would also be unstable.

Figure 5 shows the impact of the electron density on

xcutoff for different dust charge number Zd and electron

temperature Te. The upper cutoff frequency attains lower

values in the case of larger electron density, but it acquires

higher values for the larger electron temperature [39] as

well as with the larger dust charge. This follows that

thermal motion of the electrons and the dust charge raise

the frequency band of the instability. It means that the

oscillations with comparatively higher frequency or smal-

ler wavelength will be unstable in the presence of higher

electron temperature and larger dust charge number.

Figure 6 shows the impact of the magnetic field on

xcutoff for different ion density in the plasma. The upper

cutoff frequency increases with the increasing magnetic

field and the decreasing ion density [39], but lower

Fig. 2 Electron velocity and

velocity second-derivative

profiles

Fig. 3 Variation of cutoff frequency xcutoff with the axial distance x

in the plasma having Xe ions (M = 131 amu), when B ¼ 0:010 T,

Zd = 800, Te ¼ 20 eV, Td ¼ 0:01 eV, ni0 ¼ 1018 /m3, nd0 ¼ 5� 1013

/m3, ne0 ¼ ni0 � Zdnd0, te0 ¼ 105 m/s, ti0 ¼ 104 m/s, md = 10�25 kg,

ky ¼ 400 /m, Ye ¼Yi ¼ Yd ¼2 and d ¼ 7:0 cm

Fig. 4 Variation of cutoff frequency xcutoff with the dust density nd0
for different masses of dust particles in the plasma having Xe ions,

when the other parameters are the same as in Fig. 3
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frequency decreases slightly with the magnetic field. This

implies that the stronger magnetic field raises the oscilla-

tion frequency band of the said instability, and the oscil-

lations with broad range frequencies would be prone to the

instability. On the other hand, a comparison of the upper

lines marked as upper frequency (ni0 = 1 9 1018/m3 and

ni0 = 1.5 9 1018/m3) reveals that the frequency band for

the Rayleigh instability is reduced for the larger number of

the ions in the acceleration channel.

Conclusions

The frequency band of oscillations for the Rayleigh insta-

bility was explored analytically, and the variation of lower

and upper frequencies of the oscillations with various

parameters was graphically analyzed. It was found that the

higher-frequency oscillations are more unstable for the

higher values of the dust density and the dust charge

number, larger thermal motion of the electrons, lower ion

density and the stronger magnetic field. However, the

lower-frequency oscillations are found to be more unsta-

ble when the heavy dust particles are created in the Hall

thruster plasma or the density of the electrons is increased.
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