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Abstract An analytical model for the interaction of

charged particle beams and plasma for a wakefield gener-

ation in a parabolic plasma channel is presented. In the

suggested model, the plasma density profile has a minimum

value on the propagation axis. A Gaussian proton beam is

employed to excite the plasma wakefield in the channel.

While previous works investigated on the simulation

results and on the perturbation techniques in case of laser

wakefield accelerations for a parabolic channel, we have

carried out an analytical model and solved the accelerating

field equation for proton beam in a parabolic plasma

channel. The solution is expressed by Whittaker (hyper-

geometric) functions. Effects of plasma channel radius,

proton bunch parameters and plasma parameters on the

accelerating processes of proton driven plasma wakefield

acceleration are studied. Results show that the higher

accelerating fields could be generated in the PWFA

scheme with modest reductions in the bunch size. Also, the

modest increment in plasma channel radius is needed to

obtain maximum accelerating gradient. In addition, the

simulations of longitudinal and total radial wakefield in

parabolic plasma channel are presented using LCODE. It is

observed that the longitudinal wakefield generated by the

bunch decreases with the distance behind the bunch while

total radial wakefield increases with the distance behind the

bunch.

Keywords Gaussian beam � LCODE � Parabolic plasma

channel � Plasma wakefield accelerator � Whittaker

functions

Introduction

Compared to the conventional radio frequency cavities, in

plasma wakefield, the energy will be transferred from the

driver bunch to the witness bunch, a way to achieve very

high acceleration gradients [1–6]. The field in the plasma

can be excited either by an ultra-intense, short laser pulse

(or several pulses) [3, 7], or by a charged particle beam (an

electron or proton beam) [8, 9]. Proton driven plasma

wakefield acceleration has been recently proposed to attain

electron energies of about TeV range [9–18]. Plasma

wakefield generation in radially nonuniform plasma using

charged particle beams [19] or in parabolic plasma chan-

nels using lasers [20–24] as drivers have been extensively

studied. For the laser drivers, most of the studies are

focused at parabolic channels with on-axis density mini-

mum because of channeling properties of these channels,

so that in a preformed plasma channel the laser pulse can

propagate up to several Rayleigh lengths without substan-

tial spreading. One of approaches in preventing of

diffraction broadening of laser pulse and increasing of

laser-plasma interaction distance is the guiding of the pulse

in preformed plasma density channel [19, 25]. Therefore,

generation of wakefields in a preformed channel becomes a

subject of great interest.

In our recent work [26], we presented for the first time a

thorough analytical model and solved the governing

equations for the wakefield acceleration by proton beam in

a parabolic density profile plasma, where the maximum

plasma density is on the beam propagation axis along the z-
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direction. It has a potential application for compensating

the undesirable wave front curvature in the case of a

nonlinear wakefield. But in this work, a plasma channel

with parabolic density distribution was considered in which

the minimum density of plasma is on the beam propagation

axis and the behavior of wakefields is investigated in

comparison of [26]. For laser drivers, a similar problem

was addressed in [22], where a perturbative method was

employed to obtain the components of wakefields. The

governing equations and the solution for the longitudinal

wakefield Ez is obtained analytically and the effects of the

plasma channel radius, proton bunch parameters and wave

number of plasma on the longitudinal electric field are

investigated. In addition to analytical approach, the simu-

lations of longitudinal and total radial wakefields in lon-

gitudinal and radial directions are presented using two-

dimensional code LCODE [27].

The organization of the paper is as follows: ‘‘Introduc-

tion’’ is given in the next section followed by ‘‘Model

description’’. ‘‘Results and discussions’’ are given before

the last section. Finally, ‘‘Conclusion’’ is presented.

Model description

The accelerating model which we have used for proton

driven plasma wakefield acceleration is the plasma channel

model. The plasma has a variable density as:

n ¼ n0 1þ r2

r2pl

 !
; ð1Þ

where rpl is the plasma channel radius, and r is the radial

coordinate. The minimum density of plasma ðn0Þ is on the

beam propagation axis along the z-direction and n0r
2

r2
pl

rep-

resent radial variation in channel density. The density

profile of proton beam is described as follows:

nb ¼ nb0e
�r2

2r2r e
�n2

2r2z ; ð2Þ

where n ¼ z� ct, with c speed of light, nb0 ¼
N= ð2pÞ3=2r2rrz
� �

N is the total number of protons in the

bunch, and rr and rz are the beam radial and longitudinal

characteristic lengths, respectively. Although the interac-

tion of a dense (nb[ n0), short proton beam (the wave-

length of the plasma wave is of the order of the bunch

length, rz * kp) with a plasma is inherently nonlinear, we

can use the linear theory which predicts the plasma

response to either a short electron or proton beam [9, 28].

In principle, the linear regime is valid when the plasma

density perturbation is small compared to the plasma

density n0. Since the density perturbation is typically of the

order of the beam peak density nb0, this criterion is

equivalent to nb0/n0 � 1. The simulations have shown that

the predictions of the linear theory are good up to nb0/

n0 * 1 [29].

We note that charge density in the system can be

expressed as q ¼ enb þ eni � ene ¼ enb þ en0 � eðn0 þ
n1Þ: Indexes b, i and e denote the beam, ions and the

electrons, respectively.

Using Maxwell’s equations, the Newton’s second law of

motion for the plasma electrons, the equation of continuity

for the plasma, and writing quantities in terms of an

equilibrium and an oscillating term E ¼ E0 þ E1,

B ¼ B0 þ B1, v ¼ v0 þ v1 and assuming that E0, B0 and v0
are all equal to zero, we have:

r � E1 ¼
1

e0
ðenb � en1Þ

ov1

ot
¼ � e

m
E1

on1

ot
þ nr � v1 ¼ 0;

ð3Þ

where quantities indexed with 1 denote the perturbed

parameters.

Using Eq. 3, one can arrive at,

o2n1

ot2
þ x2

p0 1þ r2

r2pl

 !
n1 ¼ x2

p0nb 1þ r2

r2pl

 !
; ð4Þ

where xp0 ¼ n0e
2

me0

� �0:5
is the plasma frequency.

In Eq. 4, we use the change of variable n ¼ z� ct; with

c the speed of light. Time derivative q/qt can be replaced

by -cq/qn,

o2n1

on2
þ k2p0 1þ r2

r2pl

 !
n1 ¼ k2p0nb 1þ r2

r2pl

 !
; ð5Þ

where kp0 is the plasma wave number. By substituting nb in

Eq. 5, we have:

o2n1

on2
þ k2p0 1þ r2

r2pl

 !
n1 ¼ k2p0nb0e

�r2

2r2r e
�n2

2r2z 1þ r2

r2pl

 !
: ð6Þ

We can solve this differential equation using the

Laplace transform of a system which is initially at rest,

n1 ¼
ffiffiffiffiffiffi
2p

p
rzkp0nb0 1þ r2

r2pl

 !0:5

e
�r2

2r2r e

�k2
p0

1þ r2

r2
pl

� �
r2z

2

� sin kp0 1þ r2

r2pl

 !0:5

n

0
@

1
A: ð7Þ
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For an infinite plasma ðrpl ! 1Þ, this reduces to the

expression derived for the perturbed density as in [30].

Also, we can solve the equations for the electric field as

a function of the perturbed density. We note that the cur-

rent density can be written as J ¼ Jb þ Je ¼ Jb þ ðJ0 þ
J1Þ ¼ Jb þ J1 in which Jb and Je are beam and electron

current density, respectively. J0 and J1 denote the unper-

turbed and the perturbed electron current density,

respectively.

Using the Maxwell equations, we have:

r2E1 �rðr � E1Þ ¼
o

ot
ðr � B1Þ

r � B1 ¼ l0J1 þ l0Jbẑþ
1

c2
oE1

ot

r2E1 �
o2E1

on2
¼ en0l0c 1þ r2

r2pl

 !
ov1

on
� l0ec

2 onb

on
ẑ

þ e

e0
rnb �

e

e0
rn1;

ð8Þ

where ov1
on ¼ e

mcE1:
By substituting qnb/qn, rnb, rn1 in Eq. 8 and separat-

ing the components we will have the longitudinal and

radial wakefields as:

r2
r � k2p0 1þ r2

r2pl

 !" #
E1z r;nð Þ ¼�e

e0

ffiffiffiffiffiffi
2p

p
rznb0k

2
p0

� 1þ r2

r2pl

 !
e
�r2

2r2r e

�k2
p0

1þ r2

r2
pl

� �
r2z

2 cos kp0 1þ r2

r2pl

 !0:5

f

0
@

1
A ð9Þ

and,

r2
r �k2p0 1þ r2

r2pl

 !" #
E1r r;nð Þ¼�e

e0

r

r2r
nb0e

�r2

2r2r e
�n2

2r2z

� e

e0

ffiffiffiffiffiffi
2p

p
rznb0kp0e

�r2

2r2r e

�k2
p0

1þ r2

r2
pl

� �
r2z

2 � sin kp0 1þ r2

r2pl

 !0:5

n

0
@

1
A

� r

r2pl
1þ r2

r2pl

 !�0:5

� r

r2r
þ
k2p0r

2
zr

r2pl

 !
1þ r2

r2pl

 !0:5
2
4

þkp0nr

r2pl
cot kp0 1þ r2

r2pl

 !0:5

n

0
@

1
A
3
5

ð10Þ

These equations could be compared with equations for a

Gaussian beam in infinite plasma mediumwhere (rpl ! 1).

The equations reduce to their counterpart results expressed in

[29, 31]. The solution for the homogeneous part of Eq. 9with

respect to the variable r for a finite parabolic plasma channel

can be expressed by the Whittaker function:

E0z rð Þ¼C1

r
whittakerM

ik2p0

4 �k2p0
r2pl

� �0:5
;0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

þC2

r
whittakerW

ik2p0

4 �k2p0
r2pl

� �0:5
;0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

ð11Þ

where C1 and C2 are constant and Whittaker M function is

defined by

WhittakerM ðk;m;zÞ¼ e�z=2z
mþ1=2
1 F1

1

2
þm�k;1þ2m;z

� �
;

where,

1F1ða; b; zÞ ¼ 1þ a

b
zþ aðaþ 1Þ

bðbþ 1Þ
z2

2!
þ . . . ¼

X1
k¼0

ðaÞk
ðbÞk

zk

k!
:

Whittaker W function is expressed as:

WhittakerW ðk;m;zÞ¼ e�z=2zmþ1=2U
1

2
þm� k;1þ2m;z

� �
;

where,

Uða; b; zÞ ¼ z�a
2 F0ða; 1þ a� b; ;�zÞ;

and F0ða; b; ; zÞ is defined as a generalized hypergeometric

function:

2F0ða; b; ; zÞ ¼
X1
k¼0

ðaÞkðbÞk
zk

k!
:

The detailed properties of the Whittaker M and Whit-

taker W functions can be found in [32]. Note that for

infinite plasma (rpl ! 1), the solution takes the form of

the well-known modified Bessel functions as given in [33].

Solution of the inhomogeneous equation can be expressed

as the sum of the homogenous solution introduced above

plus solution coming from the right hand side as:
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EInhom�1z r; nð Þ ¼ C1

r
whittakerM

ik2p0

4 � k2p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

þ C2

r
whittakerW

ik2p0

4 � k2p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

þ 1

r
whittakerW

ik2p0

4 � k2p0
r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

� r
�2r2

D
e
�

r2
pl
r2þk2

p0
r2r r

2
z ðr

2
pl
þr2Þ

2r2
pl
r2r Q coskp0 n 1þ r2

r2pl

 !0:5
0
@

1
Aðr2 þ r2plÞ

2
4

3
5

� �
k2p0

r2pl

 !0:5

whittakerM
ik2p0

4 � k2p0

r2pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

2
6664

3
7775dr

þ 1

r
whittakerM

ik2p0

4 � k2p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA� r

2r2

D
�
k2p0

r2pl

 !0:5
2
4

3
5

� e
�

r2
pl
r2þk2

p0
r2r r

2
z ðr

2
pl
þr2Þ

2r2
pl
r2r Q coskp0 n 1þ r2

r2pl

 !0:5
0
@

1
A

2
4

ðr2 þ r2plÞwhittakerW
ik2p0

4 � k2p0
r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA
3
7775dr

ð12Þ

where Q ¼ �e
e0

ffiffiffiffiffiffi
2p

p
rznb0k2p0 and D is defined as:

D ¼ ir2plk
2
p0whittakerW

ik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

whittakerM

4 � k2
p0

r2
pl

� �0:5

þik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

þ 4r2pl �
k2p0

r2pl

 !0:5

whittakerM
ik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

whittakerW

4 � k2
p0

r2
pl

� �0:5

þik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

þ 2r2pl �
k2p0

r2pl

 !0:5

whittakerW
ik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA

whittakerM

4 � k2
p0

r2
pl

� �0:5

þik2p0

4 � k2
p0

r2
pl

� �0:5
; 0; ir2 �

k2p0

r2pl

 !0:5

0
BBB@

1
CCCA:

The two integrals in Eq. 12 over the plasma radius

were solved by numerical integrations and EInhom�1z was

obtained as a function of n and r.

It is to be noted here, however, that the limit of WhittakerW
r

at r = 0 approaches infinity. So the C2 coefficient must be

zero. The boundary conditions are those of a perfectly

conducting tube of the radius rmax.Thus, boundary condi-

tions for the longitudinal electric field can be considered as

Ezðr ¼ rplÞ ¼ 0 [34].

Results and discussion

Analytical results

To illustrate the behavior of wakefield in plasma channel,

the parameters of beam and plasma are taken to be,

N ¼ 1� 1011, rpl ¼ 0:7� 10�3m ¼ 3:25 c
xp0

, rr ¼ 0:43�
10�3m ¼ 2 c

xp0
, rz ¼ 1� 10�4m ¼ 0:46 c

xp0
, n0 ¼ 6�

1014cm�3, c
xp0

¼ 0:215� 10�3m.

The variation of the longitudinal electric field in the

longitudinal direction is presented in Fig. 1. The noticeable

point in longitudinal wakefield (Ez) along the propagation

axis is oscillatory behavior of wakefield and the accelera-

tion gradient decreases with distance behind the bunch.

Whereas in uniform plasma profile Ez in longitudinal

direction changes uniformly.

Figure 2 shows the variations of longitudinal electric

field in longitudinal direction at different plasma channel

radii. To illustrate the exact modifications of longitudinal

wakefield with channel radius, the small changes of

channel radius are considered. The longitudinal wakefield

are so sensitive to it.

As shown in this figure, by the modest increment in

plasma channel radius, the acceleration gradient increases

as the modest reduction in the size of proton bunch [35].

With further increases the plasma channel radius, the

acceleration gradient tendency to constant level.
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In Fig. 3, the variation of longitudinal electric field at

different longitudinal size of the proton bunch is shown.

The wakefield response is very sensitive to the bunch

length. Also, longitudinal compression of the driver results

in a shift of the optimum plasma density to higher value

and to approximately proportional increase field amplitude

Fig. 1 The variation of

longitudinal electric field in

longitudinal direction for r & 0

Fig. 2 The variations of

longitudinal electric field in

longitudinal direction at

different plasma channel radii

Fig. 3 The variation of the

longitudinal electric field at

different longitudinal

characteristics of bunch
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[35]. Thus, the peak of accelerating field is controlled

mainly by the driver length.

Also Fig. 4 shows the sensitivity of the longitudinal

electric field to the radial characteristic of bunch. Similar to

Fig. 3 by increasing the radial size of proton bunches, the

generated wakefield becomes weaker. This is due to the

aggregation of proton bunch [9, 28].

According to Figs. 3 and 4, it is expected that the

dependence of wakefield on the number of beam particles

scales nearly linearly.

Figure 5 shows the variations of longitudinal electric

field at different wave numbers of the plasma. By

increasing the wave number of the plasma, the oscillation

of plasma electrons increases so the period of oscillations

decreases. Also, by increasing the wave number of plasma,

the longitudinal electric field will be amplified.

To create the wakefield efficiently, the driver must be

focused to the transverse size rr ¼ k�1
p and longitudinal

size of bunch should be satisfy rz �
ffiffiffiffiffiffiffiffiffiffi
2k�1

p

q
. So, according

to Figs. 3, 4, and 5, maximum acceleration gradient can be

obtained by decreasing the size of bunch that is propor-

tional to increment of wave number of plasma.

In Figs. 2, 3, 4, and 5, the parameters variations happen

in nearby distances behind the bunch and it decreases far

from the beam driver as the acceleration gradient is

weaken.

Simulation results

It is instructive to compare the behavior of wakefields in

simulation approach with the analytical results. For this pur-

pose, two-dimensional fully electromagnetic relativistic code,

LCODE [27] is used. The cylindrical coordinates and the

comoving simulation window are utilized. In our simulations,

kinetic model and plasma macroparticles is used. The com-

plete description of LCODE is described in detail in Ref. [27].

The code allows an arbitrary initial transverse profile of

the plasma density over the simulation window. So

Fig. 4 The variations of the

longitudinal electric field at

different radial characteristics of

the bunch

Fig. 5 The variation of

longitudinal electric field at

different wave numbers of

plasma
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according to analytical approach, we used the distribution

of parabolic plasma density. For this purpose, the new

plasma.bin file generated according to our plasma profile

and it imported as a parabolic plasma file.

The simulation window, in units of c/xp is 25 (in n) 9 3

(in r). Both r and n steps are 0.01 c/xp where according to the

analytical parameters kp ¼ xp

c
¼ 4:65� 103m. The beam is

modeled by 4 9 107 macroparticles, and 15,000 plasma

macroparticles are used. Also, initial distribution of beam

particles in the transverse phase space is Gaussian and the

beam current is calculated according to the parameters of the

proton beam, IbðnÞ ¼ qbð0Þr2r
2

. The dependence of the beam

current on the longitudinal coordinate is considered as cosine

shape. The energy of proton bunch is about 1 TeV and the

hydrogen plasma is used for the simulations in zero plasma

temperature. The parameters of plasma and beam in simu-

lation approach are similar to parameters in analytical

approach as mentioned in previous section.

Figure 6 is presented the variations of on axis longitu-

dinal electric field in the longitudinal and radial directions

using LCODE. The behavior of longitudinal electric field

in the longitudinal direction at r = 0 (Fig. 6a) is decreases

with distance behind the bunch which has a good agree-

ment with analytical results.

According to the Fig. 6b, the variations of longitudinal

electric field in radial direction has little growth with radius

and later scale down as r increases, and then go to zero.

According to boundary condition of longitudinal wakefield

in channel wall, Ezðr ¼ rplÞ ¼ 0, the decreasing treatment

is expected.

The variations of total radial electric field Er - BA in

longitudinal and radial directions are presented in Fig. 7. In

Fig. 7a, the total radial electric field generated by the

proton bunch increases with the distance behind the bunch.

It is one of the significant points presented in this model. In

Fig. 7b we have shown the variations of the total radial

wakefield Er - BA in the radial direction. The radial

electric field vanishes as r = 0 and it expected according to

boundary condition in the origin, Erðr ¼ 0Þ ¼ 0. Also,

linear focusing caused by the plasma channel near the

Fig. 6 a The variations of on

axis longitudinal electric field in

longitudinal direction and b in

radial direction for

n = 0.43 mm for the case in

Fig. 6a
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origin is obviously seen. Of course, the slope would change

for different values of n [28]. The treatment of total radial

wakefield in radial direction is good agreement with the

response of wakefield to positron driver in [28] (or in the

other word for positive drivers). It is seen for the case

shown in the figure that the overall behavior of radial

forces is focusing.

According to Figs. 6, and 7 and as an outstanding point,

we can say that the wakefield energy that was initially stored

in longitudinal oscillations near the axis is gradually trans-

ferred to the radial oscillations in the near-wall of channel.

Conclusion

A plasma channel with a parabolic density profile was

considered as the proposed model for investigation of

proton driven plasma wakefield acceleration. Plasma

channel has the minimum density on the beam propagation

axis. The governing equation in longitudinal direction was

presented and the solution was expressed as Whittaker

functions. The effects of plasma channel radius, proton

bunch parameters and plasma parameter in proton driven

plasma wakefield acceleration were studied. Effect of

plasma channel on the acceleration of particles and laser

beam has been investigated in several reports [15, 20–24].

According to analytical results, the strong dependence on

bunch length suggests that far higher accelerating fields

could be generated in the PWFA scheme with modest

reductions in the bunch size. Also, the modest increment in

plasma channel radius is needed to obtain maximum

accelerating gradient. In addition, the simulations of

wakefield generation by proton bunch in plasma channel

are presented using LCODE. The behaviors of longitudinal

and total radial wakefields in longitudinal and radial

directions are investigated.

The longitudinal electric field in the longitudinal direc-

tion decreases with distance behind the bunch while the

total radial electric field increases with the distance behind

the bunch. These results are the significant points which are

achieved in this suggested model. The longitudinal electric

field scale down as r increases (in the wall), then go to zero.

Fig. 7 a The variations of total

radial electric field in

longitudinal direction at

r = 0.2 mm and b in radial

direction at n = 0.64 mm
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The investigation of total radial electric field in radial

direction showed that it vanishes as r = 0 and a linear

focusing caused by the plasma channel near the origin is

observed.

As another specific consequence, the wakefield energy

that was initially stored in longitudinal oscillations near the

axis is gradually transferred to the radial oscillations in the

near-wall of channel.
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